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1. Motivation and objective
The efficient mixing of fuel and air inside supersonic combustion chambers is critical
for the success of hypersonic airbreathing propulsion systems. The mixing process must
be fast because of the extremely short residence times within the combustors. The mixing
of an underexpanded jet in a supersonic crossflow (JISC) is an interesting problem in this
respect, since the flow phenomena occurring in this type of flow field are characteristic
for the fuel injection and mixing within the combustion chamber of Scramjet engines.
Several numerical and experimental studies of a JISC are reported in the literature,
some of which focussing on specific aspects of the mixing. Large-eddy simulations (LES)
of the experiment performed by Santiago & Dutton (1997) have been performed by Kawai
& Lele (2010), where statistics of the results show good agreement with the experiment.
The results were analyzed to identify the key physics of the jet mixing in supersonic
crossflows, and the effect of the approaching turbulent boundary layer on the jet mixing was investigated. Hybrid Reynolds-averaged Navier-Stokes/large-eddy simulations
(RANS/LES) are reported by Boles et al. (2010), simulating some of the experiments
of Gruber et al. (1995, 1996, 1997, 2000) and the experiments of Lin et al. (2009). The
results obtained using the hybrid RANS/LES model were used to calculate the turbulent Schmidt number, indicating that the constant Schmidt number assumption used in
RANS models is inadequate in general. RANS studies, as for example those reported
in Viti et al. (2009), tend to focus on the general flow features rather than the mixing,
and the sensitivity of the model results to the turbulent Schmidt number is a known
drawback of this type of model (Rajasekaran & Babu 2006).
The present paper describes LES of an underexpanded hydrogen jet in quiescent air
with the explicit spatially-filtered compressible Navier-Stokes solver CharLES developed
at Stanford, and Schlieren imaging experiments of the same configuration. The study
was performed as a preliminary investigation before conducting simulations and experiments of binary mixing of the underexpanded jet in a supersonic crossflow, since the
jet injection modeling is an essential aspect of this problem. The typical flow features
of an underexpanded jet, as depicted in Figure 1, are well understood, and an empirical
correlation to estimate the Mach disk height is available in the literature (Crist et al.
1966; Ashkenas & Sherman 1965).
The problem is hence well suited for verification of the jet injection modeling, both
experimentally and numerically. In addition, a comparison of the growth rate of the
jet downstream of the Mach disk can be performed and the LES results can provide
information on the mixing process. In summary, the LES and experimental data will be
used to:
• investigate the transient effect of the jet injection process in the experiment,
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Figure 1. Schematic of underexpanded sonic
jet (Crist et al. 1966).

• compare the quasi-steady-state shock structure and the mixing region downstream
of the Mach disk, and
• investigate the mixture fraction diffusivity.
The following two sections describe the details of the experimental set-up and the numerical simulations. In Section 4 the results are discussed, while the last section presents
the conclusions and proposals for future work.

2. Experiment
Imaging of the structure of the underexpanded jet, such as barrel shock structure,
Mach disk location and jet far-field growth rate, was carried out using the Schlieren
technique. Section 2.1 describes the experimental configuration and the calibration of
the injector. The details of the Schlieren imaging system are presented in Section 2.2.
2.1. Experimental set-up and injector calibration
The underexpanded jet was generated by injecting hydrogen into still air from a contoured
round orifice of 2 mm in diameter (D) located on a plate. The plate had dimensions
165 × 100 mm and was mounted in a chamber of size 30 × 30 × 30 cm3 . The chamber was
connected to a larger dump tank (about 0.6 m3 in volume) to ensure constant pressure
operation during the discharge. The ambient pressure pa was maintained constant during
the discharge to within 1% of the nominal value of 40 kPa.
A schematic diagram of the contoured nozzle is shown in Figure 2. Hydrogen was
delivered to the injector from a high-pressure cylinder, controlled by a solenoid valve
mounted beneath the plate at the injection point. The solenoid valve injected fluid directly
into the plenum of the fuel injector with a nominal response time on the order of 1 − 2
ms.
The injector was calibrated by measuring the jet plenum pressure po , which is assumed
to be equal to the total pressure of the issuing jet. The time-history of the plenum pressure
is shown in Figure 3. The time at which the opening trigger is output to the solenoid
valve is defined as t = 0. The profile reveals that there is an intrinsic delay of about 800
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Figure 2. Schematic diagram of the
contoured injector. Dimensions in mm.
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Figure 3. Time-history of the plenum
pressure

