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1. Motivation and objectives
Engine exhaust noise is a critical design consideration for next-generation civil and
tactical supersonic aircraft. Because noise production is most significant for high exhaustto-freestream velocity ratios, exhaust noise is a particular problem at takeoff. In commercial subsonic aircraft, high bypass-ratio engines lower the velocity ratio by creating
a co-annular lower-velocity jet surrounding the main jet core. The large frontal area of
high bypass-ratio engines makes them impractical for use on supersonic aircraft and other
strategies are required to achieve exhaust noise reduction.
Instability wave theory has been somewhat successful in explaining the mechanisms
of noise generation in jet flows (Crighton 1978) and in particular for high-velocity jets.
The instability wave theory of sound generation hinges upon the existence of coherent
large-scale structures, which are known to persist well within the turbulent regime for
a variety of free shear flows (Brown & Roshko 1974). For compressible jets of Reynolds
number up to 106 , Suzuki & Colonius (2006) showed that the far-field pressure is statistically consistent with an instability wavepacket model by correlating experimental
measurements from a microphone array with eigenfunctions predicted by linear stability
theory. Supersonic convection of orderly structures gives rise to Mach wave radiation,
which arguably constitutes a significant part of the supersonic jet noise owing to turbulent mixing (Tam 1995). The other principal components of supersonic jet noise, namely
the screech tone and the broadband shock-associated noise, are absent in the perfectly
expanded jets we consider in this paper.
Although turbulent jets may support instability waves, their mean flow is less parallel
than that of their laminar counterparts. Particularly, the collapse of the potential core of
a turbulent jet may produce a strongly non-parallel change in spreading rate in a region
that is thought to be key to sound production. In this paper, therefore, we focus on
applying global mode analysis to turbulent mean flows. Because global modes represent
2D or 3D eigenfunctions of the system, they fully capture the inherent non-parallelism
of the flow, whereas approaches based on the Parabolized Stability Equations (PSE)
do not (see, e.g., Cheung et al. (2007); Gudmundsson & Colonius (2009)). Additional
advantages of global modes include the ability to represent upstream propagating waves,
and the coupled acoustic far field (PSE methods rely on an acoustic analogy or matching
to an acoustic solution). The remainder of this paper is organized as follows: Section 2.1
discusses the flow conditions considered and the resulting base flows computed from the
Favre-averaged Navier–Stokes equations. We are specifically interested in the effects of
jet Mach number and heating upon the analysis, so we consider seven different base flows
where these flow parameters are systematically varied. Section 2.2 discusses results from
the global mode analysis applied to these base flows. Finally, in Section 2.3, jet transfer
functions are reconstructed through the superposition of the non-normal global modes
obtained in Section 2.2.
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Figure 1. Base flow for the Mj = Ma = 1.4 supersonic jet. Contours (color online) of (a) axial
velocity and (b) temperature are displayed over a portion of the total computational domain.

2. Results
2.1. Base flows
To model the sound emitted by instability waves in a fully turbulent jet, we consider
solutions to the Favre-averaged Navier–Stokes equations as base flows to the linearized
analysis. A simple k − ǫ turbulence model was employed with empirical constants as
recommended by Thies & Tam (1996) for cold and moderately hot turbulent jets in the
Mach number range 0.4 − 2.22:
Cµ = 0.0874,

Cǫ1 = 1.40,

Cǫ2 = 2.02,

P r = 0.422,

σk = 0.324,

σǫ = 0.377.

