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1. Motivation and objective
The accurate prediction of the location of laminar-turbulent transition in the boundary
layer is a critical step in the design of hypersonic flight vehicles. Turbulent flow induces a
much higher thermal load on the surface of vehicles re-entering a planetary atmosphere
in comparison to laminar flow (Anderson 2000).
High temperatures affect the properties of the fluid, the flow, and hence the process of
laminar-turbulent transition (Reed 2009). As temperature increases, the thermodynamic
and transport properties of the gas, such as its specific heat and viscosity, are a function
of temperature, and eventually for even higher temperature one might observe a dependence on both temperature and pressure owing to chemical reactions and barodiffusion
in the gas mixture (Anderson 2000). The dissociating gas is in local thermodynamic and
chemical equilibrium only if the characteristic time based on the flow velocity is large
compared to all chemical reaction and thermal relaxation characteristic times. The gas
composition then depends on only two thermodynamic quantities, such as the temperature and the pressure. The composition of a gas in chemical non-equilibrium, however, is
governed by transport equations for the chemical species densities, and this complicates
the numerical treatment significantly. The development of a numerical method applicable
for the non-equilibrium regime is the main topic of this report.
The way high temperature gas effects influence boundary-layer dynamics may vary
with the type of vehicle and its mission. For slender bodies at hypersonic speeds, the
temperature at the boundary-layer edge may be comparable to the temperature of the
environment through which the vehicle moves, owing to the small deflection angle of the
leading edge shock produced by the vehicle. For these conditions, the temperature inside
the boundary layer may be very high owing to a conversion of kinetic energy into thermal
energy. For blunt re-entry vehicles, however, a strong increase in temperature is expected
in the shock layer as a result of the severe bow shock in front of the vehicle. Hence, it
is the edge temperature that may be highest in this case; for an example see figure 4 in
Johnson & Candler (2010).
Studies of laminar-turbulent transition with a focus on high-temperature gas effects
have mostly been based on experiments (Hornung 2006; Germain & Hornung 1997) or
linear theories for parallel (Malik 2003; Johnson et al. 1998; Hudson et al. 1997; Stuckert
& Reed 1994) and non-parallel flow (Johnson & Candler 2005). Theoretical approaches
rely on numerical simulations in that they require a preceding computation of a steadystate flow, for which a number of low-order numerical methods exist (see for instance Liu
& Vinokur 1989; Candler & Nompelis 2009).
Several numerical methods for finite-rate chemistry have been reported for flows involving combustion. While the expression ‘finite-rate chemistry’ is commonly used as
a synonym for ‘non-equilibrium chemistry’ or ‘real gas effects’ in the literature on hypersonic flow, the combustion community uses the expressions ‘detailed chemistry’ or
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‘complete chemical scheme’ instead. An overview of methods used for combustion is
given in Hilbert et al. (2004). A number of second-order methods are described in the
literature (Najm et al. 1998; Day & Bell 2000; Najm & Knio 2005), but only few method
with higher order are reported (Nicoud 2000). All the cited methods have in common
that they rely on a low Mach number formulation, and are therefore not applicable to
the hypersonic flow regime.
Numerical simulations for hypersonic boundary layers are now routinely carried out
if gas properties are assumed to be constant, i.e., if we have a calorically perfect gas.
But not many numerical methods for non-equilibrium chemistry have been reported in
which an unsteady solution to the compressible Navier-Stokes equations at hypersonic
speeds has been sought (Zhong 1996; Kaneko et al. 2005; Stemmer 2005). The complexity
associated with the combination of high Mach numbers, high temperatures, and unsteady
boundary-layer transition makes such unsteady simulations challenging.
Numerical methods based on a high-order discretization are particularly well suited for
simulations of unsteady transitional phenomena. These methods require low dispersion
and dissipation in order to preserve the character of the underlying flow. Examples for
these high-order numerical methods that are capable of handling the high-temperature
regime including finite-rate chemistry can be found only in the recent literature, such as
Duan & Martı́n (2009) and Parsons et al. (2010).
The state of boundary layer is strongly influenced by the conditions arising from vehicle geometry and its mission. The boundary layer could be in thermo-chemical equilibrium, chemical non-equilibrium and thermal equilibrium, or even in full thermo-chemical
non-equilibrium including gas-surface interaction. For this reason, studies for all these
conditions are justified at present. The condition of thermo-chemical equilibrium has
previously been considered by Marxen et al. (2010b). In order to study the chemical
non-equilibrium regime for complex, transitional test cases, a simulation code capable
of handling this regime must be developed and verified. Reporting the development and
verification of such a code is our goal here.
First, we will describe our approach of implementing a new numerical method based
on a high-order finite-difference discretization for chemical non-equilibrium and thermal
equilibrium. Then, two different simple verification test cases will be considered. Finally,
the method will be applied to the case of a laminar boundary layer in chemical nonequilibrium.

