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Preface

Patrick Suppes, without a doubt, has been one of the most remarkable
intellectuals of the second half of the 20th century. Indeed, with the ap-
pearance of his new book,Representation and Invariance of Scientific
Structuresin 2002, he clearly continues as one of the most remarkable
intellectuals of the early 21st century as well. Pat initially joined the
Department of Philosophy at Stanford in 1950, and he was largely re-
sponsible for building this department into a world center in logic, the
philosophy of science, and the study of language and mind. Yet this
represents only a small fraction of his intellectual activity, which em-
braces the fields of methodology, probability, and measurement; psy-
chology; applied physics; language and mathematical logic; computers
and education; and mind and brain. Soon after his arrival at Stanford,
Pat was made a Professor of Statistics and Education, and, after win-
ning the Distinguished Scientific Contribution Award of the American
Psychological Association in 1972, he also became a member of the
Department of Psychology. As further recognition of his scientific
work he became a member of the National Academy of Sciences in
1978 and was awarded the National Medal of Science in 1990. He re-
ceived the first International Henri Lauener Prize for an Outstanding
Oeuvre in Analytical Philosophy in 2004.

Perhaps even more remarkably, however, Pat has become one of the
most generous and visionary benefactors of Stanford University since
his retirement. In particular, he has endowed a number of professor-
ships and supported a variety of building projectsall dedicated to the
further advancement of education and the sciences in the very broad
sense pursued by Pat. The Patrick Suppes Center for the Interdisci-
plinary Study of Science and Technology, which officially opened on
November 1, 2004, is one of the latest such projects. Pat’s very gen-
erous bequest, together with matching funds from the Hewlett Foun-
dation, has thus enabled Stanford to make major new strides in the
study of science benefiting the graduate program in History and Phi-
losophy of Science and Technology, the undergraduate program in Sci-
ence, Technology, and Society, and interdisciplinary initiatives coming
from a wide variety of disciplines in the natural sciences, social sci-
ences, and humanities. I myself feel very privileged indeed to be the
first Director of the Suppes Center, and I have very much enjoyed the
increased personal contact with Pat which has come with the job. I
have sought out his advice on a variety of matters both intellectual and
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administrative arising in this connection, and (despite his natural shy-
ness and reticence) Pat has been more than generous in providing such
advice. For all of these reasons, therefore, I am especially pleased to
be able to lead off this workshop in honor of Pats new book.

— Michael Friedman
May 2006, Stanford, California
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Abstracts

Michael Friedman

Einstein and Poincaŕe on the Principle of Relativity

Einstein formulates a “principle of relativity” (for mechanics and elec-
trodynamics) at the beginning of his 1905 paper on “The Electrody-
namics of Moving Bodies.” And, following both Einstein and Min-
kowski, we now understand this principle as expressing the invariant
geometrical structure of a four-dimensional affine space-time under the
Lorentz transformations. Henri Poincaré had anticipated Einstein in
the formulation of such a principle, and, in fact, Poincaré had derived
some of the key results of special relativity—including the covariance
of Maxwell’s equations under the Lorentz group—independently of
Einstein. Yet Poincaré never accepted Einstein’s particular implemen-
tation of the principle of relativity in the creation of special relativity,
and Poincaŕe did not accept, in particular, the radical revision in our
classical (Newtonian) concepts of space and time Einstein (and then
Minkowski) proposed. I explain why Poincaré missed what we take
to be the essential point in this way (despite his anticipation of key el-
ements of Einstein’s work) in terms of Poincaré’s persistent focus on
the geometry (and group theory) of three-dimensional space.

Branden Fitelson

Comparative Probability, Comparative Confirmation, and the ‘Con-
junction Fallacy’

First, I will provide a historical introduction to comparative Bayesian
confirmation theory. This brief history will emphasize the intimate tra-
ditional relationship between comparativeBayesian confirmation and
the theory of comparative probability (via Carnap’s work on confirma-
tion and probability). Once this historical backdrop is in place, I will
describe a recent psychological application of comparative Bayesian
confirmation theory to the infamous pattern of probabilistic judgment
known as the “conjunctionfallacy”. Along the way, I will emphasize
several important themes concerning the theory and applications of
probability. These themeswill be distinctly “Suppesian”—they are all
covered in the encyclopedic chapter on probability models in Pat’s re-
cent tomeThe Representation and Invariance of Scientific Structures.
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Jose Acacio de Barros

A Representation of the Stimulus-Response Theory in Terms of Cou-
pled Oscillators

Understanding how the brain works amounts to one of the most impor-
tant questions in science. With the advent of modern experimental and
computational techniques, scientists are finally starting to understand
some of the mechanisms at work in the brain. In particular, nowa-
days it is possible to computationally model the behavior of large net-
work of neurons from the dynamics of ion channels at the neuron’s
membrane. However, despite all the progress in neural network mod-
elling, there is still lots to be known about how the brain learns. This
should be contrasted with the large literature in psychology on learn-
ing, with its tradition of both detailed data collection and mathemati-
cal models. Among the well known mathematical models of learning
are Estes and Suppes’ stimulus- response theory. Given their simple
mathematical formulation and large amounts of experimental data, the
stimulus-response theory appears to be an appropriate starting point
to bridge the knowledge between learning in psychology and learning
in neuroscience. In this work, we model the stimulus-response the-
ory with oscillators representing collections of neurons. Theoretical
and experimental works show that collections of neurons sometimes
behave like coupled harmonic oscillators that may synchronize when
an appropriate external stimulus is presented. We model those col-
lections of neurons as weakly-coupled phase oscillators satisfying Ku-
ramoto’s non-linear equations, with sets of oscillators corresponding
to the stimuli and sets of oscillators corresponding to the responses.
Whenever a stimulus is presented, oscillators associated to this stim-
ulus synchronize to an oscillator associated to a response. Whenever
a reinforcement occurs, the strength of the couplings between the os-
cillators change according to a set of coupled differential equations
representing what might be thought as a resonant behavior between
the amplitudes of the reinforcement oscillator and the oscillators in the
network. The set of equations and assumptions used in our model are
based on neurophysiological evidence. With the same overall dynam-
ics and structure for the network, we are able to derive probabilistic
behaviors for the probability of responses (and its conditional proba-
bilities) that are compatible with the one-element model and the linear
model of stimulus-response, with the only changes coming from the
presence or absence of a disruptive event that synchronizes the oscil-
lators at the beginning of a trial. By adding an extra oscillator, we
also obtain responses from the oscillator model that have an stochastic
behavior similar to the two- element model.
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Dik Kin Wong, CSLI

Multichannel Classification of Single EEG trials with Independent
Component Analysis

(Dik Kin Wong, CSLI, Marcos Perreau Guimaraes, CSLI, E. Timothy
Uy, CSLI, Logan Grosenick, CSLI, Patrick Suppes, CSLI / Stanford
University)

We recorded and analyzed electroencephalographic (EEG) data from
subjects which were involved in a language-related task, with electrode
placements using both monopolar and bipolar setting. The analysis
was formulated as a classification problem in which category labels
were assigned to each stimulus. Significant classification rates were
obtained with a simple single-channel classifier. We explored several
ways of using multichannel EEG data. Among which, the greatest im-
provement was achieved by the explicit use of multiple independent
components. By using Independent Component Analysis that assumes
the sources are fixed in location and the signal propagation is approx-
imately instantaneous, the most statistically independent sources from
a linear mix of sensor-recorded signals were estimated. In particular,
two models that use independent components were compared. The
first (”direct”) model uses independent components as time-series in-
puts while the second (”indirect”) model remixes the components back
to the signal space. We found the direct model outperformed the indi-
rect model. By extending single channel analysis to multichannel, the
average classification rate was improved more than hundred percent
across subjects with both monopolar and bipolar settings.

Aimee Drolet, UCLA

Habits and Free Associations: Free Your Mind but Mind Your Habits

(Aimee Drolet, UCLA, Patrick Suppes, CSLI / Stanford University,
Anand V. Bodapati, UCLA)

Using classical association theory, we developed a theoretical account
of habits which, compared to other accounts, is focused more on choice
behavior. In our view, the constraints imposed by habits usually do not
fully determine a specific choice. After constraints are satisfied, the
specific choice is made based on free associations that are weaker than
those that trigger habits. The results of two studies we conducted fit
with our account. Results of Study 1 revealed a strong negative ef-
fect of the individual-level tendency to generate uncommon free asso-
ciations on the desire to repeat a habit behavior (i.e., choose to buy
the same product again). This effect remained significant, even af-
ter controlling for product attributes such as price, brand name, prod-
uct features, and product category. With the exception of price, the
individual-level tendency to generate uncommon free associations was
the strongest predictor of individuals’ intentions to repeat their habit
behavior. Study 2 revealed that this effect declined in strength with
age.
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Dana Scott

Choosing primitives for geometry

For the sake of modeling or for metamathematical reasons, axioms
for elementary geometry are often presented with the most economi-
cal choice of primitives (e.g., just equidistance as a quaternary relation
among points). But then proofs and formulations of theorems require
many definitions and sometimes long arguments. In this talk sugges-
tions will be put forward that there are many other relations between
configurations besides just points that have immediate intuitive mean-
ing and might be used for more efficient axiomatizations.
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Review ofRepresentation and Invariance
of Scientific Structures∗

CLAUDIA ARRIGHI V IOLA SCHIAFFONATI

Stanford Milan

After being in preparation for many years, the latest result of Patrick
Suppes’ work has come to light with the bookRepresentation and In-
variance of Scientific Structures,published in 2002. The book collects
significant achievements of Suppes’ work, both as a practising sci-
entist in many disciplines (from quantum mechanics to experimental
psychology), and as a committed philosopher who has contributed to
foundational analysis of various branches of science. Many contempo-
rary philosophers of science cite Suppes as one of the most significant
influences on the semantic view of theories, a new way of defining the
nature of scientific theories, breaking with logical positivism’s linguis-
tic view of theories. As the title of the book clearly points out, repre-
sentation and invariance are the concepts around which Suppes centers
his analysis of science: he argues that the language of representation
and invariance is the correct way to rationalize scientific theories when
adopting a foundational point of view.

