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1. Motivation and Objectives
The problem of turbulent liquid breakup refers to the disintegration of a turbulent
liquid jet owing to competing effects of aerodynamic forces, surface tension forces and
turbulence when injected into a stationary or moving ambient gas. Owing to the difficulty
in predictively modeling breakup of turbulent liquid jets, this phenomenon is considered
to be an unsolved problem in the field of fluid mechanics, and is perhaps more challenging to model than the problem of single-phase turbulence. Analytical approaches
to model liquid jet breakup have focussed on attempting to correlate the wavelength
of interfacial instabilities on characteristic drop sizes that are produced upon breakup.
Performing high-fidelity experimental studies of liquid jet breakup has been challenging
as the flow field inside and in the vicinity of the injector has been inaccessible to accurate measurements. Still, experiments have been able to quantify the role of various
non-dimensional groups associated with liquid jet breakup on the break up regimes and
characteristic drop sizes produced upon liquid breakup. In addition, experiments have
reported that nozzle geometry and in-nozzle cavitation affect the break up behavior of
the liquid jet. However, such experimental and analytical studies are yet to result in a
predictive model for liquid jet breakup that can be employed in numerical calculations
of multiphase turbulent reactive flows with sprays.
The goal of a liquid breakup model depends closely on the application under consideration. For instance, in the ink-jet printing or spray painting industry the objective is to
achieve precise control on the final drop size, and so the goal of a liquid breakup model
in this context is appropriately a drop-size distribution, for a given set of flow parameters inside the injector. The effect of each droplet or stream of droplets on the ambient
environment may be of secondary importance. Historically, the goal of a liquid breakup
model for fuel sprays in combustion systems such as internal combustion engines and gas
turbine combustors has been to model the distribution of drop sizes that is observed in
experiments. Several models have been proposed which, after considering various purported mechanisms of breakup of a coherent liquid jet, predict a characteristic drop size.
However, in internal combustion engines, the evolution of the fuel spray and the gas
phase are strongly coupled through the interphase transfer processes. These processes
can have a non-negligible influence on the ambient gas in the vicinity of the spray which
could also modify the flow field several diameters downstream. A breakup model that
provides drop sizes as an output may not necessarily capture these important interphase
transfer processes in a predictive manner.
Breakup of liquid jets is normally classified into two distinct phases: a primary breakup
phase where the first set of dispersed phase elements (DPEs) – a dispersed phase element
is a generic term used to denote separated liquid structures, ligaments or drops – are
† Present address: GE Global Research, One Research Circle, Niskayuna, NY.
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formed after the breakup of the coherent liquid jet, and a secondary breakup phase where
the DPEs from the primary breakup phase further break up into smaller DPEs. To avoid
the need to model these breakup phases, most numerical simulations of turbulent reactive
flows with sprays employ experimentally-measured drop-size distributions, such as RosinRamler, log-normal or chi-square distributions, as an injection condition. In fact, given
the poor performance of existing primary breakup models in realistic applications, this
simplified approach to model the spray has gained popularity. In experiments, however,
drop-size distributions are measured several tens of diameters away from the injector.
Using such drop-size distributions as models for the spray at the injector location may not
necessarily ensure a predictive estimate for the interphase transfer processes associated
with the complex liquid-gas interface topology close to the injector.
Given these issues, we outline an alternative interpretation of the goal and the approach to model the breakup of fuel sprays in strongly-coupled two-phase flows, such
as in combustion applications. A useful approach is to cast the problem of modeling
liquid breakup in the framework of the Eulerian-Eulerian and the Lagrangian-Eulerian
statistical representation of two-phase flow. Using this formalism, an approach to model
liquid breakup is outlined where the goal of the model is not whether an accurate dropsize distribution is predicted, but whether key unclosed terms associated with interphase
transfer processes in the governing equations for a two-phase flow are accurately modeled. As we will see later, in the proposed approach the ability of a model to predict the
drop-size distribution that is observed in experiments several diameters downstream of
the injector is not a necessary criterion for the model to be predictive.
The reader is cautioned, however, that this work does not downplay attempts by
various researchers to model the drop-size distribution using flow parameters inside the
fuel injector. However, if such approaches are employed to model sprays in systems where
one can expect strong interactions between the fuel spray and gas phase starting from the
injector location, then one needs to ask whether the drop-size distribution is a sufficient
statistic to accurately capture the interphase transfer processes associated with the spray.
The rest of this brief is organized as follows. The motivation to seek an interpretation
of the breakup phenomenon in the statistical framework is argued in Section 2. Exact
governing equations in two popular statistical descriptions for two-phase flow that form
the basis for the modeling approach are reviewed in Section 3. Important unclosed terms
in the governing equations associated with interphase transfer processes are identified.
Here, it is also argued that it is these terms that need to be accurately predicted by
a model for liquid jet breakup especially in systems where we expect strong interphase
coupling. A popular approach to approximate the interphase transfer processes in DNS
of two-phase flows is reviewed in Section 4. Here we argue why this approach may not
possess the capability to capture the interphase transfer processes associated with liquid
jet breakup. Using the statistical description of two-phase flows as a starting point, a
framework to model liquid jet breakup is outlined in Section 5. A summary of this
review and an outlook for future studies is presented in Section 6.