For this preliminary investigation, both the Pope and the Sarkar & Lakshmanan correction terms are neglected. Steady solutions to the Favre-averaged equations were obtained
by the commercial software package FLUENT. Figure 1 shows the resulting base flow
field for an isothermal, Mj = 1.4 jet.
In Figure 1, the jet centerline is located along the base of each frame, and the domain
is cropped in r to highlight the development of the jet shear layers. The total domain
used to compute both the base flows and the global modes extended over −20 < x <
70 and 0 < r < 50, where x and r are nondimensionalized by the nozzle radius R.
Numerical sponge layers (indicated by the dashed lines) were placed at the inlet, outlet
and lateral boundaries to absorb outgoing instability and acoustic waves with minimal
reflection (Khalighi et al. 2010; Mani 2010). The lateral sponge (not shown) had an
innermost boundary at r = 40. The white horizontal line extending from x = −20 to
x = 0 corresponds to a section of a cylindrical free-slip nozzle. The presence of a nozzle
represents a significant difference from previous global mode analyses of laminar jets in
which the incorporation of a nozzle was avoided (Nichols et al. 2009b). In the laminar
case, the base flow varied slowly relative to the wavelengths of the instability modes
of interest, which allowed for sponge layers of intermediate thickness–sufficiently thick
compared to the wavelengths of interest, but sufficiently thin to avoid interfering with
the development of the overall global mode shape. In the turbulent case, however, the
shear layers spread rapidly with respect to the wavelengths of interest, which necessitates
a nozzle to separate the development of instability waves in this sensitive region from
any influence of the numerical sponge layer employed at the upstream boundary.
To investigate Mach number and heating effects, we consider a set of seven different
base flows described in Table 1, where the jet Mach number Mj = uj /cj and acoustic
Mach number Ma = uj /c∞ are varied systematically. Here, uj , cj , and c∞ denote the jet
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Mj Ma
0.9
1.1
1.4
1.8
0.9
1.1
1.8

0.9
1.1
1.4
1.8
1.4
1.4
1.4

S

T0 /T∞

Ls

StC1 ,r

1.00
1.00
1.00
1.00
0.48
0.72
1.92

1.16
1.24
1.39
1.65
2.81
2.01
1.00

–
15.156
21.503
30.056
–
15.495
28.853

0.645
0.432
0.267
0.165
–
0.392
0.192

StC1 ,i

StS1 ,r

5

StS1 ,i

-0.00974
–
–
-0.00588
–
–
-0.00508 0.969 -0.02587
-0.00271
–
–
–
0.824 0.02253
-0.00417 0.889 0.00898
-0.00390
–
–

Table 1. Flow configurations for the seven cases considered, supersonic core length Ls , and
frequencies (StC1 ,r , StS1 ,r ) and growth rates (StC1 ,i , StS1 ,i ) of the least stable global modes.
The subscripts C1 and S1 refer to core and shear modes, respectively (see Section 2.2).

velocity at the nozzle exit, the speed of sound at the nozzle exit, and the speed of sound in
the ambient fluid, respectively. The first four cases represent a sequence of isothermal jets
where the Mach number varied from 0.9 to 1.8. For the isothermal cases, cj = c∞ because
the jet temperature equals that of the surrounding fluid, which implies that Mj = Ma and
that the jet-to-ambient density ratio S = 1. The final three cases, together with the case
Mj = Ma = 1.4, form a sequence of jets in which the jet velocity is held constant with
respect to the external speed of sound. The jet Mach number varies, however, through
different levels of heating applied to the jet fluid. In this way, the case with Ma = 1.4 and
Mj = 1.8 corresponds to a cold jet, in which the stagnation temperature T0 of the jet is
equal to that of the external fluid. Likewise, the Ma = 1.4, Mj = 0.9 case corresponds to
most heated jet with density ratio S = 0.48. These constant velocity cases allow for an
investigation of the coupling between thermodynamic and velocity fluctuations, which is
thought to explain at least partially the influence of heating upon the radiated acoustic
field (Bodony 2010). Finally, it should be noted that all of the jets have Reynolds number
Re = ρj uj R/µ = 10, 000.
Figure 2 characterizes the axial development of the seven base flows listed in Table 1.
The centerline local Mach number shown in Figure 2(a) reveals that the length of the potential core increases slightly with increasing jet Mach number. The acoustic Mach number, however, has little effect on the length of the potential core. The axial development
of centerline Mach number for the heated jets (dashed curves with Mj = M (x = 0) =
0.9, 1.1, and 1.8) closely follows their isothermal counterparts (solid curves). Five of the
base flows contain a supersonic core of length Ls , where Ls is the axial distance from
the nozzle exit to the centerline location where M = 1 (see the thin horizontal line in
Figure 2(a)). Ls , tabulated in Table 1, is strongly affected by Mj and to a lesser extent
by Ma . As we will see, this quantity is an important predictor for the frequency StC1 ,r
of the least stable global core mode.
Figures 2(b,c) visualize the downstream jet spreading for the seven base flows through
the half-velocity point r0.5 , defined such that ux (x, r0.5 ) = 0.5ux(x, 0). Figure 2(b) compares the four isothermal jets and shows that in the region of the potential core, the
center of the shear layers spreads outwards at the same rate, whereas the high Mach
number jets spread more slowly downstream. Figure 2(c) shows the effect of heating on
the jet spreading by comparing the four constant velocity jets. About the potential core,
the center of the shear layers spreads outwards more quickly for the cold jet (Mj = 1.8)
than for the heated jets. The momentum thickness δθ of the heated jets is larger than
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Figure 2. Axial development of base flows described in Table 1. (a) Local Mach number along
centerline, for isothermal (solid) and hot/cold cases (dashed). (b) Half-velocity point versus
axial position for isothermal cases Mj = Ma = 0.9 (solid), 1.1 (dashed), 1.4 (dotted), and
1.8 (dash-dotted). (c) Half-velocity point versus axial position for constant Ma = 1.4 and Mj
indicated as in (b).
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Figure 3. Axial variation of momentum thickness δθ around the potential core. Four curves
indicate isothermal jets with Mj = 0.9 (solid), 1.1 (dashed), 1.4 (dotted), and 1.8 (dot-dashed).
The remaining curves indicate hot and cold jets with Ma = 1.4 and Mj = 0.9 (dot-dot-dashed),
1.1 (dot-dash-dashed), and 1.8 (dot-dot-dot-dashed).