µs before the solenoid valve begins to discharge fluid. The transient time until a (nearly)
steady plenum pressure is reached is about 3.5 ms. Analysis of the individual repetitions
used to construct Figure 3 indicates that the opening and discharge transient timing of
the jet can be repeated to within 10 µs.
The quasi-steady-state conditions result in a Reynolds number of 1.88 × 105 at the
nozzle outlet based on the orifice diameter, the pressure ratio p0 /pa is 30 and the density
ratio ρ0 /ρa is 2.
2.2. Schlieren imaging
The Schlieren system used in the study is a folded Z-type setup where the illumination
source is provided by a long-duration Xenon flashlight (with an effective light source spot
diameter of about 1 mm), and two 2 m focal length spherical mirrors are used to collimate
and refocus the illumination source on the knife-edge. A LaVision Imager Intense CCD
camera (resolution 1376 × 1040 pixel) was used for imaging. This digital camera was
capable of acquiring a single image for each injection event. Background subtraction and
normalization was performed on the acquired images. The resulting effective resolution
of the imaging system was 15.2 pixel/mm. Two sets of tests were acquired: the first
set was acquired with a vertical knife-edge, which renders horizontal density gradients,
whereas the second set was acquired with a horizontal knife-edge, which renders vertical
density gradients. In each set a pseudo-time sequence of the formation of the barrel
shock that tracks the jet injection transient (following the profile of the plenum pressure
time-history of Figure 3) was constructed by repeating the experiment under nominally
identical conditions but delaying the imaging instant with respect to the initiation of
injection.

3. Numerical simulations
The large eddy simulations were performed using the CharLES flow solver. CharLES
solves the spatially-filtered compressible Navier-Stokes equations on unstructured grids
using a novel control volume-based finite volume method and a third-order Runge-Kutta
time discretization. The following sections discuss the numerical scheme for the flux
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calculation and the shock and interface capturing, details on the mesh resolution and the
boundary conditions and the generation of numerical Schlieren images.
3.1. Flux calculation
The flux is computed at each control volume face using a blend of a non-dissipative
central flux and a dissipative upwind flux, i.e.,
F = (1 − α)Fcentral + αFupwind ,

(3.1)

where 0 < α < 1 is a blending parameter. This blending approach is often the basis of
implicit LES methods, where α is selected as a global constant with a value large enough
to provide all the necessary dissipation (Tucker 2004; Shur et al. 2003; Xia et al. 2009).
CharLES, however, uses an explicit sub-grid scale model and to minimize numerical
dissipation relative to implicit LES approaches, the value of α is allowed to vary spatially.
In regions where the grid quality is good and the scheme based on the central flux is
discretely stable and non-dissipative the value is set to zero, while in regions of lessthan-perfect grid quality α can be increased locally to prevent numerical instabilities
introduced by the central scheme from destabilizing the solution. The novel aspect of
CharLES is its algorithm to compute a locally optimal α, based on the local lack of skewsymmetry in the differencing operator for non-uniform and/or irregular grids. Specifically,
the row-norm of the symmetric part of the differencing operator D is used:
α = c||(Dn + Dn T )i ||,

(3.2)

where c = 2 is a constant chosen based on numerical tests. One significant advantage
of this approach is that the blending parameter is purely grid-based, and can be precomputed based on the operators only. Figure 4 presents the resulting values for α on a
plane through the jet centerline for the fine computational mesh as described in Section
3.3.
Because the solver has minimal numerical dissipation, it is critical to employ a sub-grid
model to account for the physical effects of the unresolved turbulence on the resolved flow.
For the present simulations a dynamic version of the Vreman model (Vreman 2004; You
& Moin 2007) was used, which means that there are no tunable turbulence parameters
for calculation of the sub-grid viscosity. The sub-grid terms in the species equation were
determined using the gradient diffusion hypothesis, with the sub-grid diffusion coefficient
equal to the ratio of the sub-grid viscosity and the turbulent Prandtl number, which was
set equal to 0.9.
3.2. Shock and Interface Capturing
Shocks and hydrogen/air interfaces are also sub-grid phenomena and thus require modeling to account for their effect on the resolved flow. Unlike sub-grid-scale turbulence,
however, they are localized in the flow, and a surgical introduction of modeling is potentially more appropriate. CharLES uses a hybrid Central-WENO scheme for shock and
interface capturing which consists of three pieces:
• the previously described central scheme,
• a scheme appropriate for computing a flux across a shock or interface, i.e., a thirdorder WENO method (Shi et al. 2002) to perform reconstructions and the HLLC approximate Riemann solver (Harten et al. 1983) to compute the flux, and
• a hybrid switch, which detects where shocks and interfaces are present in the flow,
and activates the appropriate scheme. The switch is based on the method developed
originally by Hill & Pullin (2004), where the magnitudes of the smoothness parameters
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Figure 4. Blending parameter α on a plane
through the jet centerline for the fine computational mesh.
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Figure 5. Hybrid switch on a plane
through the jet centerline for the fine computational mesh.