2. Interpreting liquid breakup in a statistical framework
Detailed simulations of liquid jet breakup are exorbitantly expensive, and a numerical
simulation of a single realization of liquid breakup on state-of-the-art supercomputers
requires tens of thousands of CPU-hours over several days. Although simple scaling arguments can illustrate that the smallest scales are determined by the Weber number and
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Reynolds number associated with the particular liquid breakup configuration, it is very
challenging to resolve all the physical length scales of the liquid breakup problem. A detailed numerical simulation of a liquid jet that is coupled to a computer simulation of the
multiphase turbulent reactive flow inside a realistic combustor geometry is currently beyond the reach of computer technology, although some researchers are fervently working
to make this a reality. On the other hand, one could argue that although such a “bruteforce” approach may provide insight into the role of liquid breakup in determining the
dynamics of the subsequent reactive flow, it is not very useful from an engineering standpoint, primarily because it is very challenging to perform design optimization studies
of internal combustion engines or gas turbine combustors using such detailed numerical
simulations. Thus, a reduced-order model for an atomizing fuel spray is a necessity in
engineering simulations of multiphase turbulent reactive flows with sprays.
Before proposing a reduced-order model for the fuel spray, however, one needs to ask
the important question: At what level must the consistency between the “real” physical
spray and the reduced-order model be enforced? Here, one can think of a notion of
pointwise or global consistency. Pointwise consistency involves enforcing consistency of
a physical variable between the real spray and its model at each spatial location in the
spray and its vicinity. Global consistency involves enforcing consistency between the real
spray and its model at the level of global statistics, such as the total injected liquid mass,
total number of separated liquid structures, or the drop-size distributions after primary
and secondary breakup.
Requiring pointwise consistency between the reduced-order model and the real spray
at the level of the instantaneous snapshots can be futile simply because it is too challenging to measure or model the information available in each snapshot of the spray. It
is therefore useful to enforce pointwise or global consistency at the level of the mean
statistics (such as the mean and second moment), which can be estimated or measured
using detailed numerical simulations, and to some degree, in experiments. Most numerical
simulations that use the Lagrangian approach to model fuel sprays enforce consistency
between the reduced-order model and the physical spray at the level of the radius pdf
that is obtained after primary and secondary breakup (because such simulations normally employ experimentally measured drop-size distributions as an injection condition
for the fuel spray) and the injected liquid mass (because this can be easily estimated or
measured in experiments). Such numerical simulations also model the effect of the dispersed phase on the gas phase using point sources of momentum, implicity attempting
to enforce a pointwise consistency at the level of the mean momentum between the fuel
spray and the gas. However, as noted earlier, it is important to ask whether this level of
consistency between the reduced-order model and the real spray is correct, necessary, or
sufficient to accurately predict the important interphase transfer processes in numerical
simulations of combustion applications.
The approach of seeking a statistical description of liquid breakup is not new. Blokkeel
et al. (2003) have employed the evolution of the mean mixture turbulent kinetic energy
(TKE) and the mean interfacial area concentration of the gas-liquid two-phase flow in an
attempt to propose a statistical model for the spray. This approach has been employed
in several later studies (Lebas et al. 2005, 2009; Trask & Schmidt 2010). While their
approach shares the same objective as this work, seeking a description only at the level
of the mean mixture energy does not provide a complete statistical description of the
spray. This is because from among the mixture TKE and the two phasic TKEs associated
with a two-phase flow, two are independent (the same observation holds for the density
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and velocities associated with the two-phase flow). Furthermore, their approach neglects
the key interphase transfer processes that emerge from the statistical description of each
phase of the two-phase flow.
Enforcing consistency at the level of the mean statistics necessitates a review of the
exact governing equations in two popular statistical representations of two-phase flow,
which is done in the next section.