2. Governing equations
The governing equations are the time-dependent three-dimensional Navier-Stokes equations for a compressible fluid in non-dimensional form. These equations are formulated
for a mixture of thermally perfect gases in local thermal equilibrium, where chemical
reactions are assumed to take place with a finite reaction rate, but vibrational relaxation
occurs infinitely fast. In the following, the mathematical formulation for the mechanical
motion of the fluid is given in section 2.1, while thermodynamic and transport closure
aspects will be described in section 2.2.
2.1. Equations of motion
The Navier-Stokes equations are formulated for a gas with density ρ, temperature T , pressure p, and internal energy e. The velocity vector is given by [ u1 , u2 , u3 ]T = [ u, v, w ]T .
It is a function of three spatial dimensions [ x1 , x2 , x3 ]T = [ x, y, z ]T and time t. Nondimensionalization is based on the freestream conditions (marked by ∞ ), and the follow-
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ing reference quantities are chosen: a reference temperature T̃ref = (γ∞ − 1)T̃∞ , density
ρ̃∞ , specific heat ratio γ∞ =c̃p,∞ /c̃v,∞ , thermal conductivity k̃∞ , and viscosity µ̃∞ (all
dimensional quantities are marked by the modifier˜). The reference velocity is the speed
of sound c̃∞ , and we have chosen a reference length L̃ref . For the geometries considered in
this report, no obvious length scale is present and hence the choice of the reference length
is arbitrary. The chosen quantities yield a reference time t̃ref = L̃ref /c̃∞ and a reference
pressure p̃ref = ρ̃∞ c̃2∞ . This results in the following set of non-dimensional equations for
total mass, species mass, momentum and energy conservation for N S species:
∂
∂ρ
(ρuj ) = 0,
+
∂t
∂xj

∂ρs
∂
+
ρs uj + Jjs = ẇs , s = 1 . . . N S
∂t
∂xj
∂σij
∂
∂(ρui )
(ρui uj + pδij ) =
, i = 1, 2, 3,
+
∂t
∂xj
∂xj
∂E
∂qj
∂
∂
[(E + p) uj ] = −
+
(uj σij ) .
+
∂t
∂xj
∂xj
∂xk

(2.1)
(2.2)
(2.3)
(2.4)

The total energy E per unit volume, the viscous stress tensor σij and the heat flux vector
qj are defined as
1
E = eρ/Ec∞ + ρui ui ,
2


∂uj
2 ∂uk
µ
∂ui
+
−
δij ,
σij =
Re∞ ∂xj
∂xi
3 ∂xk
X
∂T
−1
k
+
hs Jjs .
qj =
Re∞ P r∞ Ec∞ ∂xj

(2.5)
(2.6)
(2.7)

s=1...N S

In the last equation, k is the thermal conductivity and hs the enthalpy for species s. The
diffusion flux Jjs will be specified in section 2.2. The Reynolds number Re∞ , Prandtl
number P r∞ , and Eckert number Ec∞ are
Re∞ = ρ̃∞ c̃∞ L̃ref /µ̃∞ , P r∞ = µ̃∞ c̃p,∞ /k̃∞ ,


Ec∞ = c̃2∞ / c̃p,∞ (γ∞ − 1) T̃∞ .