computed as part of the WENO reconstructions are compared to identify the presence
of flow discontinuities.
Figure 5 presents an instantaneous snapshot of the regions where the different schemes
are active based on the hybrid switch for the fine computational mesh as described in
Section 3.3. The plot indicates that in the present simulations the shock capturing scheme
is also active downstream of the Mach disk, around the slip line and the jet boundary. The
influence of changing the area in which the hybrid switch activates the shock capturing
scheme is the subject of future work.
3.3. Computational mesh and boundary conditions
The computational domain consists of the nozzle geometry as presented in Figure 2, with
the nozzle outlet forming a circular orifice in a flat plate of size 20 × 20 mm. The total
height of the box into which the jet expands is either 30 mm, for the simulations that
aim to reproduce the transient jet formation, or 45 mm, for the simulations performed
to investigate the quasi-steady-state flow structure and the jet mixing region.
On the sides of the domain zero velocity, ambient pressure and ambient temperature
are prescribed and the hydrogen mixture fraction is set to 0. The effect of imposing these
boundary conditions on the flow solution was found to be negligible, since simulations
with a box of size 30 × 30 × 45 mm produced an identical result. At the top of the domain
a zero-gradient boundary condition is applied. All walls are no-slip and isothermal with
a temperature of 300 K. The full nozzle geometry is represented in the model and at
the nozzle inlet, the hydrogen mixture fraction is defined as 1 and a uniform velocity
which results in sonic conditions at the nozzle outlet is imposed in combination with the
static pressure and temperature to match the total pressure and temperature from the
experiment. Two different settings for these inlet conditions were used. For the simulation
performed to reproduce the transient jet development the total pressure was increased
as a function of time as in the experiment (Figure 3). For the simulation that focused
on reproducing the quasi-steady-state flow field a constant total pressure, equal to the
experimental value at 5 ms, was imposed. The resulting Reynolds number, pressure ratio
and density ratio match those of the experiment.
The total physical time to be modeled is three times larger for the simulation with
the transient inlet condition than for the simulation with the quasi-steady-state inlet
condition, hence a smaller domain and coarser mesh were used to limit the total compu-
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tational time. The coarser computational mesh consists of 5.8 million cells. The cell size
on the edge of the jet orifice is 0.02 mm and the resolution on the flat plate decreases to
a maximum cell size of 0.2 mm at a distance of 3 mm from the nozzle centerline and to
0.35 mm at larger distances. The mesh on the flat plate is then extruded upwards with
an initial cell size of 0.02 mm and a maximum of 0.1 mm up to 15 mm height. Above
this height the mesh is stretched to a maximum cell size of 0.5 mm to introduce additional dissipation and avoid instabilities near the top boundary. The solution obtained
using this computational mesh was used to investigate only the transient development
of the shock structure, since, except for the region near the jet orifice, the mesh is not
sufficiently refined to properly resolve the turbulent flow features.
The finer computational mesh consists of 17.4 million cells. The cell size on the edge
of the jet orifice is 0.02 mm, but the resolution on the flat plate only decreases to a
maximum cell size of 0.08 mm at a distance of 7 mm from the nozzle centerline. This
region captures the main area of interest, and further away from the centerline the cell
size is increased to a maximum of 1 mm. The mesh on the flat plate is extruded upwards
with an initial cell size of 0.02 mm and a maximum of 0.08 mm up to 30 mm high.
Above this height, up to 45 mm, the mesh is stretched to avoid instabilities near the top
boundary.
3.4. Numerical Schlieren images
The light propagating through a fluid is bent as a result of the gradient of its refractive
index n. Schlieren flow visualization is based on the deflection of the optical path length.
In order to generate numerical Schlieren images the refractive index is calculated as the
sum of the contribution from each gas (Yates 1993):
X
n=1+
κ i ρi ,
(3.3)
i

where κi is the Gladstone-Dale constant for the ith species and ρi the partial density.
For gradients of the refractive index in the x-direction, the incremental change in the
angular deflection of the light at any point in the flow field is given by
δx =