The first step in characterizing a scientific theory is to provide a rep-
resentation of it. More precisely, according to Suppes’ methodology,
a theory must be analyzed starting from its structure, represented in
terms of models of the theory, i.e. the possible realizations in which
the theory is satisfied. The representation of a scientific structure is
achieved in terms of these models, especially the ones expressed within
a set-theoretical framework. Suppes stresses in many different pas-
sages that to axiomatize a theory is to define its set-theoretical predi-
cates, as opposed to the usual approach of adopting a syntactic char-
acterization, where first-order logic is the formal language of descrip-
tion for the primitive concepts of the theory. Suppes’ preference for
a set-theoretical approach mainly has the purpose of maintaining the
complexity of scientific theories, avoiding the sometimes too abstract
description provided by the syntactic view, where a scientific theory is
considered as a logical calculus with some correspondence rules.

Suppes clearly acknowledges that set-theoretical models serve as tools
for thinking about the foundations of a science, while in carrying on the
same science from a practical point of view more detailed models are
needed, not just for representation, but also for empirical predictions.
In order to study the models by means of which to analyze the structure

∗Suppes, P. (2002).Representation and Invariance of Scientific Structures. CSLI
Publications. Distributed by The University of Chicago Press.
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of a scientific theory, representation theorems have to be stated, since
“the best insight into the structure of a complex theory is by seeking
representations theorems for its models” (p. 51).

The framework under which the explication of a scientific theory is
performed is not complete without considering the concept of invari-
ance. Intuitively, invariant is what is constant in the representation
of a structure, when the contextual features vary. How invariance is
connected to the explanation of scientific structures relies, again, on
the process of representation. In order to axiomatize a theory, it is
necessary not only to define its set-theoretical models and to prove
representation theorems about the theory, but also to individuate the
fundamental properties that are invariant with respect to some impor-
tant transformations. Such individuation means to seek the “objective”
meaning of a phenomenon, so that “objective” becomes identified with
“invariant with respect to a given framework of reference.” If a repre-
sentation theorem is devoted to identifying the fundamental properties
of a theory and serves to isolate a significative subset among the mod-
els in order to work on such subset, the correlating invariance theorem
states the uniqueness of a representation.

The book covers a great deal of material on foundational issues in sci-
ence; throughout it, representation and invariance do not only play a
major role for the internal (in the sense of the structure) characteri-
zation of a theory, they also function as unifying principles of Sup-
pes’ diverse foundational investigations. It is well known that Suppes
has worked in several different areas of research, proving fundamen-
tal results such as his axiomatization of classical particle mechanics,
or probability theory. By means of the concepts of representation and
invariance, in this book we can see these results from a more unifying
point of view. For the first time in Suppes’ vast bibliography,Repre-
sentation and Invariance of Scientific Structuresaims at explicitly il-
lustrating the overall perspective of Suppes’ thought on science, while
discussing some of its major issues.

Still, this unified methodology in dealing with scientific theories does
not entail, as it has sometimes been alleged, a unified philosophical
stance towards science. Pluralism in science is one of the core con-
cepts of Suppes’ philosophy of science, together with the idea that
epistemology must be carried on in a genuine empiricist spirit. The
detailed analysis of science, which derives from Suppes’ practice as
an experimental scientist, plays a central role in his philosophical en-
terprise. In this perspective detailed has to be intended as a style for
reflecting upon a scientific realm: to investigate a scientific theory is
necessary to know how it is practically “implemented” in real scien-
tific contexts, inside the real laboratories. This implies a work of re-
construction of the theory from its empirical bases that is tortuous and
much less precise than the straight path of reason idealized by many
philosophers.
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This down to earth approach might seem to contrast with Suppes’ ad-
vocacy of formal methods in the philosophy of science; however, em-
pirical structures are central tools of investigation as much as theoret-
ical structures, in his view. Which approach we should adopt depends
on the specific scientific problem at hand. It is appropriate to invoke
both formal and informal methods when explaining scientific knowl-
edge and the nature of some scientific concepts. In general it is useful,
mainly for reasons of clarity, to embrace formal methods when possi-
ble, at least for that part of a science (i.e. foundational studies) that
can benefit from them; however, with a very pragmatic attitude (which
is one of the other traits of Suppes’ thought), we should not rely too
much on the rigorous nature of the formal approach as a way to reach
certainty. Phenomena are, in the end, inestricably messy. But if truth
or certainty are not up for grabs, this does not mean that science is
absolved from its duty in leading to knowledge. And this is the rea-
son why Suppes believes that probability is one of the best tools in
practicing science.

It is not surprising, then, that the central and longest part of the book,
Chapter 5, is dedicated to the discussion of the nature of probabil-
ity. To represent the standard formal theory of probability, Suppes
uses Kolmogorov’s axioms, based on the notion of probability space
expressed in a set-theoretical notation. Starting from them, he states
representation theorems for each of the important views: the classical
one, the relative-frequency one, the logical one, and the subjective the-
ories amongst the others. What is invariant is the set-theoretical notion
of probability space, while an explicit formulation of the probability
function is determined by each of the different theories of probabil-
ity. Hence, for every probability theory it is possible to demonstrate a
representation theorem stating that the models of the particular theory
are also models of Kolmogorov’s axioms. Even if representation and
invariance constitute the central perspective for discussing probability,
Suppes is very determined to stress also the pragmatic use of proba-
bility in physics, where scientists exploit probability concepts without
any concern about foundational problems.

Space-time is another concept whose representation is fundamental in
many scientific areas of science. In Chapter 6, Suppes provides differ-
ent ways of thinking about this representation, in so far as “different
disciplines concerned with spatial and temporal phenomena pose prob-
lems that require different approaches” (p. 266). Even while stressing
the plurality of approaches, nevertheless Suppes is lead to the basic as-
sumption that both classic and relativistic structures of space-time are
special cases of affine structures. In fact, analyzing the invariant prop-
erties in both approaches, Suppes underlines that many of these (such
as linearity of inertial paths and conversation of their parallelism) are
invariant under a general affine group of transformations, and that the
Galileo transformation in classical physics and the Lorentz transforma-
tion in special relativity are both subgroups of the affine group. Once
again the study of representation and invariance gives a valuable con-
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tribution to the foundations of science, in this case of physics, foun-
dations that are too often neglected, according to Suppes, by many
philosophers. In the same chapter, Suppes gives an example of how
representation of space can bring insight in perceptual and psycholog-
ical problems, such as the problem of establishing if visual space is
Euclidean. These results are less definitive than those in foundations
of physics, yet they still provide valuable heuristics for future experi-
mentation.

Suppes delves much deeper into the foundations of physics in Chap-
ter 7, where we find a representation in terms of vectors of a real
affine space in classical mechanics, followed by invariance theorems
on conservation of momentum and energy. Suppes selects this exam-
ple because it is mathematically simple for the reader to grasp, while
at the same time rich enough to show the importance of philosophical
foundations and of systematic applications. When discussing quantum
physics, Suppes demonstrates representation theorems for hidden vari-
ables, i.e. common causes; the research for common causes for a set
of empirical data is a fundamental goal of every empirical science, but
it is of particular interest in quantum physics, where the nonexistence
of hidden variables is one of the disconcerting outcomes of the foun-
dational efforts in the field. Suppes does not mention any invariance
theorem regarding quantum physics, he offers instead other important
examples of invariance in physics concerning temporal reversibility for
causal chains.

The final chapter of the book, Chapter 8, illustrates different repre-
sentations of language, presenting both well-known results and new
research directions that show Suppes’ interests in psychology and lin-
guistics. Representation theorems are stated to describe how grammars
of a given type correspond to automata of a given strength. He fol-
lows this with a discussion of the work on machine learning of natural
language, in order to evaluate whether it is possible that association
and conditioning may, in principle, be adequate to give the reason for
complex linguistic phenomena. In the final part of the chapter, then,
we find Suppes’ latest work on language in terms of brain-wave rep-
resentations: the idea is to collect data on what is going on in our
heads while performing some cognitive tasks; the hope is to find in-
variances in these data showing useful information about internal pro-
cess related to the use of language. Here no representation theorem
is proved, since the work is still in progress; however, experimentally
found invariances are discussed, giving evidence of some invariance in
internal representations across different people. Aside from its possi-
ble consequences related to the philosophical debate on representation
and associationism, this part of Suppes’ work is also very interesting
from a methodological point of view. It exemplifies the interplay be-
tween experiments and theory formation, where the process of collect-
ing and analyzing data and the formulation of a theoretical framework
are shown in their tight interplay.
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From a more general point of view, the very diversity of this book is
highly stimulating, and it is helpful to have a single reference for the
vast body of Suppes’ work. Moreover, inbetween the most technical
parts of the work, large sections are dedicated to historical overviews of
some of the topics (from axiomatic methods, to mental representations
and the nature of the visual space). Interesting and provoking philo-
sophical considerations, for instance about reductionism in physics, or
associationism in psychology, are spread all over the book.

Unfortunately, Suppes does not seem interested in an organic presen-
tation of these ideas, nor in a comparison with other contemporary
mainstream views in philosophy: it seems clear that this would result
in a refreshing analysis of these views, but is not part of the scope of
this book, and we can only guess some possible conclusions from his
words. Suppes is difficult to categorize in the current debates about the
role of models in science, mainly for his lack of explicit discussion of
them. Nevertheless, it is fair to say that his view has promoted research
on the role of models in science, leading the process that has ended in
the shift from the syntactic view towards the model-centered view that
characterizes so much contemporary philosophy of science. Recent
developments, such as Ronald Giere’s, Mary Morgan’s and Margaret
Morrison’s and Paul Teller’s work1, apparently distant from Suppes’
perspective, are in fact descendants of it, andRepresentation and In-
variance of Scientific Structuresclearly proves the milestone role of
Suppes’ ideas. While on the surface he appears to offer some hope to
those who value unificationist approaches in philosophy of science, his
philosophy is much closer to that of someone like Nancy Cartwright
or Arthur Fine. His emphasis on formal methods notwithstanding, the
pragmatist streak and pluralist commitment evident in his work place
him as much closer to the latter; the drive towards solving foundational
issues in science, coupled with the refusal to address metaphysical is-
sues of any kind of detail, in many ways render him a role model of
Fine’s NOA scientist, if not an explicit advocate.

The many technical sections of the book can be intimidating, in partic-
ular for the bulk of non-specialist readers the book deserves, especially
amongst students of philosophy of science. The reader can sense a
lack of homogeneity. As we have said, a level of uniformity across the
different parts of the book is gained by adopting the concepts of rep-
resentation and invariance as guidelines; however, even if the several
representation and invariance theorems are clearly stated and summa-
rized at the end of the volume, the conceptual contribution of these
theorems inside the respective science or from a philosophical point
of view are not always easily identified. For this purpose it could be
useful to follow the indications provided by Suppes himself in the sub-
section “How to read this book.” Here Suppes indicates how to get the

1Ronald Giere,Explaining Sciece: A Cognitive Approach. University of Chicago
Press, Chicago, 1988. Mary Morgan, Margaret Morrison,Models as Mediators. Cam-
bridge University Press, Cambridge, 1999. Paul Teller, “Twilight of the perfect model
model.” Erkenntnis, 55, 393–415.