(2.8)
(2.9)

The Mach number M∞ is computed with the streamwise velocity in the freestream ũ∞
and the speed of sound c̃∞ , i.e., M∞ = ũ∞ /c̃∞ . The choice of reference quantities results
in a unity Eckert number for a calorically perfect gas. Throughout this report, we will
provide only the dimensionless numbers with the exception of the temperature T̃∞ and
the density ρ̃∞ .
2.2. High-temperature gas model
Within this report we assume that the gas consists of a mixture of perfect gases in local
thermodynamic equilibrium. The internal energy e of the gas is computed as the sum of
contributions from all species s:
p X s s
χ h .
(2.10)
e=− +
ρ
s

In this equation, hs contains the heat of formation for species s, respectively. Quantity
χs = ρs /ρ stands for the species mass fraction.
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Internal energy and the species densities can be used to compute the temperature T̃ :


(2.11)
T = T̃ (ẽ, ρ̃s )/ (γ − 1)T̃∞ .

The temperature can be used to obtain the pressure p̃:

p = p̃(T̃ , ρ̃, χs )/ ρ̃∞ c̃2∞ .

(2.12)

Similarly, transport properties are computable, viz,

k = k̃(ẽ, ρ̃s )/k̃∞ ,

(2.13)

µ = µ̃(ẽ, ρ̃s )/µ̃∞ .

(2.14)

The computation of species source term also involves molar mass of species s, M s :


(2.15)
ẇs = M S ω̃(ẽ, ρ̃s )/ ρ̃∞ L̃ref /c̃∞ .

In addition to the input quantities used in Eqs. (2.11) to (2.15), the computation of
diffusion flux also requires concentration gradients, i.e., ∂χs /∂ x̃j :
Jjs = J˜js (∂χs /∂ x̃j , T̃ , p̃, ρ̃, ρ̃s )/ (ρ̃∞ c̃∞ ) .

(2.16)

Thermodynamic gas and transport properties as well as chemical reaction rates, given
in Eqs. (2.11) to (2.16), are computed by the mutation library, which is called by the
flow solver. A detailed description of the physio-chemical model underlying the mutation
library can be found in Magin & Degrez (2004) and Barbante & Magin (2004). Calls to
the mutation library are performed within the flow solver, i.e., the Navier-Stokes code.
Within a subroutine of the mutation library, Eq. (2.11) is solved iteratively. The
resulting temperature then is used to obtain the pressure. Next, mole fractions, number
densities and collision integrals are computed. These quantities are required to compute
the viscosity and the total thermal conductivity by means of a Krylov method. All
quantities handed over to the library are dimensional, and so are the results handed back,
which have to be non-dimensionalized before they can be used in the Navier-Stokes code.
For performance reasons, the temperature is saved from the previous RK substep and
is used as an initial guess for the iterative solution of Eq. (2.11) at the next step. The
diffusion flux Jjs , Eq. (2.16), is computed separately after an evaluation of concentration
gradients 1/L̃ref ∂χs /∂xj .
2.3. Numerical method
The basis for the numerical method applied here is an algorithm described in Nagarajan
et al. (2003). It was originally developed for transitional flow in subsonic conditions
(Nagarajan et al. 2007), but has since been modified and applied to supersonic conditions
(Marxen et al. 2010a).
Time- and space-accurate solutions are obtained based on sixth-order compact finitedifferences in the interior of the domain with explicit third-order Runge-Kutta (RK)
time stepping. The numerical discretization is constructed on a structured, Cartesian
grid using staggered variables.
In streamwise direction, the grid is given by an equidistant spacing in x direction with
N X points. In y direction, a grid stretching can be applied using M Y points.
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No. of species N S / gas Re∞ P r∞
5 / air: N, O, N2 , N O, O2

104

γ∞

M∞

T̃∞

10

350 K

0.69 1.397
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Table 1. General parameters for test cases considered here.
T̃

ρ̃

5918.87 K 0.255537 · 10−2 kg/m3

χ N χO
0

0

χN2

χNO

χO 2

0.767082

0

0.232918

Table 2. Postshock conditions (x = 0), test case of section 3.1.