3. Exact governing equations for a two-phase flow
Statistical representations of two-phase flows can be classified into the Eulerian-Eulerian
(EE) and Lagrangian-Eulerian (LE) descriptions. Starting from fundamental events and
corresponding probabilities, a comprehensive theoretical treatment of these statistical
representations and detailed derivations of the governing equations for mean mass, mean
momentum and TKE is available in Subramaniam (2001) and Pai & Subramaniam
(2009). Only governing equations that are relevant to the present study are reviewed
here. Furthermore, for the purposes of this note, we focus on the governing equations for
the mean momentum and TKE in constant density two-phase flows with no interphase
mass transfer. Inclusion of interphase mass transfer introduces additional terms but does
not alter the principal conclusions of the study.
3.1. Eulerian-Eulerian statistical representation
3.1.1. Mean momentum conservation
In the EE statistical representation, the phasic mean momentum equation is given by




∂ 
∂ 
∂
1
1 (β)
∂
(β)
(β)
(β)
(β)
αβ hUj i +
αβ hUi ihUj i = −
[αβ Rij ]+
(Iβ τij ) + hSMj i,
∂t
∂xi
∂xi
ρβ ∂xi
ρβ
(3.1)
where ρβ is the thermodynamic density of the βth phase and Iβ is an indicator function
that picks out the phase β and is defined as
(
1 if x is in phase β at time t
Iβ (x, t) =
0 if x is not in phase β at time t.
(β)

Furthermore, αβ is the volume fraction of the βth phase and hUj i is the phasic mean
(β)

velocity in the βth phase. In Eq. (3.1), the Reynolds stress in phase β denoted Rij is
defined as
D
E
′ (β) ′ (β)
Iβ ui uj
(β)
.
(3.2)
Rij ≡
αβ
(β)

(β)

Here the fluctuating velocity u′
is given as u′
= U − hU(β) i, where U is the instantaneous two-phase velocity that is defined everywhere in the domain. A Newtonian
constitutive model can be employed for the stress tensor τij , although this discussion does
(β)
not necessarily need such a prescription. The term denoted hSMj i in Eq. (3.1) represents
the mean interphase momentum transfer and is defined as


∂Iβ
(β)
,
hSMj i ≡ − τij
∂xi
where the gradient of the indicator function is defined as ∇Iβ = −nβ δ(x − x(I) ). The
delta function picks out the interface between the two phases, whereas nβ is the unit
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normal pointing from phase β into the other phase at location x. The quantity nβ · ∇Iβ
is called the interfacial area concentration (Drew & Passman 1999), and has been the
focus of several studies in the past. Physically, the mean interphase momentum transfer
(β)
hSMj i represents the mean volumetric interfacial drag at location x due to pressure and
viscous stresses acting at the interface.
When a fuel spray is injected into the combustion chamber, it exchanges momentum
with the gas phase. Locally, the gas phase is modified by the presence of the liquid core
and the liquid structures that separate from it. At the level of the mean momentum,
(β)
this modification occurs through the term hSMj i. Since this term quantifies the drag
on the dispersed-phase liquid structures, it determines the mean penetration and mean
spreading rate of the spray. If consistency between a reduced-order model for a fuel spray
and the physical spray is enforced at the level of the mean momentum, then this term
represents the exact mean interphase momentum transfer that needs to be accurately
predicted by a breakup model. Note that this term has an equal and opposite contribution
at the interface in both phases.
3.1.2. Turbulent kinetic energy conservation
Using the definition of the Reynolds stresses given in Eq. (3.2), the evolution equation
of the Reynolds stresses can be derived (see Pai & Subramaniam (2009) for details).
(β)
Furthermore, defining the phasic TKE as kβ ≡ 12 Rii , the evolution of the TKE in the
βth phase can be obtained as
αβ

D̂
D̂t

1 ∂
(β) (β)
(β)
hIβ u′i u′i u′k i =
2 ∂xk


(β)
1 D ′ (β) (β) E
1
′ (β) ∂ (Iβ τki )
′ (β) ′ (β) ∂hUi i
ui
+
ui SMi ,
hIβ ui uk i
+
∂xk
ρβ
∂xk
ρβ

kβ +

(3.3)

b Dt
b is given as
where the material derivative operator D/
b
D
∂
∂
(β)
≡
.
+ hUk i
b
∂t
∂x
k
Dt

The description of each term is as follows: on the left-hand side, the second term is
the contribution to the TKE due to the divergence of the triple velocity correlation;
on the right-hand side, the first term is the production of phasic TKE due to mean
velocity gradients, the second term represents the contribution of the fluctuating velocitystress correlation to the phasic TKE evolution, whereas the third term represents the
fluctuating
velocity-interphase
momentum transfer contribution to the phasic TKE. The
E
D
′ (β) (β)
term ui SMi represents the mean interphase TKE transfer between the two phases.
E
D
′ (β)
The term ui ∂/∂xk (Iβ τki ) contributes to the viscous dissipation in phase β, which
includes the enhanced dissipation in the gas phase due to the presence of the DPEs.
Upon injection of a fuel spray in a combustor, strong gradients in velocity are set
up in the vicinity of the spray. These strong velocity gradients lead to production of
TKE and high levels of dissipation near the interface. Furthermore, the liquid and the
gas exchange kinetic energy through the interphase TKE transfer term in Eq. (3.3). If
consistency between the reduced-order model for the fuel spray and the real physical
spray is enforced at the level of the TKE, then the model should possess the capability
to capture the enhanced dissipation due to the presence of the DPEs, and the interphase
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transfer of TKE between the two phases. Note that an analogous contribution exists on
the dispersed phase side of the interface as well.