the momentum thickness of the cold jets, however, and spreads more rapidly (see Figure
3). Downstream of the potential core, the spreading decreases with increasing jet Mach
number, consistent with Figure 2(b).
2.2. Global modes
2.2.1. Eigenvalue spectra
Figure 4 compares spectra of eigenvalues resulting from global mode decomposition
applied to the four isothermal jets. The spectra are plotted in the complex St-plane, so
that the horizontal axis represents the nondimensional frequency Str = 2Rf /uj = ωr /π
while the vertical axis represents the nondimensional growth rate ωi /π. For each jet, 2000
global modes were computed using the shift-and-invert Arnoldi method as implemented
in the public domain software package ARPACK (Lehoucq et al. 1998). One hundred
shifts were uniformly distributed along the real axis, and the 20 closest eigenvalues were
converged about each shift. For most of the calculations, the computational domain was
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Figure 4. Global eigenfrequency spectra for the isothermal jets at varying Mach number. The
horizontal axis represents the real frequency while the vertical axis gives the temporal growth
rate. Eigenvalues below the real axis correspond to temporally damped global modes (all of the
modes are damped for the isothermal cases).

resolved by (384, 192) grid points in the (x, r) directions, respectively. Grid stretching
was used in the radial direction to cluster grid points near the shear layer at r = 1,
while a uniform mesh was applied in the axial direction. Because Sti < 0 for all of the
eigenvalues shown in Figure 4, we may conclude that all of the isothermal jets are globally
stable in the long-time limit.
Each spectrum shown in Figure 4 is composed of a continuous part and a discrete
part. The continuous spectrum arises from the fact that the computational domain is
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Figure 5. Same as figure 4, except Ma is held constant while Mj is varied through heating.
The topmost frame corresponds to the hottest jet, while the lowest frame corresponds to the
cold jet.

unbounded in both the x- and r-directions and as such, occupies a continuous area of
the complex plane. In the numerical computations, however, the necessary imposition of
finite boundaries in the streamwise and lateral directions causes the continuous spectrum
to be represented by a cloud of eigenvalues, the beginning of which is visible as the heavy
“curves” in each frame. The downwards extent of the computed cloud is controlled by
the number of eigenvalues converged about each shift. As this number is increased, the
area beneath each curve gradually fills in with increasingly damped global modes. Also,
as the computational domain is extended in the streamwise and lateral directions, it
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Figure 6. Contours of the real part of perturbation pressure. Top row: Modes C1 (left) and
C2 (right) of the isothermal Ma = Mj = 1.8 jet. Bottom row: Mode S1 for the isothermal
Ma = Mj = 1.4 jet (left) and the heated Ma = 1.4, Mj = 1.1 jet.