9



most out of this book without the need of committing to a cover-to-
cover reading: “As in love and warfare, brief glances are important in
philosophical and scientific matters. None of us have the time to look
at all the details that interest us” (p. 15).

The present review appeared inCambridge and Vienna: Frank P. Ram-
sey and the Vienna CircleSeries: Vienna Circle Institute Yearbook ,
Vol. 12, Galavotti, Maria Carla (Ed.), 2006.
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Intellectual Autobiography 1979–2006∗

I ended my intellectual autobiography of my earlier years with 1978.
So I now take up the narrative in 1979. I begin, as earlier, with a long
section on research, followed by a section on personal reflections. Al-
though my interests have changed somewhat, I have decided to follow
the same main seven divisions I used earlier: foundations of physics;
theory of measurement; decision theory, foundations of probability,
and causality; foundations of psychology; philosophy of language; ed-
ucation and computers; and philosophy and science.

Foundations of Physics

Most of my work in this period was, first, in collaboration with Mario
Zanotti, as a continuation of our earlier research begun in 1974; and
second with Acacio de Barros, a Brazilian physicist.

Zanotti and I wrote between 1980 and 1991 five papers on quantum
mechanics, all focused from one angle or another on the quantum phe-
nomena of entanglement, first brought to prominence by the physicist
John Bell. We considered the Bell inequalities in all of these articles. I
won’t give a technical account here of those inequalities, but they are
used to show that there is no proper classical theory of the experiments
to which they are applied. A sketch of the argument goes like this.
In classical physics and, in fact, almost all branches of science except
quantum mechanics, when we find simultaneously correlated events,
such as fever and headache, we search for a common cause. Einstein
believed to the end that such common causes, even if not necessarily
observable in any direct way, should be found for quantum phenomena
as well. The search for such causes is the search for hidden variables
in the language of this enterprise, when pursued in the quantum do-
main. The Bell inequalities give necessary and sufficient conditions
for such correlated phenomena as the spin of particles, often repre-
sented in entanglement experiments by the polarization of photons, to
have hidden variables as common causes of the correlations. The point
of the inequalities is to give a condition just in terms of the observ-
able correlations for there to be such hidden causes. It turns out, not
initially clear that this is the case, that the inequalities are equivalent
to requiring that the random variables or probabilistic events having
the pairwise correlations must have a joint probability distribution of
all four together. So Bell’s requirement was just equivalent to a well-
known probabilistic problem for a great variety of special cases: when

∗For the autobiography of Patrick Suppes, to year 1979, see
http://www.stanford.edu/∼psuppes/.
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do random variables having certain marginal distributions have a joint
distribution? The subject is messy and full of tantalizing partial re-
sults. Some of the nice earlier results, with no connection with quan-
tum mechanics, were given by the distinguished French mathematician
Maurice Frechet, whom I met in the 1960s in Paris, but, as is usually
so for me and other academics who talk to a lot of different people, I
cannot remember anything about our conversations. (John Bell I did
meet once and had a very good talk about the foundations of physics
at the Stanford Faculty Club; Bell, like a lot of other scientists who are
well-known for conceptual innovations, had a strong natural interest in
philosophy.)

I won’t enter into the details of what Zanotti and I did in these five
papers, except to mention one general result that has applications else-
where. This is our proof that in general the existence of common
causes for phenomena of any kind is just exactly equivalent to their
having a joint probability distribution (Suppes and Zanotti, 1981). We
proved it for finite random variables, and it was easily extended to
continuous random variables by Paul Holland and P. R. Rosenbaum
(1986). (I am proud to say that I was Paul’s Ph.D. advisor in the De-
partment of Statistics many years before.) One immediate applica-
tion is that the search for latent variables, as common causes are often
called in the social sciences, always exist for any social phenomena
that have a joint probability distribution, which in such research is im-
plicitly always assumed. This means that further structural conditions
must be imposed to get a result on latent variables of any scientific
interest.

Years later, in fact in 2000, Acacio de Barros and I derived a set of
similar inequalities for what are called Greenberger, Holt and Zeilinger
(GHZ) configurations of three entangled particles. The surprising re-
sult is that we found inequalities that looked just like the Bell ones
when correlations between pairs of particles are replaced by moments
for three particles, i.e., expectations of the products XYZ for the three
particles. It was a particular pleasure for me, now 78 in 2000, to have
this article published in Physical Review Letters, the leading physics
journal in the world in the opinion of many people.

As I have emphasized in several publications, entanglement is the great
mystery of nonrelativistic quantum mechanics. As far as the current
evidence shows, particles can be entangled, even though separated by
large distances. This seems to be a revival of action at a distance,
as occult as was gravitation in the seventeenth century. Remember,
Newton was quite clear that he did not understand the cause of gravity,
and it violated all the precepts of the Cartesian physics that was still
being taught, even at Cambridge, in the second half of the seventeenth
century.

I now examine carefully some possible consequences of these ideas.
The primary criterion of adequacy of a probabilistic causal analysis is

12



that the causal variable should render the simultaneous phenomeno-
logical data conditionally independent. The intuition back of this idea
is that the common cause of the phenomena should factor out the ob-
served correlations. So we label the principle the common-cause crite-
rion. Although satisfaction of this criterion is not the end of the search
for causes or probabilistic explanations, it does represent a significant
and important milestone in any particular investigation

Much of the earlier discussion of hidden variables in quantum mechan-
ics centered around the search for deterministic underlying processes,
but for some time now the literature has also been concerned with the
existence of probabilistic hidden variables. It is a striking and impor-
tant fact that even probabilistic hidden variables do not exist when the
observable random variables do not have a joint distribution.

The next systematic concept is that of locality. I mean by this what
John Bell (1966) meant:

It is the requirement of locality, or more precisely that the
result of a measurement on one system be unaffected by
operations on a distant system with which it has interacted
in the past, that creates the essential difficulty. .The vital
assumption is that the result B for particle 2 does not de-
pend on the setting a, of the magnet for particle 1, nor A
on b.

Quantum entanglement, as is well known, violates both the principle
of a common cause and the principle of locality. There are other conse-
quences, even more directly challenging to the edifice of much modern
physics. My objective here is to describe these additional difficulties,
without the necessary technical developments for a really clear and
transparent exposition.

The more recent entanglement experiments demonstrate two critical
features:

(i) Entangled particles can be experimentally separated by
distances of the order of 100 kilometers (Zeilinger, 2005).

(ii) Changing the angle of the measurement apparatus for
one particle can be done just before the other particle reaches
its measurement apparatus. So the causal effect of this
change is transmitted, in recent experiments, at least five
times faster than the speed of light.

These experimental results seem to present us with the following stark
alternatives:

A1. Reject the special theory of relativity and return to
the Galilean invariance of Newtonian mechanics, where
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even instantaneous action at a distance is possible, and
any finite velocity creates no problem.

A2. Hold fast to the special theory of relativity and accept
macroscopic backward causation.

Backward causation follows from (i), (ii) and the special theory of rel-
ativity. With speeds faster than that of light, particles separated by a
space-like interval can causally interact. In that case there is an inertial
frame F2 of reference, related by a Lorentz transformation to the ini-
tial frame F1, such that in this frame F2 the causal effect of changing
the measurement angle of one particle is an event A in the future of
the event B of changing the other particle. Thus, backward causation.
Event A occurs after event B, but A is the cause of B. I find this hard
to accept. But perhaps it also helps explain why relativistic quantum
mechanics seems still to lack a satisfactory foundation.

In 1991 Zanotti and I published three articles on entanglement. This
was our last work on foundations of physics. In that same year I met
Acacio, who joined us from Brazil to teach physics in the Education
Program for Gifted Youth at Stanford. (More on EPGY later.) He and
I also began talking to each other about a variety of issues in founda-
tions of physics. Our first paper, published in 1994, was on a random
walk approach to optical interference. This was the beginning of sev-
eral papers on a semiclassical theory of optics that postulated photons,
but with definite trajectories, and the associated electromagnetic field
was now “reduced to” a probability distribution of photons. We pub-
lished four more papers broadly in this area and entanglement, before
the 2000 article on GHZ quantum entanglement of triples of particles,
I will not go into the details, but remark on two aspects of this research
that has been significant for me. It represents the first time I did any
sustained research with a working physicist. Back in the early 1960s,
when I wrote my first article on probability in quantum mechanics,
I got some help from Sidney Drell, who became one of Stanford’s
distinguished theoretical physicists. But it was different with Acacio.
We worked day after day in a sustained effort to understand problems
we found puzzling. Earlier coworkers, like Zanotti, had a background
closer to mine from philosophy, foundations of mathematics and math-
ematical statistics. Acacio is a true-blue physicist and we often differed
sharply in our natural approach to most of the problems we tackled,
but this meant that the union of what we did know covered much more
ground.

I end this part with reference to only two other relevant research efforts.
In 1998 I published a paper on pragmatism in physics, to which I return
later. The second effort was begun in 2000 with Acacio to apply the
theory of oscillators to the representation of brain activities. This effort
is continuing, but I will say something about this beginning in 2000
under the general heading of Foundations of Psychology.
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Theory of Measurement

The big event was the completion of the treatise Foundations of Mea-
surement. Volume I was published in 1971. Eighteen years later, Vol-
ume II was published in 1989, and Volume III one year later in 1990.
Dave Krantz had been the lead author in finishing Volume I; I took that
responsibility for Volume II; and Duncan Luce did so for Volume III.
(The four authors of the volumes were David Krantz, Duncan Luce,
Amos Tversky and me. Unfortunately, Amos died early in 1996, just
about at the apex of his brilliant scientific career.) Writing a treatise
like the one on measurement is a mixture of many intellectual activi-
ties. Perhaps the most important and the most time consuming is or-
ganizing sets of related results in a coherent fashion that brings out
concepts and their relations in a way that was not as evident in their
original development, or in the direction of their most recent applica-
tion. This sounds very general and abstract. I will give a couple of
examples from Volume II. Chapter 13, which I mainly wrote, presents
in the first 38 pages a variety of classical geometric structures, such
as absolute, affine and projective spaces, mainly according to their ax-
iomatic foundations. To write something detailed, but not too lengthy,
took much more effort than I expected, probably because I misjudged
the depth of my knowledge at the beginning.