3.2. Lagrangian-Eulerian statistical representation
In this section, we review the governing equations for the mean momentum and interphase TKE in the LE statistical representation. The usefulness of the LE statistical
representation is realized later when a possible modeling strategy for primary breakup
is proposed in Sec. 5. Unlike the EE statistical representation, the LE statistical representation is, in principle, a statistical description of the dispersed phase; the statistical
description for the gas phase in the LE representation is assumed to be identical to that
in the EE statistical description.
The fundamental starting point for the LE formalism is the exact Lagrangian equation
of motion of a droplet given as
dX(i)
= V(i)
dt
dV(i)
= A(i) ,
dt

(3.4)
(3.5)

where X(i) , V(i) and A(i) are the Lagrangian position, velocity and acceleration of the ith
droplet, respectively. From this starting point, one can derive the spray equation which
is the evolution equation for the droplet distribution function f (x, v, t) (Subramaniam
2001):
∂f
∂
∂
[vj f ] +
[hAj |x, v; tif ] = 0,
+
∂t
∂xj
∂vj

(3.6)

where hAj |x, v; ti is the (Eulerian) acceleration conditional on position and velocity. The
integral of the ddf over the velocity v phase space gives the mean number density n as
n(x, t) =

Z

f (x, v, t)dv.

[v,r+ ]

The initial physical description in the LE formalism assumes that the properties of the
DPE are constant throughout the DPE, or that a single characteristic position, velocity
and acceleration are sufficient to completely describe the dynamics of each DPE. In other
words, this description assumes negligible internal circulation in the DPE. Consequently,
this initial description precludes the application of the LE formalism to describe the
spray in the vicinity of the injector where large liquid structures with significant internal
circulation can be expected. It is interesting to note, however, that the derivation of
the exact governing equations in the LE formalism does not invoke any assumptions of
diluteness or denseness of the two-phase flow (Subramaniam 2001), and therefore this
formalism can be employed to describe any dilute or dense region of the spray so long as
the conditions related to the initial physical description are met.
Starting from the spray equation, it is straightforward to derive the evolution equations
for the mean momentum and turbulent kinetic energy in the dispersed phase.
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3.2.1. Mean momentum conservation
The mean momentum conservation equation implied by the ddf evolution equation
is (Pai & Subramaniam 2009)
Ei
∂ h Dg
∂
∂
κn vi′′ vj′′
[κnhR3 ihVei ihVej i] = −
[κnhR3 ihVei i] +
∂t
∂xj
∂xj
ei | x; ti,
+ κnhR3 ihA
(3.7)

where κ = 43 πρd , the dispersed-phase Reynolds stresses are given as


 r3 f c (v, r | x; t)
E Z
D
VR
′′ v ′′ ≡
vi − hVei i vj − hVej i
dv dr,
vg
i j
hR3 (x, t)i
[ v,r+ ]
and the tilde denotes volume-weighted averaging:
e ≡
hQi

hR3 Qi
,
hR3 i

E
D
′′ v ′′ is the r3 where Q(v, r) is a smooth function of velocity and radius. The term vg
i j
ei | x; ti is the
weighted dispersed-phase Reynolds stress, whereas the term nκhR3 ihA
interphase momentum transfer in the dispersed phase. Under certain conditions this
(β)
term can be equated to the interphase momentum transfer term in the gas phase hSMj i
in Eq. (3.1) (see Pai & Subramaniam (2009) for details). If consistency between the
reduced-order model for the fuel spray and the real physical spray is enforced at the level
of the dispersed-phase mean momentum, and further if the LE formalism is employed
ei | x; ti represents the
to describe a certain region of the spray, then the term nκhR3 ihA
exact interphase momentum transfer that should be accurately predicted by a breakup
model.
3.2.2. Dispersed-phase turbulent kinetic energy conservation
From the evolution equation for the dispersed-phase Reynolds stresses, the evolution
equation for the dispersed-phase turbulent kinetic energy in the LE representation can
be derived as
)
(
(d)
(d)
i
e
1 ∂ h
∂ k̃L
∂ k̃L
3
′′ ′′ ∂hVi i
e
+ κ
+ hVk i
vi′′ vk′′ i = −κnhR3 ihvg
nhR3 ihvi′′g
κnhR i
i vk i
∂t
∂xk
2 ∂xk
∂xk
E
D
′′ .
(3.8)
+ κnhR3 i Ag
i vi