approximates the infinite limit increasingly well, and so the continuous spectrum becomes
increasingly densely populated.
The discrete spectrum, however, arises from the finite length scales of the jet radius
and potential core length, and so does not depend on the extent of the computational
domain. The discrete spectrum is composed of a relatively few modes, indicated by the
arrows in Figure 4. For the Mj = Ma = 1.8 jet, Figures 6(a) and (b) show mode shapes
corresponding to discrete modes C1 and C2 . Grayscale contours of the real part of the
perturbation pressure are shown, revealing the presence of beams of acoustic radiation in
both the upstream and downstream directions. In the Figure, the green line represents
the nozzle, and the red curve corresponds to the sonic line of the base flow. Both of these
modes peak near the end of the supersonic core, and an examination of their phase (not
shown) reveals the presence of a standing wave trapped between the nozzle exit and the
end of the core. Furthermore, the frequency of the C1 mode is approximately inversely
proportional to Ls , which agrees with locally parallel theory of axially confined flows (see
Nichols et al. (2009a)). Because they involve the entire supersonic core of the jet, we call
these modes “core” modes and denote them with C.
For the isothermal Mj = 1.4 jet, a different type of mode appears at higher frequency.
This mode is labeled S1 in Figure 4(c), and the corresponding mode shape is given in
Figure 6(c). As Figure 6(c) shows, this mode is associated with the initial shear layers
of the jet directly after the nozzle exit, and so we call it a “shear” mode and denote it
by S. The shear mode produces a single beam of acoustic radiation in the downstream
direction. The spatial growth of the beam as it approaches the outlet may be explained as
a consequence of the negative growth rate of this mode. Physically, individual wavecrests
of the beam retain constant amplitude in time, and thereby produce overall decay of the
mode as they leave the domain (for further details, see Nichols & Lele (2011)).
Figure 5 shows the effect of heating on the global spectra. We observe that for the two
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Figure 7. Eigenvalues of the isothermal Mj = 1.8 jet computed on the coarse (◦) and fine (×)
grids.

hot jets, shear mode S1 is globally unstable. From locally parallel theory, Monkewitz &
Sohn (1988) showed that heated jets with jet-to-ambient density ratio S < 0.72 become
absolutely unstable. From Table 1, note that the Mj = 0.9, Ma = 1.4 is well below this
threshold, while the Mj = 1.1, Ma = 1.4 jet is borderline. For non-parallel flow, local
absolute instability is linked to global instability through the concept of a wavemaker
(Chomaz 2005). Figure 6(d) shows the shape of mode S1 of the Mj = 1.1, Ma = 1.4 jet.
Because the mode is growing in time, the spatial growth of the acoustic beam is reversed.
Finally, note that while the frequency of the C1 mode decreases with increasing Mj (as
before), the S1 mode shows the opposite trend.
In addition to the eigenvalues shown in Figures 4 and 5, 100 eigenvalues of the Mj = 1.8
isothermal jet were computed using a refined mesh. The refined mesh resolved the same
computational domain with (512, 256) grid points in the (x, r) directions, respectively.
Figure 7 compares the spectrum resulting from the refined mesh to that obtained previously. In the vicinity of the C1 mode, the eigenvalues from the two calculations were
found to agree reasonably well, indicating a fair level of convergence. This test should
be extended to higher frequencies, however, to find the point at which the convergence
begins to break down.
2.2.2. Effects of Mach number and heating on mode shapes
The core mode C1 was identified in six of the seven jets considered, with the exception
of the most strongly heated jet. Figure 8 shows the shapes of these modes, where contours
of log10 (|p|) are used to better visualize the formation of acoustic beams in the upstream
and downstream directions. The contour levels are identical in each subframe and the
modes are normalized with respect to the disturbance energy taken along the lipline
(r = 1). The disturbance energy is measured by Chu’s norm for compressible flows (Chu
1965; Hanifi et al. 1996):
Z