Another problem, more serious in a way, is that I initially naively in-
tended to do something much more original. I wanted to emphasize
geometric constructions, such as the familiar affine one of bisecting a
line segment, to generate only finite geometries that have exact rep-
resentations. By ‘exact’ I mean representations unique up to the rel-
evant classical group, for instance, the projective or affine group of
transformations. Well, this is a reasonable project, but one I had not
thought through, and when I began thinking about hyperbolic and el-
liptic spaces I needed to do more work than I had planned on. My
attachment to these finite geometries marks a philosophical attitude of
mine toward the foundations of mathematics. Geometry has been ne-
glected, following the arithmetization of analysis in the latter part of
the nineteenth century. Moreover, the search for a foundation has been
dominated by the search for a monolithic one that would work for all
of mathematics. That ideal is still in place, and, of course, I fully rec-
ognize the value of it. But as a thoroughgoing pragmatist about science
and philosophy, I have with experience (for which age is a surrogate)
become ever more skeptical of the need for such results. Indeed, focus
on them can be intellectually mistaken. A good, but different example
was the long search in philosophy until recently for an absolute cer-
tain grounding for epistemology. We can ring the changes on the great
philosophers who sought such a foundation from Kant to Carnap. In
applications of mathematics, including geometry, a pluralistic view is
easy to defend. I mean by this that limited use of mathematics, in fact,
mainly elementary use, is made in almost all applications in physics,
biology, economics or elsewhere. Such limited use ordinarily can be
given a respectable finitistic foundation if one is needed.
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Let me be more concrete to illustrate this last point. In order to prove
the standard representations in analytic geometry of the various kinds
of structures I mentioned-an enterprise which has been famous since
Descartes, it is necessary to add some kind of axiom of continuity,
which is usually formulated in a strong form equivalent to a complete-
ness axiom for the real numbers, such as: any nonempty set of real
numbers that has an upper bound has a least upper bound. Such an
axiom, not known in this form, or its geometric equivalents, in ancient
Euclidean geometry, says something that is important to be clear about
in pure mathematics. But it most surely expresses a principle that will
not be tested directly in any physical or other scientific experiments.
Having such strong smoothness conditions was no doubt important in
nineteenth-century mathematical physics, when the aim was to find
symbolic methods of computation to generate closed forms, i.e., finite
expressions as solutions to problems, whenever possible. Already be-
fore the end of the twentieth century it was evident that the scene had
changed. Most problems that arise naturally in physics now do not
have closed form solutions. The beautiful classroom examples of clas-
sical mechanics, such as Newton’s solution to the isolated two-body
problem, are rare in nature or the modern physics laboratory. Numer-
ical work more or less dominates all the way down, and what is sym-
bolic foundation can ordinarily be given a rather straightforward con-
structive foundation. These comments reflect my biases about mea-
surement as well. I personally have always, and now ever more so,
stressed the need to keep the subject closer to the laboratory and the
practice of actual measurement, in the lab and outside as well.

So I will only briefly consider a more radical second example. The
second part of Chapter 13 is devoted to classical space-time and that of
special relativity. Standard strong assumptions about the smoothness
of space-time are used. But it is evident enough they are in no sense
subject to a detailed positive confirmation. It needs little argument to
show that no experiments as we know them will refute the assumption
of a sufficiently fine discrete space-time. In fact, high-energy particle
physics, when pushed, would favor the latter. Experiments that try to
work with ever finer volumes of space-time do not find smoothness,
but explosive reactions-this sounds too vague, but it can be technically
expanded on in a standard way. For details on the quantum vacuum,
see (Milonni, 1993).

This finitistic laboratory orientation of my recent thinking about mea-
surement is brought out in a paper I recently wrote (Suppes, 2006) that
is about indistinguishability of observations or what is being observed,
the subject of Chapter 16 of Volume II, which is entitled “Represen-
tations with Thresholds”, also a subject dear to my heart. But in this
recent paper, rather than taking the classical psychological stance, well
documented experimentally, that indistinguishability within a thresh-
old is a nontransitive relation, I considered measurements with finite
scales. So, for example, if I have weights to measure accurately to
a gram, the relation of indistinguishability of the weight of objects
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falling between 2 and 3 grams is transitive, but this is all that can be
said. We can make up an exact number for computational purposes, but
the result is indeterminate, and should, strictly be represented by a pair
of upper and lower measures, the upper measure being 3 grams, and
the lower one, 2 grams. Do not, when you read this, make the mistake
of saying, “Well, anybody can improve such a coarse measurement as
this.” The point is that, unlike the nineteenth-century fantasy that clas-
sical physical measurements could always be indefinitely improved,
we now recognize that this is not the case. I can always find, at a given
level of technological development of measuring apparatus, a lower
bound beyond which improvements cannot go. And there are clear
theoretical arguments I will not enter into here, as to why improve-
ments will not go on forever. Making up an exact result is nice for
computations, but should not be part of thinking about what the world
is really like. Another point to emphasize. This indeterminate approx-
imation precedes, rather than follows, statistical calculations, but this
point also I shall not go into now in detail.

These remarks about indeterminate approximate measurements fit in
well with the pragmatism I endorsed earlier. It is part of such a program
to insist on plurality and partiality, as well as, indeterminatcy of results.
What I said, for instance, about weight, holds even more for subjective
probability, or, if you wish, for propensity interpretations of probability
as well.

Decision Theory, Foundations of Probability, and Causality

During the first ten years, 1979-1988, I published two books and a
lot of articles under this heading. The list is too diverse and varied
to summarize in a synoptic conceptual fashion. But certain themes
are constant. In 1981 Logique du Probable was published in Paris.
The text was a revision of a series of four lectures given at the Col-
lege de France in November 1979. I enjoyed the extensive discussions
that followed each lecture, and so, I think, did Jules Vuillemin, who,
as Professor of Philosophy, at the College, sponsored my appearance.
But I don’t think the book was much read in France. With its empha-
sis on the philosophical relevance of many concepts and results from
decision theory and the foundations of probability, it strayed quite far
from the main concerns of French philosophy. I ended the book with
a summary of eleven principal theses I had defended. Looking back
now, my favorite two are these:

Intuitive judgments that are not able to be expressed ver-
bally are an essential and uneliminable feature of our pro-
cesses of decision making.

Determinism is dead; its short existence, from Laplace to
Heisenberg, Born and Dirac, has ended.

No doubt too brief to be taken seriously, but meant to summarize a
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longer argument in the text. Jules was a good friend for many years. He
was the most learned person I have known in the history of philosophy
and science. He often corrected my historical errors on many points. I
continue to miss him since his death in 2001.

Three years after the publication of Logique du Probable, in 1984 I
published Probabilistic Metaphysics, based on the Hgerstrm Lectures,
which I gave in Uppsala, Sweden in 1974, on the invitation of Stig
Kanger and other members of the Department of Philosophy at Upp-
sala. Many themes of this longer book overlapped with those of the
earlier one. The headings of the five chapters after the introductory
one give a quick overview of the focus: randomness in nature, causal-
ity and randomness, uncertainty, incompleteness, and the plurality of
science. The seventh chapter applies many of these ideas to the anal-
ysis of language, with an appendix on probabilistic grammars. The
eighth and last chapter is on rationality and the orientation is close to
that of the earlier book in French.

On one major point I have since changed my mind. In Probabilistic
Metaphysics I argued strongly that deterministic theories of most nat-
ural phenomena must be false, and that determinism as a general view
of the natural world is a false one. I have been persuaded by striking
invariance results in ergodic theory established by my colleague Don
Ornstein and others (see especially Ornstein and Weiss, 1991). They
prove the impossibility of distinguishing between the correctness of a
deterministic theory and a stochastic one of the classic billiard ball ex-
ample of motion, once only a finite accuracy of measurement, bounded
away from zero, is assumed. In this case, two theories that are mathe-
matically inconsistent cannot even in principle be distinguished by an
unbounded number of observations of the behavior of a billiard ball on
a table with a convex obstacle in the center. To play off the themes of
Kant’s antinomies in the Critique of Pure Reason, the revised view is
that determinism is not false, but transcendental. I elaborated on this
idea in several articles in the 1990s. The view I now advocate is that
either universal determinism or universal indeterminism are transcen-
dental, i.e., beyond experience. So a choice between them is a tran-
scendental metaphysical one. Moreover, the invariance I mentioned is
undoubtedly present in almost every variety of complex natural system
from chaotic billiard balls to quivering Aplysia or your favorite bacte-
ria. That transcendental determinism will not disappear as an attractive
doctrine is supported by its presence even in theories of quantum me-
chanics, notably the Bohmian approach.

My interest in the foundations of probability continued during this pe-
riod, but I will not enter into the technical details of various papers. I
summarized my thoughts and answered some questions I now think I
understand relatively recently in the long Chapter 5 of Suppes (2002).
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Foundations of Psychology

I continued work on most of the psychological topics discussed in the
earlier period prior to 1979, but I will only mention here two new ar-
eas of psychological research I had not contributed to or even really
thought about before. One is the study of eye movements and the other
is the study of the electrical and magnetic activity in the brain.

Eye Movements

I cannot now remember how I first got interested in eye movements.
But it was about 1980. Somewhat rashly I agreed to host an eye-
movement laboratory run by Jim Anliker, which was supported by one
of the government agencies. Jim was an experienced scientist, with
a doctorate in psychology, who had devoted at least the previous ten
years to eye-movement experiments. But he had published very few
papers, and did not have much interest himself in building stochastic
models of the obviously probabilistic behavior of eye movements. So
it was a desirable collaboration, with each of us contributing, but also
depending on the other. We did some experiments I still like in which
we recorded the eye movements of students doing arithmetic exercises.
The actual behavior was much more complex than the hallowed expla-
nations of how students work such exercises and use the algorithms
they were taught. Two detailed papers on this work were published in
1982 and 1983. I was then invited by Eileen Kowler, another specialist
in eye movements, to write a review paper on eye-movement studies of
both arithmetic and reading. This time no new experiments were con-
ducted, but I assiduously studied the large literature on eye-movements
in reading, which I previously knew only in a superficial way. I orga-
nized my ideas for some stochastic models of eye movements in read-
ing in this article (1990) and in a second one (1994) that grew out of
my participating in a conference on autism in Sweden. A couple of
years later, Julie Epelboim received a postdoctoral fellowship to study
mathematical models in psychology with me. Besides Jim Anliker, she
was the only experimental psychologist, well-trained in the specialized
lore of eye movement research, with whom I have worked. We pub-
lished in 2001 a paper I still like a lot on eye movements in solving
geometric problems with diagrams. The eye movements revealed di-
rectly the subtle interplay in the shifting back and forth between the
texts of the problem and the accompanying diagram. The model we
developed was used to estimate the size of working memory in solving
such problems.