1 ∂n
.
n ∂x

(3.4)

Integrating this function along the light’s path gives the total angular deflection x . The
path of the light can be approximated by a straight line perpendicular to the image plane:
Z Ly
1 ∂n
x =
dy.
(3.5)
n ∂x
0
When the beam is bent because of the gradient of refractive index, the focal spot is
shifted by
∆hx = x × f,

(3.6)

where f is the focal length of the second mirror. The light intensity in the Schlieren
image is then given by (Sugiyama et al. 2004)
∆hx ≥ R
−R < ∆hx < R
∆hx ≤ −R

: I=0
RR √
2
: I = πR
R2 − a2 da
2
∆hx
: I=1
,

(3.7)

Underexpanded hydrogen jet in quiescent air

255

Figure 6. Time-history of the pressure ratio and the corresponding Mach disk
height from LES and experiment

where R is the radius of the focal spot and I = 1 corresponds to the intensity when no
knife-edge is inserted and it is assumed that the knife-edge blocks half of the focal spot
when there is no gradient of refractive index.
The LES data were used to extract the normalized vertical and horizontal gradient of
the refractive index n and numerical Schlieren images were produced by integrating the
result over a line of sight with length 0.01 m and subsequently calculating the intensity
using Eq. 3.7.

4. Results
4.1. Transient jet formation
Figure 6 presents a comparison of the Mach disk height as a function of time for the
pressure ratio time-history shown on the left. The Mach disk height was determined by
extracting the location of the maximum intensity on the jet centerline from the experimental or numerical Schlieren images obtained using a horizontal knife-edge.
The oscillations observed in the Mach disk height obtained from the LES between
0.8 and 1.1 ms are due to the shock train generated during the initial phase of the jet
formation. At later times the Mach disk height increases steadily as a function of time.
The experimental data suggest a similar behavior in the transient jet formation and a
good agreement in the Mach dish height is obtained.
The transient jet formation is further visualized by comparing the Schlieren images
at different times in Figure 7. The initial shock train seems to be captured reasonably
well by the LES. The LES predicts a slightly faster jet establishment afterwards, which
is also reflected in a more rapid increase of the Mach disk height as plotted in Figure
6. Overall, the LES reproduces the experimental shock structure quite well and it can
therefore be concluded that the transient jet development observed in the experiment is
primarily determined by the time-history of the pressure ratio.
While the comparison of the Schlieren images indicates that the LES produces a good
prediction of the location of the shock structures, there are two significant differences
between the experimental and numerical images. First, the numerical images do not
show the turbulent structures, which are clearly visible in the experimental Schlieren.
The absence of turbulent structures can partially be explained by numerical diffusion in
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Figure 7. Comparison of experimental (left half of each figure) and numerical (right half)
Schlieren images at different instances during the initial transient.

regions where the shock capturing is activated, but, as will be shown in Section 4.2, the
main reason is an insufficient mesh resolution.
Second, the light intensity and the intensity variations in the experimental and numerical images are quite different. The experimental images seem to have an overall
higher illumination, with more pronounced bright regions and less pronounced shaded
regions. The intensity variations in the numerical Schlieren images for a certain normalized gradient of refractive index depend primarily on the size of the focal spot and on the
magnitude of the blockage of the focal spot by the knife. For generation of the numerical
Schlieren images it was assumed that the knife cuts off half of the focal spot, which determines both the intensity of the image in regions where the light is not refracted and
the magnitude of the intensity variations for a specific shift of the light path, since the
focal spot is spherical. Hence, if the knife blocks less than half of the focal spot, higher
intensities will be reached more quickly, whereas larger gradients of refractive index will
be necessary to observe dark regions. The blockage of the focal spot by the knife was
not measured in the present experiments and hence a quantitative comparison of the
Schlieren images is not possible. In future experiments the size of the focal spot and the
knife cut-off location will be measured to support a more quantitative comparison.
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Table 1. Mach disk height and diameter [mm]
Correlation Experiment LES
Height