1
(2.1)
ρ̄ui u∗i + Mj2 |p|2 + (γ − 1)Mj2 |s|2 dx,
E=
2
where ∗ signifies the complex conjugate.
Each jet contains a standing wave component along its core. As Mj increases, the
standing wave component intensifies and spreads further downstream. The wavelength of
the standing wave also increases as the Mach number increases, consistent with decreasing
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Figure 8. Effect of Mach number and heating on acoustic beam formation in global mode C1 .
The contour levels (color online) are the same in each frame, representing log10 (|p|). Frames
(a-d) show the isothermal jets with Mj = (a) 0.9, (b) 1.1, (c) 1.4, and (d) 1.8. Frame (e) shows
the moderately heated jet with Mj = 1.1, whereas frame (f) corresponds to the cold jet with
Mj = 1.8.

frequency observed previously. Also, as the jet Mach number increases, we observe the
associated acoustic beams to intensify. This is especially the case for the downstream
propagating beam which is absent in frames (a) and (b), begins to appear in (c), and is
firmly established in (d) for Mj = 1.8. Comparing frames (c) and (e), the downstream
beam appears to be intensified by heating, and likewise diminished by cooling as shown
by frame (f). Note, however, that the inner standing wave structure of the heated jet core
mode (e) more closely resembles core mode (b) which has the same jet Mach number,
and thus similar supersonic core length. Likewise, the inner structures of modes (d) and
(f) are similar.
Using the same visualization technique, the acoustic beam formation of an S1 mode
is shown in Figure 9. The main wavepacket is attached to the shear layer of the jet and
gives rise to a beam of acoustic radiation departing from the downstream jet axis at an
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Figure 9. The shape of the S1 mode of the moderately heated jet, visualized by contours
(color online) of log10 (|p|).

angle of approximately 20 degrees. A few other beams are seen to form at higher and
even upstream angles, but these have much smaller amplitude.
Figure 10 shows the effect of heating on the S1 mode. From left to right, the frames correspond to progressively hotter jets. As mentioned previously, the jet velocity remained
constant for these three jets, following Bodony (2010). The mode shape is visualized
by the magnitudes of the perturbation pressure, velocity, and entropy taken along the
lipline of the jet (r = 1). The vertical axes are the same in each frame, and the modes
are normalized by the perturbation energy integrated along the lipline, as before. For
the isothermal jet, we observe the perturbation velocity (solid line) as the strongest
component, followed by the perturbation entropy (dash-dotted line), and finally the perturbation pressure (dashed line). As heating increases, the velocity component diminishes
in importance, while the entropy perturbation becomes much more significant. The pressure perturbation, linked to the acoustic radiation, grows slightly from the isothermal to
the moderately heated case, but then diminishes as heating increases yet further. The
decrease in the pressure perturbation for the hottest jet seems to agree with results of
laboratory experiments (Tanna 1977) and large-eddy simulations (e.g. Bodony & Lele
(2008)) where it is observed that heating reduces the noise from supersonic jets. Note,
however, that this interpretation depends on the choice of normalization. For instance,
while the pressure reduces dramatically with respect to the entropy for the hot jets, pressure grows with respect to velocity. On the other hand, the overall trend of increasing
perturbation entropy and decreasing perturbation velocity with heating is clear.
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2.3. Transfer functions
Because the jet contains significant convection, we expect non-normal effects to be important (Cossu & Chomaz 1997; Schmid 2007). If L1 denotes the system Jacobian, then the
−1
operator (L1 − ωI) , known as the resolvent, maps a harmonic forcing q in of frequency
ω to the asymptotic long-time response q out (see Schmid & Henningson (2001)).
q out = −i (L1 − ωI)

−1

q in eiωt .