Brain Experiments

I was invited to give a paper and participate in a conference at the
University of Minnesota on high performance computer applications
in the behavioral sciences in May of 1996. I don’t really remember
the details of my own paper, but I was fascinated by the lecture of
Professor Sam Williamson. This decisive event lead to research that
has occupied me since 1996 more than any other area of research and
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seems likely to continue to do so in the future.

Here is a record of what I wrote about that lecture and what I thought
about in the days following it (May and June, 1996).

Saturday, 11 May 1996

A lecture on current work on Magnetic Imaging (MEG)
by Sam Williamson, a physicist at NYU who has been one
of the early workers in developing the use of SQUIDS for
recording the magnetic field generated by electrical activ-
ity in the brain. I asked Sam various questions in a skep-
tical mode about what could and could not be done. I
also continued to chat with Sam and got a better sense
of the nature of the magnetic recordings. This is the first
time that I had heard about any of the details of magnetic
recording with SQUIDS.

22 May 1996

On the way to Europe, I stopped with Christine in New
York and during the afternoon of May 22, I met Sam Will-
iamson at NYU’s Center for Neural Science.

4 June 1996

The following memo of record is directly transcribed from
the writing of this note on 4 June 1996 on United Airlines
Flight 955 from London to San Francisco.

Memo of Record

...The purpose of this memo is to record my meeting with
Sam Williamson at NYU - Sam is a physicist at NYU
Center for Neural Science. We met from 2 PM to 3 PM
on Wed., May 22 - Christine and I were on our way to
Europe and we stopped overnight in New York. I called
Sam in hope of meeting him after hearing a talk by him
on MEG (magnetoencephalography) - the technique us-
ing SQUIDS for measuring magnetic fields arising from
neuronal activity. The fields can be measured externally
but close to the scalp.

In the course of our intense one-hour conversation, I sug-
gested to Sam that it might be possible to recognize inter-
nal speech, initially just individual words such as “Yes”
and “No”, by analyzing the magnetic wave produced by
the neuronal activity by an approach similar to that used
for standard speech recognition. My conjecture is that the
wave pattern of internal speech must, in a precise sense to
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be determined, be approximately isomorphic to the actual
speech wave.

A main basis for the conjecture is that the time course
and sense of prosodic emphasis in the conscious aware-
ness of the internal speech seems, as would be expected,
very similar to that of the corresponding actual speech.

Although the physical details are bound to be subtle and
complex, there is much to support and conjecture. We pro-
duce too much speech of which we are consciously aware,
and it is too easy to produce corresponding internal speech
for the relation between the two to be impossibly involved.
The subjective sense of similarity is of the greatest impor-
tance.

Let us suppose that the area of the cerebral cortex where
internal speech takes place can be localized, because it
is in fact a relatively local phenomenon. If, on the other
hand, production of such speech involves a distributed net-
work of neurons, then internal speech recognition will be
much more difficult.

Assuming, then, localization of activity, the subject must,
during training trials, tell us what was said silently on each
trial. Put better, confirm that what was said was the word
or phrase requested by the experimenter. A variety of ma-
chine learning techniques can be applied to classify cor-
rectly what was silently said on the basis of the magnetic
wave form recorded.

In principle, if the technique works for a very small num-
ber of words, it should be relatively straightforward to ex-
tend it to a large vocabulary as is the case with current re-
search on actual speech - in fact, pretty good commercial
products exist. As in the case of actual speech, continuous
internal speech will be much more difficult.

Of course, a different kind of machine learning may be re-
quired to learn the “meaning” of the magnetic waves, but
given the abundance of current techniques the difficulties
should be not too great, granted it is technically possible
to record meaningful magnetic waves.

If internal speech can be recognized, many further research
questions immediately arise. Perhaps the first of great in-
terest would be this. When we do an associative word
search of memory, do the magnetic waves of the neuronal
activity reflect a meaningful use of internal speech. The
conscious subjective impression is certainly affirmative,
but is it so?

Here are some more questions briefly stated. Could the ex-
ecution of simple arithmetic algorithms be similarly inter-
preted in a meaningful way from observation of the mag-
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netic field when done purely mentally? For example, if I
silently say “Nineteen plus fifteen is thirty-four”?

A large bundle of questions of a different sort concern in-
ternal conscious recognition of mental visual images and
their manipulation or more detailed construction or en-
hancement. Internal speech recognition seems much the
easier problem, but the massive work on visual pattern
recognition should apply rather directly, as far as general
technique of recognition is concerned.

If, like the work I did in the 70’s on speech recognition
over the telephone, we can succeed with “Yes”, “No” and
the ten digits, we will have taken the crucial first step.
What remains to be seen if the current level of technology
and our understanding of how to use it is up to the task.

Much has happened since 1996, and my understanding of the many
complex aspects of signaling in the brain has vastly improved. The
first important finding was that in the initial experiments at Scripps In-
stitute in La Jolla with magnetoencephalography (MEG), we were for-
tunate that the standard electroencephalography (EEG) was also used
by the placing of twenty or more sensors in the standard EEG 10-20
configuration. What we found to our surprise in our first analyses, as
reported in the initial paper (Suppes, Han, and Lu 1997), was that we
were able to recognize brain waves better by using the 20-sensor EEG
results, rather than the 140 some MEG sensors. From the standpoint
of continued pursuit of the research, this was a lucky break, because
it is relatively easy and cheap to run EEG experiments. The technical
details of MEG experiments are advanced lessons in modern super-
conducting devices, for example, SQUIDS stands for superconducting
quantum interference devices, which must be kept at a temperature
close to 0 Kelvin. In contrast, EEG research requires equipment that
has been in use and not drastically modified for more than fifty years.
Moreover, it is widely used not only in research but in thousands, in-
deed hundreds of thousands of medical offices and clinics throughout
the world.

So after these initial experiments, which had some success, I and my
collaborators rapidly published a total of five articles in the Proceed-
ings of the National Academy of Sciences, of which I am member,
having been so elected in 1978. These articles marked the first burst of
activity. Since then we have settled down to a more elaborated program
of experimentation and analysis, with the computational analysis and
modeling requiring vastly more time and effort than the experiments
themselves.

This is not the place to describe the work in technical detail, which is
properly reported in a series of short articles that have been appearing
over the last few years, and also in Chapter 8 of Suppes (2002), but
I would like to give a sense of the kind of prospects we see for the
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research we have embarked on. One way of describing the effort is that
we are like cryptographers trying to understand how the brain encodes
language and may use it internally. In support of such internal use is
the surprising finding that when very simple visual images are shown
to experimental subjects there is rather good evidence that within a few
hundred milliseconds they will activate in the brain an image of the
word corresponding to the concept. For example, if we show subjects
a circle or a triangle, then this surprising finding has relevance to an old
philosophical controversy. This is a controversy about how the brain
or the mind represents abstract ideas, such as the general concept of a
particular color or shape. I quote from our summary of this reference
to the eighteenth-century dispute in Suppes, Han, Epelboim, and Lu
(1999b, p. 14663).

Early in the 18th century, Bishop Berkeley (1710) famously
criticized John Locke’s Theory of abstract ideas (1690).
David Hume (1739, p. 17) later summarized succinctly
Berkeley’s argument.

“A great philosopher [Berkeley] has disputed the receiv’d
opinion in this particular, and has asserted, that all general
ideas are nothing but particular ones, annexed to a certain
term, which gives them a more extensive signification, and
makes them recall upon occasion other individuals, which
are similar to them.”

Berkeley’s views are well supported by our results. After
visual display of a patch of red or of a circle, the image
is represented in the cortex by the brain wave of the word
red or circle within a few ms of the display and somewhat
quicker than is the representation in the cortex of the spo-
ken word red or circle. To the skeptical response that we
do not really know it is the word red or circle that is be-
ing represented in the cortex, as opposed to the particular
visual image, we respond that everything we have learned
thus far about the one-dimensional temporal representa-
tion of words, presented either auditorily or visually, sup-
ports our inference, the spatial unidimensionality of the
temporal representation used for recognition, above all.
Perhaps just as important, the filtered brain waves repre-
senting the spoken color or shape words conform closely
to the brain waves of the many other words whose brain
waves we have identified in our earlier work.

A second slightly earlier finding, also surprising, was that we could
use brain waves of one subset of subjects to recognize the brain waves
of a disjoint subset of persons. This provides evidence of an important
kind of invariance in the brain-wave representations of words between
individuals, Suppes, Han, Epelboim, and Lu (1999a). Having such a
invariance is certainly not something that can be derived apriori, but
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it greatly facilitates the efficiency of the complex system of commu-
nication of passing messages or other linguistic expressions from one
person to another. If my physical procedures for processing a given
word or sentence are quite different from another person’s, one can an-
ticipate it will lead to more difficulties in easy decoding of what was
said by each of us to the other. It is easy to expand on this theme. It is
not my purpose here to do so.

More recently, in the search for very high rates of recognition, that is,
rates on the order of ninety percent for at least two or three hundred in-
dividual trials, with the null hypothesis being that the recognition rates
would by pure chance be only fifty percent, we have moved from words
to more general auditory and visual images. We have made a big effort
to find stimuli that could easily be discriminated, that is, easily dis-
criminated in terms of the brain waves generated by subjects listening
or looking at the auditory or visual stimuli. Most of this work has not
yet been published. It had taken us in a direction I had not really antic-
ipated at the beginning. In fact, our best results, the very best results,
not surprisingly really, are for the contrast between a highly selected
auditory stimulus and a highly selected visual stimulus. The outstand-
ing instance of this so far is the auditory word Go juxtaposed in trials
to the visual stimulus of a bright red stop-sign. One of the impressive
things about these experiments is that the rate of trials can be quite
fast. We randomly display one of the two stimuli every second so that
in twenty minutes we already have 1200 trials. For several subjects
we have tested, we have recognition rates above ninety- five percent
on test trials for which no parameters of any kind have been estimated.
These are very high recognition rates under classical tests of the null
hypothesis. The probability of the null hypothesis being true, i.e., the
p-value of the null hypothesis, is an extremely small probability and
the results are highly significant. For example, it is not uncommon to
have p ¡ 10-50 and sometimes even p ¡ 10-100. These are, by ordi-
nary psychological standards, extraordinary statistical results, which
are highly desirable, in order to have a firm basis for further analysis. I
end this discussion with two additional examples. The first one is about
comparing stimuli of the sort referred to. If on one trial the subjects
sees a bright blue circle, then with the same luminance, a bright red
triangle and followed by the other combinations, blue triangle and red
circle, then we are able to discriminate, when we hold shape constant,
the color, and when we hold color constant, the shape. These findings
support rather strongly the psychological experiments on attention of
some years ago (Treisman and Gelade, 1980). But at the same time
they exhibit some contextual effects that cannot be ignored. So that,
for example, which color is being held constant can make a difference.
The important point is that the concept of an invariant, so nicely for-
mulated for physical quantities like length, is more complex when the
invariance is for less idealized properties of concrete physical stimuli.
Some contextual effects seem inevitable and are a source of many of
the difficulties in psychological research, especially in the theory of
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perception. What is heartning, on the other hand, is the robustness of
what can still be achieved without having a simple exact invariant.