The second term on the left-hand side arises from the triple correlation term in the
Reynolds stress evolution, whereas on the right-hand side, the first term is the production due to mean velocity gradients and the last term represents the interphase TKE
transfer in the dispersed phase. Again, under conditions on local homogeneity
and conE
D
3
′′
g
stant velocity in the dispersed phase liquid structures, the term κnhR i Ai vi can be
E
D
′ (β) (β)
related to ui SMi from the EE representation. If consistency between the reducedorder model for the fuel spray and the real physical spray is enforced at the level of the
dispersed phase TKE, and further if the LED formalism
is employed to describe a certain
E
3
′′
g
region of the spray, then the term κnhR i Ai vi represents the exact dispersed-phase
interphase TKE transfer that should be be accurately predicted by a breakup model.
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Figure 1. Schematic depicting a popular PP-DNS approach to model sprays. The left panel
shows the real physical liquid jet and the right panel shows the point-particle approximation
employed to model the spray. The size distribution implied by the point particles in the right
panel is normally obtained by a breakup model or from experimentally measured drop-size
distributions.

4. Reduced-order models for liquid jet breakup
As argued earlier, one needs to adopt a reduced-order description of liquid jet breakup
for tractable simulations of multiphase reactive flows with sprays. In this section, a popular reduced-order methodology to model a spray, namely the point-particle (PP) DNS, is
reviewed. The goal of this section is to identify the implied model for the interphase transfer terms in the reduced-order description, and also to critique the predictive capability
of this reduced-order description when employed to model sprays. The PP approach has
also been used in conjunction with LES and RANS calculations of the gas phase in several studies. The principal assumption behind this approach is that the entire spray can
be represented using droplets or computational particles whose sizes are either sampled
from an assumed size distribution or obtained from a breakup model.
4.1. DNS of sprays using the point-particle approximation
This model is applicable to the class of two-phase flows where the diameter of the drops σ
is much smaller than the smallest length scale in the gas phase η (i.e. σ ≪ η) (although
it is large enough to neglect Brownian motion effects), and the droplet Reynolds number
Rep = σ∆u/ν based on the diameter σ and the characteristic velocity difference between
the droplet and the fluid ∆u is much less than unity. The effect of each droplet on the
gas phase is modeled as a point source of momentum in the Navier-Stokes equations.
An additional assumption underlying the model is that the flow is dilute with dispersedphase volume fractions in the range O(10−3 − 10−6 ), and that consequently dropletdroplet interactions are negligible. This approach to solve the Navier-Stokes equations
with point sources of momentum owing to the dispersed droplets is referred to as pointparticle DNS (PP-DNS) in the rest of this brief. PP-DNS are significantly less expensive
compared to particle-resolved direct numerical simulations of an identical dilute twophase flow, contributing partly to the popularity of PP-DNS. Such DNS are also becoming
increasingly popular in the study of turbulent reactive flows with sprays, such as those
encountered in the gas turbine and internal engine combustion.
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In PP-DNS, the motion of the nth dispersed particle in the two-phase flow is modeled
as
dxn
= vn
dt
dvn
= an ,
dt

(4.1)
(4.2)

where xn and vn denote the instantaneous position and velocity of the nth droplet,
respectively, and an is a model for the instantaneous acceleration of the droplet. In
most PP-DNS, the acceleration an is approximated by the means of the Maxey-Riley
(MR) equation (Maxey & Riley 1983). For dispersed phase to gas phase density ratios
ρp /ρf ≫ 103 , the only dominant terms in the MR equation are the drag and body force
(gravity) terms. If there is interphase heat and mass transfer, the above equations are
augmented by evolution equations for the temperature and mass associated with the nth
droplet.
4.1.1. PP-DNS: Mass and momentum conservation
The fluid phase is governed by the compressible, variable-density, or the incompressible Navier-Stokes equations depending on the problem under consideration. For the
purposes of this note, we use the incompressible Navier-Stokes equations. The effect of
the dispersed phase on the gas-phase continuity is normally neglected in flows without
interphase mass transfer under the assumption that the dispersed phase volume fraction is low, and so the instantaneous gas-phase velocity field u(x, t) is assumed to be
solenoidal:
∇ · u = 0,

(4.3)

whereas the effect of the dispersed phase on fluid phase momentum is accounted for as
follows:
Np
∂u
1 X
1
(u(xn ) − vn )
δ(x − xn ),
+ u · ∇u = − ∇P + νf ∇2 u −
mp
∂t
ρf
ρf n=1
τp