3. Verification
The simulation code has been used previously to compute reacting flow in chemical
equilibrium (Marxen et al. 2010b). The computation of pressure, Eq. (2.12), and viscosity, Eq. (2.14), remains the same as in the implementation for chemical equilibrium. The
computation of temperature, Eq. (2.11), is slightly different, since the equilibrium composition no longer needs to be determined simultaneously with the temperature. Nor does
the thermal conductivity, Eq. (2.13), need to account for the effect of change in composition on the heat flux. In the equilibrium case considered by Marxen et al. (2010b), this
effect was captured by using an equivalent thermal conductivity for conditions in chemical equilibrium. Nevertheless, these changes were deemed to be minor, so all quantities
given in Eqs. (2.11) to (2.14) were not tested separately. Their correct implementation
will, however, be essential for one or the other of the verification test cases discussed
below.
In contrast, the implementation of Eq. (2.15), and the appearance of ẇs in the species
continuity Eq. (2.2) have not been part of any previous implementation. A specific check
has therefore been carried out and will be reported below in section 3.1. Similarly, the
verification of computing the diffusion flux Jjs , Eq. (2.16), and its incorporation into the
heat flux Eq. (2.7) has been checked and will be treated in section 3.2. If the computation
of diffusion flux is found to match reference results, we can assume that the corresponding
term appearing in the species continuity Eq. (2.2) is also correct. Therefore, we did not
perform a separate check targeting the term ∂Jjs /∂xj in this equation. We note, however,
that this term was active in the test case reported in section 3.2, but remained small and
did not significantly influence the solution.
Both test cases consider almost identical conditions, as given in Table 1. The integration
domain and the freestream density were different in the two cases and will be specified
below.
3.1. Species source term
In order to verify the species source term obtained from Eq. (2.15), we have selected
the one-dimensional flow field behind a normal shock wave. Conditions given in Table 1
correspond to conditions upstream of the shock, with a density upstream of the shock with
the value ρ̃∞ = 0.3565 · 10−3 kg/m3 . The shock is located at the origin of the coordinate
system. Quantities immediately behind the shock were obtained using the shocking code
(for a description and validation, see Magin et al. 2006). These quantities are specified in
Table 2 and were prescribed as inflow (and initial) condition for a simulation using our
new implementation, and then the flow field was progressed in time until a steady state
was reached. In this simulation, the diffusion flux has been set to zero, i.e., Jjs ≡ 0.
Even though this test case consists of a one-dimensional setup, the actual computa-

202

O. Marxen, G. Iaccarino and E. S. G. Shaqfeh

15

10

10

5

5

0
0

0.005

x [-]

T/T∞ [-]

ρu [-]

15

0
0.015

0.01

Figure 1. Flow quantities (from top to bottom: temperature T̃ /T̃∞ , streamwise momentum
ρu) computed using the shocking code (symbols) and present result (lines).
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Figure 2. Species mass fractions χs = ρs /ρ computed using the shocking code (symbols) and
present result (lines). Left: molecular quantities (from top to bottom: s=N2 , O2 , N O). Right:
atomic quantities (from top to bottom: s=O, N ).

tions were performed in two dimensions. The integration domain extended from right
behind the shock, x = 0, to x = 0.02 using 160 grid points in streamwise dimension.
In y direction, 21 grid points have been used within the interval y ∈ [0, 0.05]. Periodic
boundary conditions have been applied in y direction.
Simulation results are depicted in Figures 1 & 2, where they are also compared to
results obtained with the shocking code downstream of the shock location. A good
agreement is found for flow quantities (Figure 1) as well as species concentrations (Figure
2). This verifies our implementation of the species source term.
3.2. Diffusion flux
In order to check the diffusion flux Jjs , Eq. (2.16), and its incorporation into the heat
flux Eq. (2.7) we will consider a case which has been used in Marxen et al. (2010b).
This case considers the flow over a flat plate in local thermo-chemical equilibrium with
a freestream velocity u∞ = u(y2 ) = M∞ . A very similar setup has been used by Marxen
et al. (2007), and it was based on an investigation reported in Malik & Anderson (1991).
The origin of the coordinate system is located at the leading edge of the flat plate. The
computational domain is placed downstream of this (virtual) leading edge. At the inflow
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x1

x2

y1

y2
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NX MY

11.6065 68.7265 0.0 1.575 400

51

Table 3. Parameters determining integration domain and resolution, test case of section 3.2.