The second remark also goes back to many kinds of psychological and
philosophical arguments of the past. Are imagined brain images, when
compared to ones resulting from the presentation of physical stimuli,
as in our experiments, of the same sort or different? So, for example,
if I take the red stop-sign mentioned earlier and if I now ask a subject
to imagine a red stop-sign, will the brain image generated be similar
to the brain image generated from looking at the red stop-sign? The
answer is positive. We have been able to classify the stimulus-driven
brain image using the imagined brain image even though, as one would
expect, the recognition rates are not as good, but still highly significant
statistically. Second, and perhaps more important, is the earlier ques-
tion, can we classify and recognize such images at all and the answer
to that is again positive. We do best, of course, when comparing one
imagined image, for example, of the auditory stimulus Go against the
imagined red stop-sign, that is, imagined image compared to imagined
image of another sort. The recognition rates, again, are not as good as
for the strong, and as Hume would say, vivid impressions of an exter-
nal stimulus, but still quite significant. (In this discussion, the use of
the word image is not meant to imply that brain images have directly
pictorial qualities.)

Well, it is easy for me occupy too many pages with the discussion of
our current brain research. The last examples would seem to suggest
that we have given up on language, but this is not so. We think that
there is still much that we can do and have hopes of being able to ac-
complish. One of the examples is showing a structural isomorphism
between sentences and their generated brain waves. The mapping here
is in terms of words to brain images of words, so that, for example,
the word Paris in a sentence maps to a similar brain image when the
word Paris occurs in different sentences and in different grammatical
roles. It is easy to take this intuitive idea and give a formal definition of
structural isomorphism for the correspondence between sentences and
their brain images. Exactly the same problem arises for such a corre-
spondence between words and their phonemic or syllable structure and
the corresponding brain images. Here too we have some successes, but
also problems to deepen our understanding. The work done so far is
not yet published.

I should also mention one other approach, mainly theoretical, on which
Acacio de Barros and I have spent considerable time, with as yet noth-
ing published. In the recent work we have been joined Gary Oas, head
of physics instruction at EPGY. A great variety of theoretical and ex-
perimental research in biology and in physics shows that collections
of neurons often behave as coupled electromagnetic harmonic oscilla-
tors that may be synchronized by an appropriate external stimulus or
even by attention to an internal computation or imagined brain image.
We are now working on modeling these neural oscillators by weakly
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coupled phase oscillators satisfying Kuramoto’s nonlinear equations
(1984). Our initial efforts have focused on modeling with such oscil-
lators the relatively simple but experimentally quite successful behav-
ioral stochastic models of learning, initiated by a classic paper Estes
(1950). Our current work specifically uses behavioral models and ex-
periments from Estes and Suppes (1959), Suppes and Atkinson (1960),
and Suppes and Ginsburg (1963). We introduce sets of oscillators to
represent sets of stimuli, other sets of oscillators to represent sets of
responses, and similarly for reinforcements. Conceptually, we think of
this modeling network of oscillators to be a special case of modeling
more general associative networks. Some quite positive specific results
are about to be published, but I shall not try to describe what we have
done in more detail now.

It is easy to mention in closing many things we have not touched, nor
has anyone else as yet successfully. Probably the most interesting
example would be detailed recognition of the brain waves retrieving
memories. For instance, retrieving from long- term storage of words
when listening to speech or reading, or even the more complicated case
of producing speech, that is, of speaking.

I want to make a final philosophical remark of a general sort about
our brain research. Neural experiments, as opposed to purely psycho-
logical ones on mental phenomena, are almost certain to encourage
an empirical brand of nominalism. The reason is that the brain itself
is not going to recognize, in any direct sense, an abstract idea or ab-
stract concept. There must always be some physical representation.
As the axiom goes in physics: all information and all computations
are physical in nature. There is no nonphysical information and there
is no nonphysical computation. So in order to plan anything, to think
about anything, or to feel anything concrete physical representations
of brain activity are needed, just of the kind that nominalists such as
Ockham, and in their own way, in the controversy mentioned earlier,
Berkeley and Hume supported. The radical nature of this nominal-
ism has not been adequately absorbed in modern philosophy of mind.
Clever philosophers will find ways to work around it and to hold on
to their traditional and cherished ideas. My own prediction is that as
detailed work of the kind described, and ever better levels of precision
and depth are achieved in the future, there will inevitably be a change.
The seemingly permanent abstract mentalese of philosophy and folk
psychology will be challenged by a deep skepticism about the actual
empirical validity of this traditional approach. It works only when not
too many details are called for. This doesn’t mean, on the other hand,
that the language of folk psychology and of common sense will be
abandoned. Just as we haven’t abandoned the talk about ordinary ob-
jects and events like tables, chairs, and water running in the kitchen,
because of all the many results of modern physics. We will retain folk
psychology and ordinary mentalese, but that doesn’t mean we believe
they can express anything like the exact scientific account of what is
going on.
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Philosophy of Language

During this period I have written a number of different papers in the
philosophy of language, but I think I will restrict my remarks here to
one sustained effort that I enjoyed a great deal and hope to continue,
even though the last paper was written in 2001. This effort is a se-
ries of nine papers written on the learning of robotic natural language.
Here the effort was not with learning on the part of humans, but how
to teach robots to understand ordinary natural language, for example,
such commands as Put the bolt in the red box, or Get the screw, Put the
nut on the screw, Get the large washer, or more elaborately Get the red
screw behind the plate, which is left of the washer.

The important feature of this work is the following. The robots were
not assumed to start absolutely from scratch. It was assumed they al-
ready had machine language instructions for carrying out the robotic
manipulations required. A demo was implemented on an “academic”
but real robot by my former student and now successful entrepreneur in
China, Dr. Lin Liang. What was important was learning how to inter-
pret ordinary language in the several machine-language levels used in
implementation. This is a nontrivial task. Also, to show that we were
not simply oriented toward English, because the three collaborators on
most of this work were Li Liang who is Chinese and Michael Bttner
who is German, we always did experiments in at least Chinese and
German as well as English. Indeed, one paper we studied the learning
of interpretations in ten different natural languages. What does inter-
pretation mean here? We had a set of formal axioms for learning that
we implemented. As you might expect, they are associative in nature.
Then we had axiom about changes of state in long-term memory using
semantic categories and the semantically interpreted internal language
already available to the robot. We also needed and had axioms for
denotational learning and here we had denotational learning computa-
tions. Given the attention that has been devoted to denotation in the
philosophy of language and the philosophy of mind, what is interest-
ing here, and probably most distinctive, are the specific denotational
learning axioms. Seldom, if ever, in the ordinary philosophical en-
terprise have such denotational learning concepts been explicitly used
and tested.

Finally we had various congruence computations using the concept of
congruence I introduced in my presidential address to the Pacific Divi-
sion of the American Philosophical Association (1972) where I urged
that a geometrical notion of meaning, using various strong and weak
concepts of congruence, was the important way to proceed without be-
ing obligated to adopt some single notion of synonymy. Such a notion
of congruence is absolutely critical to psychological paraphrase and
must play a role, in my judgment, in any extended development of
robotic learning of natural language. All nine papers were written with
the collaborators already mentioned. What I liked was the success we
had with using classical concepts from psychology and from philoso-

27



phy of language in developing the very specific theory embodied in the
kind of axioms mentioned above for such robotic learning.

Education and Computers

During the period running from 1979 to 1992, really all my work in
this area was focused on the use of computers for instruction, what was
called at that time computer-assisted instruction and now is described
in various ways, for example, computer-based instructions, etc. The
important point is that there was much to be done, and I was able to
round up resources to do a good deal of research on such teaching, not
only in elementary mathematics where I had started back in the 1960s,
but also in teaching of language, such as various levels of teaching of
English from elementary-school to freshman courses in college, and
especially the teaching of foreign languages. Much of the work over
a considerable period was summarized in the book I edited in 1981
entitled University-Level Computer-Assisted Instruction at Stanford:
1968-1980. It provides an overview of what was done at the university
level. In fact, this 930-page book is perhaps the most detailed analysis
of such work published by anyone during the period when it began in
the 1960s until the present time. Indeed, a book of this length will
probably not be published in the future, because such future details
will be reported on the web in electronic form.

Over the next few years, I published very little on the use of computers
for educational purposes, but then in 1995 a new effort began. This
was the Education Program for Gifted Youth (EPGY) that I, with oth-
ers, organized in 1992 at Stanford. I have served as director since the
beginning, and continue to do so today. The aim is to provide online
courses for precollege students. We are not just focused on the last
few years of secondary school but begin instruction in kindergarten in
the case of mathematics. Building on my earlier work,-first a series of
textbooks for elementary-school mathematics in the early1960s, then
corresponding computer-based courses of the same sort-, I revised the
material extensively and quickly created a K-7 mathematics course for
EPGY, which has been, up until now, the course with by far the largest
enrollment. I list among my publications the CDs produced for the
various levels of that course until 2005. However, that CD-type of pub-
lication has now ceased, and the course is offered on the web through a
browser. It is clear that the future developments will be directly online
on the internet.

I now have something that I particularly value that I did not have in
the extensive earlier work. This is a centralized data base from all the
sites on which the courses are being used, so we have massive files
that are used to guide revisions of lectures and exercises, by analyzing
student responses, and to test various psychological models of student
learning and performance. The resulting articles are now principally
being placed on the web site of EPGY. I look upon such electronic
distribution as the primary method for this kind of publication in the
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future.