(4.4)

where mp = Vp ρp is the mass of each droplet. The last term on the right-hand side of
Eq. (4.4) is the source term (in this case, the Stokes drag law has been employed) due
to the presence of the dispersed droplets in the gas phase. In the discretized form of the
momentum equation, the effect of the point sources at the droplet centers on the gasphase momentum equation is modeled by means of an interpolation kernel S. Effectively,
the droplet source term after incorporating the interpolation kernel becomes
Np
X
ρp Vp (u(xn ) − vn ) ∗ n
S (x , x),
ρ V
τp
n=1 f g

(4.5)

where S ∗ is the backward interpolation function which some studies suggest should be
the same as S (Sundaram & Collins 1999) for conservation of energy. Effectively, the
interpolation kernel acts as a local averaging operator for the point sources of momentum
due to the dispersed droplets. As a result, PP-DNS is in reality a “hybrid” numerical
simulation where the gas phase is resolved in the sense of a DNS, whereas the effect of
the dispersed phase on the momentum equation is modeled as a local “volume”-averaged
estimate of the exact mean interphase momentum transfer term. A drag model of the
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form shown above
E similar variants imply a model for the mean interphase momentum
D and
(β)
transfer term SMi in Eq. (3.1).

In PP-DNS, the evolution equations given by Eqs. (4.3) and (4.4) are advanced in time,
and being a DNS, the TKE is not explicitly solved in time. However, since in PP-DNS
the interphase momentum transfer is modeled, a particular form for the drag model at
the level of the mean momentum implies a corresponding model for the interphase TKE
transfer and gas-phase dissipation rate in te TKE evolution equation; these equations
are derived next.
4.1.2. PP-DNS: Implied evolution of TKE
Starting from the gas-phase momentum equation employed in PP-DNS Eq. (4.4), one
can derive the implied evolution of the gas-phase TKE defined as kf∗ = 0.5hui ui i, where
the asterisk reminds us that the quantity is a modeled estimate of the exact TKE in a
two-phase flow given by Eq. (3.3).
First, the transport of the Reynolds stress tensor implied by the evolution equations
of PP-DNS can be obtained as
∂
∂
∂
hui uj i +
hui uj uk i =
hui uj i + hUk i
∂t
∂xk
∂xk


∂hUi i
∂hUj i
+ huj uk i
+ hui uk i
∂xk
∂xk




1
∂τkj
∂τki
1
+
ui
+
uj
ρf
∂xk
ρβ
∂xk
1
1
(4.6)
− hui FM j i − huj FM i i,
ρf
ρf
where
FM j =

Np

mp X 
(n)
δ(x − x(n) ).
uj (x(n) ) − vj
τp n=1

The last two terms on the right hand side of Eq.(4.6) can be further simplified to
mp ∗
hui FM j i + huj FM i i =
n [2 hui uj i + hui vj i + huj vi i] ,
τp p
where vi is the fluctuating velocity in the dispersed phase and n∗p (x, t) is the estimated
droplet number density.
From Eq. (4.6), the implied evolution of the TKE is obtained as
∂kf∗
∂ ∗
1 ∂
+
hui ui uk i =
kf + hUk i
∂t
∂xk
2 ∂xk



∂τkj
mp ∗  ∗
1
∂hUj i
ui
−
+
np kf + kf∗d ,
hui uk i
∂xk
ρf
∂xk
ρf τp

(4.7)

where kf∗d = (1/2)hui vi i. The description of the terms in the above equation are analogous
to that in the exact equation Eq. (3.3). However, the principal difference is that the terms
are only approximations to their exact counterparts in Eq. (3.3).
Modeled fluctuating velocity-stress correlation: The second term on the right hand side of
Eq. (4.7) represents the modeled fluctuating velocity-stress correlation. As noted earlier,
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(β)
hu′ i (∂Iβ τki /∂xk )i