average
standard deviation
Diameter average
standard deviation

7.3
-

7.1
±0.1
2.0
±0.1

7.2
±0.1
2.1
±0.1

4.2. Quasi-steady-state flow field
After the initial transient 3.6 ms, a constant pressure ratio is established and the corresponding quasi-steady-state flow solution was obtained using the finer mesh described
in Section 3.3. The solution has been used to compare the shock structure and the extent of the mixing region to the experimental Schlieren images and for a preliminary
investigation of the mixing process.
4.2.1. Shock structure and jet growth rate
The Mach disk height and diameter for the quasi-steady-state jet are summarized in
Table 1. The average and standard deviations for the experiment are obtained over 7
sample images, while the values for the LES are obtained from 200 samples. The Mach
disk height obtained from the empirical correlation given by Ashkenas & Sherman (1965)
is included for comparison:
r
p0
zM
= 0.67
.
(4.1)
D
pa
A very good agreement between the Mach disk height and diameter is obtained, confirming that the LES accurately predicts the overall shock structure.
Figure 8 presents a comparison of numerical and experimental Schlieren images of
two instantaneous snapshots and an average over 7 snapshots. The main difference with
Figure 7 is obviously the appearance of the turbulent structures in the numerical Schlieren
images. Near the intercepting shock there still appears to be excessive diffusion, but
further downstream the higher mesh resolution is now capable of resolving the turbulent
flow structures. As stated earlier, the influence of the extent of the region where the
shock capturing is activated on the appearance of turbulent structures in the numerical
Schlieren images is a subject of further research. The difference in the intensity and
intensity variations is comparable to that observed in Figure 7 and can be explained
primarily by a discrepancy in the location of the knife in the experiment and the assumed
cut-off at half the focal spot for calculation of the numerical Schlieren images.
Although the averaged image was not constructed from a sufficient number of samples
to be statistically converged, the comparison does allow for a slightly better qualitative
comparison of the mixing region than the instantaneous images, indicating that the jet
growth rate seems to be rather well recovered downstream of the Mach disk.
4.2.2. Mixing and scalar diffusivity
The time-averaged mean and fluctuating components of the resolved velocity field
Ui = Ui + u0i and mixture fraction Φ = Φ + φ0 were calculated over 0.7 ms, which is
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Figure 8. Comparison of experimental (left) and numerical (right) Schlieren images for the
quasi-steady-state jet.

approximately 40Tref (Tref = Lref /Uref with Lref = 0.02 m and Uref the average
velocity on the jet centerline between the nozzle exit and 0.02 m height). Figure 9 shows
contours of the instantaneous and time-averaged mixture fraction on two planes through
the jet centerline.
In addition, the diffusivity related to the resolved component of the turbulent flow
field u0i φ0 = Ui Φ − Ui Φ was calculated, as well as the gradient of time-averaged mixture
∂Φ
fraction ∂x
. These quantities allow calculation of the turbulent diffusion coefficients that
i
have to be specified to model the diffusivity in RANS simulations using the standard
gradient diffusion hypothesis:
u0x φ0 = −Dt,x ∂Φ
∂x

; u0y φ0 = −Dt,y ∂Φ
∂y

; u0z φ0 = −Dt,z ∂Φ
∂z

.

(4.2)
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Figure 9. Contours of instantaneous (left) and time-averaged (right) mixture
fraction.

Contours of the diffusivity and the time-averaged scalar gradient are presented in Figure
10. As indicated by the oscillations in the contour maps and by the non-zero values for
∂Φ
∂Φ
∂x on the plane x = 0 and for ∂y on the plane y = 0, the values are not sufficiently
statistically converged to allow the determination of a smooth field for the diffusion
coefficient. Besides better converged statistics, a cut-off criterion for regions where the
gradient of the mixture fraction becomes too small to produce a meaningful value for the
diffusion coefficient will be required.

5. Conclusions and future work
Large-eddy simulations (LES) of an underexpanded hydrogen jet in quiescent air have
been performed with the explicit spatially-filtered compressible Navier-Stokes solver
Charles, and the results have been compared to Schlieren imaging experiments. The
following conclusions can be made based on simulation results and comparison to the
experimental data:
• The transient jet development observed in the experiment can be reproduced in the
LES when imposing the time-history of the pressure ratio as a boundary condition. A
good comparison of the evolution of the Mach disk height over time and the location of
the intercepting shock as observed in Schlieren images is obtained.
• After the initial transient phase a quasi-steady-state shock structure is established,
which is also well predicted by the LES. The Mach disk height and diameter compare
favorably to the experimental data and the Mach disk height is also in good agreement
with the empirical correlation given by Ashkenas & Sherman (1965). A qualitative comparison of the jet growth rate also indicates a good prediction of the mixing region.
The simulations with the higher mesh resolution allow generation of numerical Schlieren
images that visualize turbulent structures as observed in the experiment.
• Numerical Schlieren images can be used for quantitative comparison of the location
of shock structures. A quantitative comparison of the shock strengths and the jet growth
rate was not possible within the present analysis, since the location of the knife-edge in
the experiment is unknown and hence the intensity variations observed in the experiment
cannot be reproduced exactly.
Future work will focus on a comparison with RANS results, considering both the location of the shock structures and the mixing and on the calculation of the diffusion
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Figure 10. Contours of mixture fraction diffusivity (left column) and time-averaged mixture
fraction gradient (right column).

coefficient as used in the gradient diffusion hypothesis. In addition, the influence of modifying the region in which the shock capturing scheme is activated is a subject of further
investigation. Simulations of binary mixing of an underexpanded jet in a supersonic
crossflow are ongoing and a similar analysis of the results will be performed.