I have put a lot of effort into EPGY from 1992 to the present. We have
extensive courses in mathematics, physics, and English for gifted stu-
dents, many of whom begin as early as four years old. But we also of-
fer advanced courses in mathematics and physics for secondary-school
students who are able first to complete a calculus course either in their
own local school or with EPGY well before they graduate from high
school, so that the last several years before college can be spent study-
ing what are really online versions of undergraduate mathematics and
physics courses at Stanford and for which they get a Stanford Univer-
sity transcript.

During this period, up until 1990, I was also CEO of Computer Cur-
riculum Corporation, a commercial company dedicated to offering com-
puter-assisted instruction in schools. In 1990 the company was sold to
Paramount Corporation, primarily know for movies but at that time
also the owner of a large number of educational publishing houses.
Returning actively in 1992 to the development of new computer-based
courses within the framework of Stanford had academic aspects that I
very much appreciate. Here I mean academic in the following sense.
There is no real push to create something that must be profitable, and
it is possible to spend much more time on research questions. Some-
thing that is perhaps even more important than anything aimed directly
at published research is having the opportunity to explore uses of com-
puters that would be considered impractical in a commercial setting.
Let me just give two recent examples on which I have been working
the last several years.

Beginning as long ago as the 1960s, I introduced elementary theorem
proving on the computer to very bright elementary-school students in
Palo Alto and other places. The proofs focused on are elementary the-
orems of arithmetic, which follow from the elementary axioms for the
ordered field of rational numbers. In the beginning, only the very first
parts of the natural axioms in this subject were used by the students.
This was repeated in several different forms over many years, each
year increasing the number students and often having the course used
by older students. The course was then suspended for at least ten years,
and I am pleased to have restarted it once again in a more elaborate
form. So, we are now offering for elementary-school grades 4 to 7
a quite elaborate development of the theorems based on the rational
operations of addition, multiplication, subtraction, and division, but
including, for example, the definition of absolute value and the tricky
theorems about absolute value and inequalities that are so useful later
in proving the standard - theorems in analysis. As part of this, we also
offer what is I think one of the best features introduced earlier, but now
done much more thoroughly. The students are given a great many ex-
ercises in which they are not told whether the exercise is to be proved
by using theorems already proved, or is a counterexample. The point
of the exercises is to make the students think through conceptually and
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strategically whether a given formula can be proved or is a counterex-
ample. If it is a counterexample, they must give specific numerical
values to the variables to show that it is. Through such exercises, stu-
dents learn some important methods of problem analysis they would
not otherwise. So as I write this, we are completing the new version
of something begun more than forty years ago in its first version. This
will be the best and most complete version, and undoubtedly will have
the most students using it. It will establish, in a better way than in
the past, the ability of able students in elementary school to learn to
give rigorous elementary mathematical proofs, with validity checked
explicitly by appropriate computer programs.

The second example is something that is connected with one of my
most cherished ideas in the philosophy of language. I have already
mentioned paraphrase. It is my feeling that both on the part of philoso-
phers and psychologists the most neglected notion for thorough scien-
tific exploration is that of paraphrase. If I hear a lecture, which I often
do,-in fact one of the main pleasures and also problems of being in a
place like Stanford is that there are too many lectures that I would like
to hear each week, and now that I have strong interest in neuroscience
far too many-, so it is a real problem to choose what I want. In any
case, when I go to one of these lectures and someone asks me after-
ward, “What was the lecture about?” I can, of course, not possibly
repeat in serious literal detail what was said. I give a paraphrase that
varies in the coarseness of its summary, but always a paraphrase, that
does not use the exact words and phrases of the lecturer, but my own.
This is the glory of paraphrase, one of the great syntactic and semantic
features of human speech not nearly remarked upon enough. What are
the mechanisms of paraphrase, how do we do it? Well, there are many
things to be said, but I will not try to go into the open research questions
that I think should be of current interest. Rather, I will describe a direct
application in our current EPGY teaching of language arts, English as
a second language, and Chinese as a second language. For students
taking language arts in American schools in English, or students learn-
ing English or Chinese as a second language, one problem is getting
them to write large numbers of sentences in English or Chinese, as the
case may be, to exhibit their command of the grammar and semantics
of the language. It is a fact of life, much regretted by many of us, that it
is simply the case for a large number of reasons that students’ writing
of English in American schools is not evaluated very thoroughly and
concretely by teachers. Certainly not as much was often the case in the
past. The same is true of foreign-language instruction. So the problem
is to see how much we can do with sophisticated computer programs.
The results, of course, are not going to be perfect. But the finer points
of grammar are not well controlled by elementary-school teachers of
language arts. Our objective is at least to do as well and at the same
time to give students extensive practice in the writing of sentences. So,
we have constructed a large sequence of limited environments, which
we can manage much better in terms of highly detailed analysis of what
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the student is doing. We present on the computer screen, in any of the
kind of cases mentioned, a fixed vocabulary of anywhere from twenty
to fifty words. Students can click and drag on these words to write sen-
tences. Clicking and dragging is faster, particularly for young students,
than typing. We have written very large and very detailed context-free
grammars for the given restricted vocabulary-which can be quite accu-
rate because of the restriction. We also do computations of paraphrase
to check the semantic correctness of students’ written answers to ex-
ercises. What students are ordinarily doing is answering questions or
giving a brief description of some kind. We do not expect the student
to give a unique answer. That would be inappropriate for any rich use
of language. Moreover, in most cases the given vocabulary list requires
students to have to write something very different from what they have
read. So, for example, they must learn to use in proper anaphoric fash-
ion the many kinds of pronominal and other anaphoric constructions
important in English. The computation of a paraphrase being correct
is the right semantic approach for this purpose. We have not, in any
complete sense mastered the subject, but we are continually improv-
ing our computer programs and learning ourselves from the mistakes
students make.

Because formal rules of paraphrase have not been widely discussed in
the literature of mathematical and computational linguistics, in con-
trast to context-free grammars and the rules that can generate them,
some brief comments at least are in order. The rules of paraphrase
are, at bottom, semantic rather than grammatical in spirit, for instance,
rules of deletion and generalization, which work this way.

John and Mary are jogging in the park.

Question: Where are they?

Paraphrased answer: They are in the park.

In this example, the information about jogging was deleted.

Alice is eating a plum, and Bob is eating an apple.

Question: What are they eating?

Paraphrased answer: They are eating fruit.

These examples are very simple, but it is easy to generate more subtle
and difficult cases. Many of the main heuristic principles of paraphrase
are easy to state. Here are two examples.

(1) Delete information not relevant to the question asked or point
being focused on in a conversation.

(2) Do not add information not present in the original text or speech
being paraphrased.
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I’ll end with what I consider is the biggest failure of technological de-
velopment of educational use of computers, one that I forecast in the
1960s would be widely used by now. This is speech interaction be-
tween student and computer. Now, of course, it is easy enough to talk
to the student with the kind of programs I have just been discussing
and we have a great deal of audio instruction in the courses. But we do
not, at present, have extensive use of speech recognition for responses
of students. This, it seems to me, is a significant failure of techno-
logical development, one that we actually will be able to master once
we make a sustained effort. This is a failing that is more general than
just our relatively small effort at EPGY. It is one of the great surprises
that by now (2006) operating systems for computers that include so-
phisticated recognition software for direct speech interaction with the
program have not been developed and more widely used than is actu-
ally the case. Certainly, in this century, one of the significant computer
developments, from the standpoint of broad use, will be the reduction
of the use of the keyboard and the natural use of the human voice to
interact with hardware devices everywhere. As we do so, even the
psychology of the way we think about our computers will change.

Philosophy and Science

In what I said about the earlier part of my career under this heading, I
mentioned that I had worked both in philosophy and science, though
from the standpoint of research, I primarily thought of myself as a
philosopher of science. I think this is probably not really the most ac-
curate characterization. I continue to do and continue to have great
interest in the philosophy of science, but it is certainly also true that, in
many respects, more of my energy in the last quarter of a century has
been devoted to scientific activities. A good record of these activities
is to be found in my, too lengthy, 2002 book, Representation and In-
variance of Scientific Structures. This large book summarizes much of
the work I have done in many different areas. I think of it as written
for technically mined philosophers of science, but the details go into
individual sciences where I have done research at various times and
this is clear from what I have said about my career in the account of
the earlier period and also this period. As before, the two main areas
are psychology, above all, and physics, both have been prominent in
my career..

I could take another line and say that a distinction between philoso-
phy of science and science is in itself incorrect. In many ways I am
sympathetic with such a summary of Quine’s view, namely, that phi-
losophy should mainly be philosophy of science and philosophy of
science should mainly itself be science. This is a way of saying that
philosophy is not privy to any special methods different from the meth-
ods used in the sciences. I certainly very much agree with these ideas,
but also think that there are special aspects of problems that are of
particular philosophical interest and often cultivated only by philoso-
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phers. Current philosophers of physics do not expect to develop purely
philosophical theories of space and time, but rather, make philosoph-
ical commentaries on the work done by physicists. It is one of the
mistakes in the philosophy of mind, in my own view, that philosophers
do not have a similar attitude toward the relation between psychology
and the philosophy of mind. The two big topics from psychology that
I cover in the book and that reflect my perennial interests are visual
perception, especially visual perception of space, and learning theory.
Both of these have vast empirical and theoretical literatures in psychol-
ogy over more than a hundred years, much of the work is not really
known by many psychologists and certainly by even less philosophers.
But the questions at bottom are the ones that seems to me of permanent
conceptual interest, with a strong natural philosophical aspect. I will
just mention some that I discuss in detail in the book and reflect on
what I think are natural hard questions that lie at the border between
philosophy and science. First, concerning perception, there is the com-
plicated and subtle query of whether or not visual space is Euclidian in
character. I will not even try to summarize the kind of answer I think
is appropriate but refer to Chapter 6. Another subject in psychology,
treated even more extensively, is, the foundations of learning theory
and, especially the question of whether or not it is possible to build
from elementary concepts of learning, such as association and similar-
ity, the complex cognitive concepts that we think of as higher order. In
spite of the fact that we know very clearly that the answer in the case
of mathematics to such questions is affirmative, many psychologists
refuse to believe that really at bottom its association, as I sometimes
like to say, all the way down and all the way up. But consider the
mathematical case. An arbitrarily complex recursive function can be
computed by a universal Turing machine with a small number of states
and a small number of output symbols. It is one of the great mathe-
matical triumphs of the twentieth century to show that such a reduction
of computation to very simple devices is possible. That lesson has still
not sunk in as far as it should, and as widely as it should, in psychology,
nor in philosophy. These matters are discussed extensively in Chapter
8 of the 2002 book.