x1 , a self-similar boundary-layer solution is prescribed while the wall boundary condition
(B.C.) at y1 for the mean flow is adiabatic with a no-slip condition. A non-catalytic
condition has been used for the species densities, i.e., ∂ρs /∂y = 0. Within a certain
region close to the inflow x1 , the outflow x2 , and in the freestream y2 , the solution is
damped towards the corresponding laminar, self-similar state (sponge region). In wallnormal direction, a grid stretching is applied, with the following formula holding at all
streamwise locations n, with κ=0.5 and m=1 . . . M Y :
!

3
m−1
m−1
.
(3.1)
y(n, m) = y1 (1 − κ)
+κ
MY − 1
MY − 1
The coefficients appearing in this equation, together with the streamwise and wall-normal
resolution, are specified in Table 3. Motivated by our interest in the laminar steady-state
solution only, we have used a lower resolution in x and y as compared to Marxen et al.
(2010b).
The freestream density amounts to ρ̃∞ = 0.3565 · 10−1 kg/m3 . The initial flow field
was set to be the flow field in chemical equilibrium. In order to ensure that the flow
remains in a chemical equilibrium at all times, we have replaced the species source term,
Eq. (2.15), by the following expression:

(3.2)
ẇs = −λ ρs − ρseq .

In this equation, λ is a large number (here: 104 ) and ρseq is the species density that we
would see for the given total density ρ and energy e if we had thermo-chemical equilibrium
(at the respective point in space). The quantity ρseq = ρ χseq is based on an expression
similar to Eq. (2.11), but using the additional constraint of equilibrium and feeding in
only the total density instead of the species densities:
χseq = χs (ẽ, ρ̃) |eq .

(3.3)

Eq. (3.3) is solved iteratively using the mutation library. Technically, the routine to
determine the temperature under the assumption of local thermo-chemical equilibrium,
which has been used previously for runs in chemical equilibrium mode, is employed
to obtain χseq . This routine provides the equilibrium composition χseq as an output in
addition to the temperature.
Results are depicted in Figure 3. In this figure, these results are compared to the corresponding self-similar simulation (which also served as an initial condition), confirming
that the Navier-Stokes solution does indeed stay close to the self-similar solution. The
largest difference (10%) can be observed for the wall-normal velocity v in the free stream.
Compared to the streamwise velocity u, the difference for v is magnified due to multiplication with the local Reynolds number Rex . Moreover, unlike the self-similar solution,
the Navier-Stokes solution v is not constant along y in the free stream, but increases with
increasing y. A similarly good agreement was seen at other streamwise locations.
In order to demonstrate that the diffusion flux Jjs has a non-negligible effect on the
simulation results, we repeated the simulation while setting this term to zero, i.e., Jjs ≡ 0.
It is clear that in this case, not only do we obtain the wrong composition close to the
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Figure 3. Results at Rex = 2000 for the self-similar solution (symbols) and from numerical
simulation (lines). Left: boundary-layer profiles. Right: species mass fractions χs = ρs /ρ.
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Figure 4. Results at Rex = 2000 for the self-similar solution (symbols) and from numerical
simulation for which the diffusion term has been switched off, i.e., Jjs ≡ 0 (lines). Left: boundary-layer profiles. Right: species mass fractions χs = ρs /ρ.

wall as seen in Figure 4 (right), but also the velocity profiles are slightly different Figure
4 (left).