contains a contribution to the dissipathe corresponding exact term
tion in the carrier phase which in turn includes a contribution from the enhanced dissipation due to the presence of the DPEs. However, its modeled counterpart hui (∂τki /∂xk )i in
the above equation represents an approximation to the true dissipation that is embodied
(β)
in the term hu′ i (∂Iβ τki /∂xk )i. A seemingly appropriate model for the drag in a dilute
two-phase flow at the level of the mean momentum (in this case the Stokes drag approximation) does not necessarily imply that the dissipation in the carrier phase is captured
accurately in the implied TKE evolution. This is the principal reason why there is an
ongoing debate as to whether PP-DNS captures the correct enhanced dissipation due to
the presence of the dispersed droplets or particles. Authors of some recent experimental
studies (Hwang & Eaton 2006) have surmised that PP-DNS underestimates the enhanced
dissipation due to the presence of the dispersed particles in the carrier phase.
Modeled interphase TKE transfer: The third term on the right-hand side of Eq. (4.7)
is the implied interphase TKE transfer corresponding to the Stokes drag model in the
(β)
mean momentum equation. The corresponding exact term in Eq. (3.3) is hu′i SM i i.
An immediate observation that can be made from the modeled interphase TKE transfer
term is the presence of the term kf d . This term has been the focus of some modeling
studies in the past (Simonin 1996a,b,c). Evolution equations for this term have also been
proposed to close the interphase TKE transfer term. However, it is challenging to ascribe
any physical meaning to this term. Consider the two-point correlation hui (x)vi (x + r)i,
where r is the separation. This correlation is zero in the limit |r| → 0 for finite particle
sizes as shown by Sundaram & Collins (1999). Physically, this fact means that a fluid
particle and a dispersed particle cannot coexist at the same physical location, which is
true in real two-phase flows with finite particle or drop sizes. In PP-DNS, this term arises
purely because of the form of the Stokes drag model, where the gas-phase velocity “seen”
by the particles at the location of the particle center is employed. This observation casts
doubt on whether the implied TKE transfer term corresponding to the Stokes drag model
in the momentum equation in PP-DNS provides a physically accurate representation of
the true interphase TKE transfer in a two-phase flow.
In order to gain further insight into the interphase TKE transfer term, it is useful to
invoke spatial homogeneity whereby the terms involving gradients of mean quantities in
the evolution equation for the TKE are zero. The evolution equation for the exact TKE
kβ then simplifies to
 D

E
∂
′ (β) (β)
′ (β) ∂ (Iβ τki )
(4.8)
+ ui SMi ,
αβ ρβ kβ = ui
∂t
∂xk
whereas the evolution equation for the implied TKE kβ∗ corresponding to the Stokes drag
model used in PP-DNS simplifies to



∂ ∗
∂τki
mp  ∗
ρf kf = ui
(4.9)
np kf + kf∗d .
−
∂t
∂xk
τp

Equation (4.8) with β = f is in fact the governing equation for the carrier-phase
TKE in particle-laden homogeneous isotropic turbulence (PHIT), a simplified two-phase
flow that has been the focus of several studies in the past. In PHIT, only two terms
determine the evolution of kf : the fluctuating velocity–stress correlation (or essentially,
the dissipation rate in the carrier phase) and the interphase TKE transfer. Similarly,
in Eq. (4.9), the only two terms that determine the evolution of kf∗ in a PP-DNS of
PHIT are the modeled dissipation in the carrier phase and the modeled interphase TKE
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transfer, both of which are implied models corresponding to the Stokes drag model in
the momentum equation.
In a recent study by Xu & Subramaniam (2007), it was shown that owing to the
no-slip boundary condition in rigid particle-laden
turbulent
flows the exact interphase
E
D
P
′ (β) (β)
TKE transfer is conservative, viz. β=f,d ui SMi = 0. They also showed that the
modeled interphase TKE transfer term corresponding to the Stokes drag model in PPDNS for rigid particle-laden turbulent flows is not conservative. Their study concluded
that the implied model for the interphase TKE transfer in PP-DNS does not embody the
conservative nature of the exact interphase TKE transfer term. Using similar arguments,
one can show that the interphase TKE transfer is conservative even in droplet-laden
two-phase flows with zero interphase mass transfer and negligible interface motion. This
observation casts further doubt on whether the implied TKE transfer term corresponding
to the Stokes drag model employed in popular PP-DNS provides a physically accurate
representation of the true interphase TKE transfer in a spray.
In summary, if point momentum sources are employed to model a spray as in PPDNS, it is also necessary to assess whether the implied interphase TKE transfer and
carrier-phase dissipation rate due to the presence of the spray are accurately captured
or physically modeled in order to provide a consistent description of the two-phase flow.