Acknowledgments
This work was supported by the US Department of Energy under the Predictive Science
Academic Alliance Program (PSAAP).

Underexpanded hydrogen jet in quiescent air

261

REFERENCES

Ashkenas, H. & Sherman, F. 1965 Structure and utilization of supersonic free jets in
low density wind tunnels. Tech. Rep. CR-60423. NASA.
Boles, J., Edwards, J. & Baurle, R. 2010 Large-eddy/Reynolds-averaged NavierStokes simulations of sonic injection into Mach 2 crossflow. AIAA Journal 48 (7),
1444–1456.
Crist, S., Sherman, P. & Glass, D. 1966 Study of the highly underexpanded sonic
jet. AIAA Journal 4 (1), 68–71.
Gruber, M., Nejad, A., Chen, T. & Dutton, J. 1995 Mixing and penetration
studies of sonic jets in a Mach 2 freestream. J. Propul. Power 11 (2), 315–323.
Gruber, M., Nejad, A., Chen, T. & Dutton, J. 1997 Compressibility effects in
supersonic transverse injection flowfields. Phys. Fluids 9 (5), 1448–1461.
Gruber, M., Nejad, A., Chen, T. & Dutton, J. 2000 Transverse injection from
circular and elliptical nozzles into a supersonic crossflow. J. Propul. Power 16 (3),
449–457.
Gruber, M., Nejad, A. & Dutton, J. 1996 An experimental investigation of transverse injection from circular and elliptical nozzles into a supersonic crossflow. Tech.
Rep. TR 96-2102. Wright Lab.
Harten, A., Lax, P. & van Leer, B. 1983 On upstream differencing and godunovtype schemes for hyperbolic conservation laws. SIAM Review 25, 35–61.
Hill, D. J. & Pullin, D. I. 2004 Hybrid tuned center-difference-weno method for
large eddy simulations in the presence of strong shocks. J. Comput. Phys. 194 (2),
435–450.
Kawai, S. & Lele, S. 2010 Large-eddy simulation of jet mixing in supersonic crossflows.
AIAA Journal 48 (9), 2063–2083.
Lin, K., Ryan, M., Carter, C., Gruber, M. & Raffoul, C. 2009 Scalability of
ethylene gaseous jets for fueling scramjet combustors at various scales. AIAA paper
2009-1423 .
Rajasekaran, A. & Babu, V. 2006 On the effect of Schmidt and Prandtl numbers in
the numerical predictions of supersonic combustion. 42nd AIAA/ASME/SAE/ASEE
Joint Propulsion Conference & Exhibit, Sacramento, US, aIAA 2006-5037.
Santiago, J. & Dutton, J. 1997 Velocity measurements of a jet injected into a supersonic crossflow. J. Propul. Power 13 (2), 264–273.
Shi, J., Hu, C. & Shu, C.-W. 2002 A technique of treating negative weights in weno
schemes. J. Comp. Phys. 175, 108–127.
Shur, M., Spalart, P., Strelets, M. & Travin, A. 2003 Towards the prediction of
noise from jet engines. Int. J. Heat Fluid Fl. 24, 551–561.
Sugiyama, M., Tagawa, S., Ohmura, H. & Koda, S. 2004 Supercritical water oxidation of a carbon particle by shclieren photography. Amer. Inst. Chem. Engrs. J.
50 (9), 2082–2089.
Tucker, P. 2004 Novel miles computations for jet flows and noise. Int. J. Heat Fluid
Fl. 25, 625–635.
Viti, V., Neel, R. & Schetz, J. 2009 Detailed flow physics of the supersonic jet
interaction flow field. Phys. Fluids 21 (4), 046101/1–16.
Vreman, A. 2004 An eddy-viscosity subgrid-scale model for turbulent shear flow: algebraic theory and applications. Phys. Fluids 10, 3670–3681.

262
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