(2.2)

The maximum response of the system to forcing frequency ω is then given by the resolvent
norm
|| (L1 − ωI)−1 q in ||
−1
= || (L1 − ωI) ||.
(2.3)
R(ω) = max
q in
||q in ||
If the eigenfunctions of the system are normal, then the resolvent norm is simply the
inverse of the distance from the forcing frequency ω to the nearest global eigenvalue. For
non-normal systems, however, the resolvent norm can also be large for ω values far away
from eigenvalues through a phenomenon known as pseudoresonance (Trefethen et al.
1993).
Figure 11 shows the resolvent norm R as a function of frequency for the constant
velocity isothermal and heated jets. Because only real frequencies are considered, these
curves may be thought of as transfer functions of the jet. At each frequency, however, R
corresponds to the largest possible response, resulting from an optimal forcing. Nevertheless, these transfer functions indicate the potential for significant amplification (note
that the energy amplification is proportional to R2 ).
The transfer functions shown in Figure 11 each have a low-frequency peak at St ≈
0.125, in good agreement with acoustic measurements taken from a fully nonlinear largeeddy simulation of a Ma = Mj = 1.4 round jet (Mendez et al. 2009). Each curve also
contains another peak at intermediate frequency (0.25 < St < 0.6), and, for the two
heated jets, a high-frequency peak in the range 0.8 < St < 0.9. The intermediate peaks,
of which one is labeled C1 for the moderately heated jet, agree well with the frequency
of the first core mode for all three jets. Likewise, the high-frequency peak is located
at the S1 frequency of the two heated jets. This behavior corresponds to what might
be expected from normal resonance, and therefore suggests that non-normality is not
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Figure 11. Transfer functions of the constant isothermal (solid), moderately heated (dashed),
and strongly heated (dot-dashed) Ma = 1.4 jets.

important in these high-frequency regions. On the other hand, we observe the strongest
amplification to occur at low frequencies. The low-frequency peak, which is somewhat
more broadbanded than the other peaks, does not correspond to any single global mode.
Rather it is formed from the non-normal superposition of many global modes, and as
such is the result of pseudoresonance.
Figure 11 also suggests that amplification at low frequencies increases as heating increases. This agrees with a previous finding that the non-normality of a laminar supersonic jet increases as the jet is heated (Nichols & Lele 2010). On the other hand,
this amplification seems contrary to experimental observations that heated supersonic
jets are quieter than their isothermal counterparts. Again, this apparent amplification
may be attributable to the choice of norm: Chu’s norm weights all parts of the domain
equally, whereas we may be primarily interested in the response of far-field pressure.
Unfortunately, the definition of the resolvent given by Eq. 2.3 requires the norm to be
complete, otherwise the denominator may lead to infinite amplification. An interesting
way to rectify this problem may be to use different norms in the numerator and denominator (Jiménez 2009). As a final note, we observe that the transfer function for the
hottest jet contains an intermediate peak at St ≈ 0.55, but no C1 mode appeared in
its global spectrum (see Figure 5). We interpret this result as an indication that the C1
mode has neither disappeared nor “merged” with the continuous spectrum, but rather
that it has passed behind the continuous spectrum so that its effects may still be felt in
the resolvent norm.

3. Conclusions
Global mode analysis was applied to a series of seven Favre-averaged base flows with
varying levels of jet Mach number and heating. From this analysis, we identified two
types of discrete modes in addition to a continuous spectrum. The first type of discrete
mode was concentrated about the end of the supersonic core, but with a standing wave
component trapped between the end of the core and the nozzle. Core modes produced
beams of acoustic radiation in both the upstream and downstream directions. Shear layer
modes, on the other hand, were concentrated about the jet shear layers near the nozzle
and radiated mainly in the downstream direction.
As the jet Mach number increased, core modes reduced in frequency in inverse proportion to the length of the supersonic core. The frequency of the shear modes showed the
opposite trend with respect to jet Mach number, however. An examination of the core
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mode shapes revealed that increasing the jet Mach number resulted in an intensification
of the radiated acoustic beams. This is especially true for the downstream beam, which
is absent for the Mj = 0.9 and Mj = 1.1 jets and first begins to appear at Mj = 1.4,
which might be interpreted as the onset of Mach wave radiation. Interestingly, heating
applied to the Ma = 1.4 jet intensified the downstream beam at the expense of the upstream beam, whereas cooling had the opposite effect. In the case of the shear modes,
we observed heating to emphasize the entropy component at the expense of the velocity
component.
Finally, jet transfer functions were computed through the superposition of the global
modes, revealing the potential for significant energy amplification. The peak amplification
was found to occur at St = 0.125 and to be caused by a pseudoresonant phenomenon.
The non-normality of the system, as measured in Chu’s norm, increased with heating.
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