4. Simulation results for a non-equilibrium reacting laminar boundary layer
For a simulation of a reacting laminar boundary layer in non-equilibrium we consider
the same setup as in section 3.2, i.e., a flat-plate boundary layer with adiabatic wall.
However, in contrast to section 3.2, we now allow for finite-rate chemistry, and the integration domain starts close to the leading edge. To avoid numerical problems caused
by the leading edge singularity, the inflow boundary is placed slightly downstream of
the nominal leading edge. The domain size was x ∈ [0.025, 2.4] and y ∈ [0, 0.375], with
M X = 160 and M Y = 101. Grid stretching is applied in both the streamwise and the
wall-normal direction (κ = κy = 0.5 in Eq. (3.1) and κx = 0.25 using an analogous
equation for x). The composition χs at the inflow was the same as the one given in Table
2.
A visualization of the flow field is given in Figure 5. The depiction of the streamwise

205

Hypersonic boundary layers with finite-rate chemistry

y [-]

0.2

X Density Gradient: 1 2 3 4 5 6 7
0.1

0

0

0.25

0.5

x [-]

Figure 5. Visualization of the flow in the vicinity of the leading edge: contours of streamwise density gradient (gray scale) and contours of the streamwise velocity (lines, levels
1.1 . . . 9.1, ∆ = 1.1).
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Figure 6. Comparison between results of Franko et al. (2010) (symbols) and present numerical
simulation (lines). Left: boundary-layer profiles at x=0.5 (solid line / filled symbols: u/M a∞ ;
dashed line / open symbols: ρ). Right: species mass fractions χs = ρs /ρ at the wall (from top
to bottom: s = O2 , O).

density gradient reveals that due to the initially strong growth of the boundary layer, an
oblique shock wave starts close to the inflow boundary.
A similar setup was considered by Hudson et al. (1997), and more recently by Franko
et al. (2010). However, in contrast to our setup, the freestream temperature in their case
was only T̃∞ = 278 K, and the inflow boundary was located at x = 0 with a uniform flow
(freestream conditions) prescribed at their inflow boundary. Moreover, the temperature
in a region close to the wall at the inflow is much higher in our case. Due to these
differences, a perfect match of their results cannot be expected when compared to our
simulation data. Nevertheless, the agreement as seen in Figure 6 is reasonably good.
However, there is a considerable difference in the location and thickness of the shock as
visible from the negative density gradient in Figure 6 (left) and in the onset of chemical
reactions, which start closer to the leading edge in our case. Chemical reactions set in
earlier in our case possibly due to the higher temperature prescribed at the inflow in our
case, but maybe also due to a finer grid that we used in the streamwise direction.
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5. Conclusions
An existing numerical method for the direct numerical simulation of hypersonic boundary layers has been extended to handle chemically reacting gas with finite reaction rates.
The code applies high-order finite differencing and explicit time stepping to the compressible Navier-Stokes equations. The corresponding fluid consists of a mixture of chemically
reacting gases with, in principle, an arbitrary number of species. The new implementation
relies on a coupling of a fluid dynamics part of the simulation code with the mutation
library for transport properties and chemistry. The extension of the code was based on a
previously developed and tested version capable of handling equilibrium chemistry. This
extension consists of an additional set of transport equations for each species and an
additional diffusion term in the energy equation.
Two different verification test cases have been considered, both of which use air modeled by five species. The first test is a one-dimensional subsonic case. The purpose of
this case is to check the chemical source term, and a very good agreement with results
obtained by a different code has been observed. The second test is a two-dimensional
hypersonic boundary layer in local thermo-chemical equilibrium, whose purpose is to
test the diffusion terms. Again, the verification has been successful. Finally, a laminar
hypersonic boundary layer in non-equilibrium has been simulated and compared against
results obtained with a code that used the same gas model, but a different solution
procedure for the fluid dynamics part. Reasonable, though not perfect agreement was
observed, and potential reasons for the differences seen have been suggested.

6. Future work
The inflow condition for the simulation of a laminar hypersonic boundary layer in nonequilibrium reported here needs to be altered in order to improve the agreement with the
results of Franko et al. (2010). Then, the simulation will need to be extended to capture
a significantly longer domain in the downstream direction. For such a longer domain, it
is planned to investigate the evolution of a small-amplitude disturbance in the reacting
boundary layer and compare the amplification to the case of chemical equilibrium. In
our present formulation, integrating both the total mass conservation equation and all
species conservation equations did not pose any problems, but should be avoided since it
is an overspecification of the system of equations. An investigation of possible solutions
to this issue, including not solving a transport equation for the total density, is ongoing.
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