The two topics from physics that I know something about in detail
and can therefore write about with confidence are special relativity
and quantum mechanics. I include detailed discussions of the foun-
dational literature on special relativity, but not extended to the more
complicated case of general relativity. A natural foundational ques-
tion is that of giving elementary axioms for special relativity and this
I try to survey and give one example of. As in all such large sub-
jects, there is extensive literature going back to the early years of the
twentieth century. I am referring here not to Einstein’s famous and
important paper, but actually the attempts to give axiomizations in the
synthetic and qualitative spirit familiar in geometry of the same time,
i.e., axioms formulated very much in the style of Hilbert’s influential
nineteenth-century book on foundations of geometry. The other topic
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is entanglement in quantum mechanics. I said enough about that al-
ready, so I need not say more here, except that I attempted to give a
summary of the things discussed earlier in Chapter 7 of the 2002 book.

Although the book is long, there are many subjects, dear to my heart
and about which I know something, that I had to leave out for various
reasons. The most important omission was to not include a chapter on
statistics following the long chapter on probability. I originally planed
such a chapter, which would be meant to take us from the foundations
of probability, and questions about probability theory in general, to the
much more particular questions of statistics and analysis of data. I
have spent a great deal of my academic life analyzing data and I cer-
tainly fully intended to have quite a bit to say about statistics in the
2002 book. But I kept putting off the writing of that chapter and when
I finally needed it, not enough had been done to include in the actual
publication. This is a shame, because one of the great developments
of the twentieth century was the move from probability, thoroughly
developed in many ways by nineteenth-century mathematicians start-
ing with the magnificent work of Laplace at the end of the eighteenth
century, to statistics. As a formal subject, statistics really only began
in the twentieth century, but much was done during the hundred years
of that century. It is still the case that not very many books in phi-
losophy of science discuss with any thoroughness the foundations of
mathematical statistics and how those foundations carry over and af-
fect applications. Now, I certainly admit there is not some Chinese
wall between probability theory and statistics. The concepts run back
and forth between the two subjects, and yet, there is still a clear and
important distinction that I did not represent well in the book.

The other big omission was not to have much more to say about sta-
tistical mechanics, which ironically is not really about statistics, in the
sense just used, but an application of probability theory to one of the
most important scientific cases. I said toward the end of the book that
the subject was too difficult to present rigorously. I think now, in retro-
spect, I could have given a short chapter, certainly, not one that covered
many topics, but, of course, I didn’t try to do anything like that in quan-
tum mechanics either. So I am sorry that I left it out.

Maybe I don’t even think that statistical mechanics is the second most
important, maybe even the second most important was the omission of
what I like to call the ergodic theory of free will. I have written some
papers about the application of the sort of ergodic theory discussed at
the end of Chapter 4 under questions of invariance, to questions of free
will. I am firmly convinced that many of the tangles of compatiblism
and incompatiblism can be resolved by application of beautiful and
original ideas in modern ergodic theory showing, as I like to put it, the
inability to distinguish between stochastic or indeterministic models of
natural phenomena. It is recognized that in almost all of the important
physical cases where continuous quantities are measured, there must
be errors of measurement. In practice these errors of measurement are,
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essentially without exception, bounded away from zero no matter how
good the experiments are. Given finite errors of measurement and ac-
companying kinds of statistics, there are beautiful proofs, especially
by Ornstein and Weiss (1991), of the following sort of theorem. We
can have a deterministic theory, for example, that of the motion of a
billiard ball with a convex object in the middle of the table to disturb
the motion. For such a setting, two theories, the deterministic the-
ory of classical mechanics plus measurement errors and a stochastic
Markov theory, will be mathematically inconsistent as theories of the
billiard-ball motion. But we cannot distinguish between the empirical
correctness of them, no matter how many observations we take. This
makes as I like to say, both determinism and indeterminism in a univer-
sal sense transcendental, and creates the right kind of arena in which
to discuss intentionality and free will. It is not possible to go into my
analysis of such matters here but just to express my regrets that I did
not include it in the 2002 book.

There is one point about philosophy and science that I have not really
emphasized in any definite way, but that has become important to me.
This is my much stronger explicit interest in pragmatism. In earlier
years, I was put off by what seemed to the relatively superficial philo-
sophical doctrines of pragmatism. They seemed to be lacking in depth
and, perhaps to make a joke, any serious model theory. But this was
a mistake on my part. With the modern move away from foundations
as an explicit aim of most philosophical work in the sciences or math-
ematics, I have come to see that pragmatism fits in very well.

It is fair to say, as I have emphasized earlier in these pages, my think-
ing about this relationship for a very long time was in terms of con-
structing explicit formal structures that gave a detailed sense of how a
particular part of science would look when given the kind of explicit
treatment characteristic of that given structures in modern mathemat-
ics. My 2002 book gave a good many examples of this. I am not
against those examples now, but already as I was writing the final ver-
sion, I found myself moving toward pragmatism. I will give just two
examples.

The first concerns how I ended up treating the variety of approaches to
the foundations of probability in Chapter 5. This is the longest chapter
in Representation and Invariance of Scientific Structures. I started out,
when I was writing a semi- final draft of the chapter, say five years
before publication, revising material from much earlier years, that I
would be particularly sympathetic to a Bayesian approach. The more
I got into it, the more I realized this was not really the way I now felt.
One of the things that changed by mind was when I explicitly noticed
that the qualitative axioms that I liked, in terms of thinking about the
formal foundations of subjective probability, for example, the qualita-
tive axioms for a weak ordering, were not restricted to subjective ideas
about probability. I could not imagine why I hadn’t thought about it
more clearly earlier, but, in any case, in the final version of Chapter
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5, I made a number of remarks that such qualitative approaches were
also very natural for objective propensity interpretations of probabil-
ity. I gave in the chapter several examples. These examples were more
in terms of qualitative axioms to construct a density, for example, a
discrete density for the geometric distribution, or the corresponding
exponential distribution for continuous phenomena, as in the case of
radioactive decay. This is only one example, but it is a very natural
one in the context of physics. I got into this by thinking how unnat-
ural it was to treat all those wonderfully detailed objective data and
phenomena in a subjective way.

Then I found something very reinforcing. I have always liked Fred
Mosteller’s down-to-earth approach to statistics and the wisdom he
conveys to those of us like me who are not as well educated as he is
in all matters statistical. Well, I found in examining Fred’s wonderful
treatise with D. L. Wallace (1964/1984) on authorship of the Federalist
Papers that it reflected, in a way that I felt extraordinarily sympathetic
to, a pragmatic approach, which I summarized at the end of Chapter
5. Mosteller reports that Bayesian friends asserted that much of the
analysis seemed really Bayesian, and objectivist friends said equally
the same thing. So, he scarcely knew how to classify the statistical
approach he and Wallace used.

Reflecting on this example caused me to go back to something that
I had looked at before, namely, what about the attitude of physicists
to probability, especially, in that decisive case of modern physics-the
probabilities that occur in quantum mechanics? So, I put in this same
last section of Chapter 5 quotations from some of the most distin-
guished physicists who worked on quantum mechanics in the early
days. Their wholly pragmatic attitude toward probability is evident.
They didn’t really see it as necessary, in any sense whatsoever, to make
a commitment to a foundational view, but they understood very well
that the computational aspects of probability were exactly what they
needed for the new theoretical treatment of quantum phenomena. I’m
not going to repeat here what I say there, but I am trying to give a sense
of how pragmatism has more and more dominated my own thinking.

The second example is a paper I wrote in 1999 on pragmatism in
physics, where I was concerned with longer historical episodes. For
example, I began with the history of ancient astronomy, a subject in
which surely I am a rank amateur but from which I could not resist
drawing some general parallels. I felt particularly encouraged by read-
ing Noel Swerdlow’s attractive book on Babylonian astronomy (1998).
I remember asking Noel, do you read the cuneiform tablets? His an-
swer was, “Of course not.” What I loved about that answer is that
Noel is one of the distinguished historians of ancient and medieval as-
tronomy. If I open my mouth and make a mistake about Ptolemy, he
tells me so at once. I love the fact the he had ventured into this ex-
cellent discussion of the Babylonian attitude to planetary motion and
yet he himself did not read the original texts. So, I tried to push a
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pragmatic theory, looking at the broad history from ancient astronomy
to Kelper, to show how many concepts that were important, for exam-
ple, to Babylonians for making omens and the like, and later, many
aspects of Greek thought as well, were simply pushed out of the way
and ignored. But the varied detailed observations made by the Baby-
lonian astronomers and used by Ptolemy more that five hundred years
later, continued to be preserved in that tradition. Then Ptolemy’s own
central work was preserved in the tradition of a millennium and a half
span leading up to Kepler and including, of course, the less important
work of Copernicus. Two important things were preserved: the very
detailed observations reaching back to Babylonian times, and most of
the methods of computation, which Copernicus himself continued to
use and were only changed by the new astronomy, as Kepler called
what he introduced. The whole subject was then given a much greater
state of perfection by Newton, with the introduction of gravitational
dynamics. But much of what Kepler and Newton did rested on the
shoulders of these observational and calculational giants of the dis-
tant past, and it is this, that is pragmatic-keeping the good and letting
go of the bad. Let me reformulate this last remark in a more purely
pragmatic way. So what usually happens in the history of science is
that which is true and useful is kept, that which is false and useless is
dropped. This leaves two other cases of course. What about false and
useful? Well, those traditions can last a very long time, and it is easy to
cite examples of something that is not literally true but is close enough
as an approximation to be very useful. And then there is the fourth
case of true and useless. There are many banal claims that are true but
not useful and they get lost in time, except for the arcane interests of a
few benighted scholars. This is too optimistic for a good many polit-
ical and social historians who do not believe in progress, but scarcely
any serious historian of astronomy or physics can or does hold their
pessimistic position.

I emphasize in saying this, I am endorsing no pragmatic account of
truth as usefulness. For me they run on separate tracks that are often
correlated, but one is not definable or reducible to the other.

In 1990 I received the U.S. National Medal of Science, which I was
surprised and pleased to get. At that time very few of the medals of sci-
ence had been awarded for work in the social and behavior sciences. It
was not just for the efforts in instructional use of computers, although
this was the most salient aspect of the research I had been doing, be-
cause of its large scale, and the influence it had in public schools.
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