5. A statistical framework for modeling breakup of liquid jets
It is clear that a reduced-order model for the spray is necessary in numerical calculations of two-phase reactive flows. A reduced-order model necessitates enforcement of a
consistency between the real physical spray and the reduced-order model. Seeking consistency at the level of instantaneous snapshots can make the modeling exercise intractable,
thus motivating us to seek consistency at the level of the mean statistics. If we choose to
seek consistency at the level of the mean momentum and the TKE, then this necessitates
a model for the interphase momentum transfer term, the enhanced dissipation rate in the
carrier phase (and possibly in the dispersed phase) and the interphase transfer of TKE.
Existing approaches that employ the drop-size distribution obtained from experiments as
an injection condition, or models that provide a drop-size distribution do not necessarily
provide accurate estimates for these critical interphase transfer terms. The success of a
breakup model for a liquid jet is determined by how well it can predict these interphase
transfer terms, as it is these terms that ultimately affect the behavior of the flow inside
the combustor.
We therefore need a framework for a reduced-order model for the spray that emphasizes
the prediction of these critical interphase transfer terms. In this section, we outline such a
framework and argue that this goal can be achieved by employing a purely EE statistical
formalism, or a combination of both the EE and LE statistical formalisms. We first
discuss three phases during liquid jet breakup that are critical to a predictive modeling
exercise of liquid jet breakup. We take the example of a liquid jet in crossflow (LJIC),
although this discussion can be extended to other liquid jet breakup configurations as
well.
5.1. Phases during liquid jet breakup critical from a modeling perspective
Figure 5.1 shows a schematic of the liquid jet in crossflow (LJIC) that shows three phases
that are critically important in building a predictive breakup model. The injection of the
liquid and formation of the coherent liquid column is denoted Phase 1. On the windward
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Figure 2. Phases during liquid jet breakup that are critical from a modeling perspective. Phase
1 corresponds to the coherent liquid column (CLC) phase, phase 2 corresponds to the liquid
column breakup (LCB) phase and phase 3 corresponds to the separated liquid structures (SLS)
phase. In the statistical approach to describe liquid breakup, the goal of a liquid breakup model
is to provide predictive estimates for the interphase transfer terms and other unclosed terms in
the governing equations of the two-phase flow.

side of the liquid column, Kelvin-Helmoholtz instabilities and interface deformations
significantly alter the local curvature of the interface. Furthermore, the cross-section
of the liquid column does not remain circular but changes to a crescent shape as the
liquid jet penetrates into the cross flow. Predicting the effect of the instabilities, interface
deformations and changing shape of the liquid column cross-section on the interphase
transfer processes is a key goal of a breakup model in this phase. We denote this phase
as the coherent liquid column (CLC) phase. The part of the liquid jet denoted Phase 2 is
where the liquid column begins to break up into separated liquid structures. During this
process, the interphase transfer processes transition from that corresponding to a coherent
and connected liquid structure to that corresponding to separated liquid structures. How
the interphase transfer processes change during the process of breakup is still unsolved,
and represents a key challenge in modeling primary breakup. Note that this region seldom
comprises spherically-shaped liquid structures, but a wide range of shapes that can be
broadly classified into tubes, sheets and blobs (Pai et al. 2010). We denote this phase
as the liquid column breakup (LCB) phase. Phase 3 is composed of separated liquid
structures, although they are not all spherical in shape. Most liquid structures close to
the liquid column are highly non-spherical, whereas they become more spherical owing
to surface tension forces as they break up into smaller liquid structures and move further
downstream. Ligament shapes in this region can also be classified into tubular, elongated
structures, sheets and blobs. Quantifying the interphase transfer processes in this region
is another unsolved problem and is critical to a predictive breakup model. This phase
can also comprise the region further downstream where the spray is mostly composed of
spherical droplets. We denote this phase as the separated liquid structure (SLS) phase.
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Figure 3. Three possible approaches to model liquid jet breakup using a statistical approach.
Schematic in the left panel shows a pure EE field based approach, center panel shows an EE particle-based approach, and the right panel shows a hybrid EE-LE field/particle-based approach.

5.2. Modeling liquid breakup using the EE statistical formalism
The objective of this section is to briefly outline two approaches to model the spray using
the EE statistical formalism. Quantitative results will be presented in a subsequent study.
Governing equations for the mean momentum and TKE for each phase in this statistical
formalism were presented in Sec. 3. The principal unclosed terms in the EE formalism
that arise owing to the presence of the interface
areE the interphase momentum transfer
D
(β)
′ (β) (β)
hSMi i and the interphase TKE transfer ui SMi . In addition, the gas-phase fluctu′ (β)

ating velocity–stress correlation hui ∂ (Iβ τki ) /∂xk i is also important from a modeling
perspective.
The first approach is to propose evolution equations that directly model the unclosed
terms. Since the interphase momentum transfer term is a correlation between the stress
tensor and the gradient of the indicator function, a possible approach is to propose a modeled evolution equation for the mean interfacial area concentration (as done by Blokkeel
et al. (2003) for instance), and infer the interphase momentum transfer term based on
the estimated mean stress state conditional on the local interfacial area concentration.
A similar approach could be employed to model or infer the interphase transfer of TKE.
One can show that the interfacial area concentration is determined by the geometrical
properties of the liquid-gas interface (Drew & Passman 1999). Using detailed numerical
simulations, recent studies (Pai et al. 2010) have attempted to quantify the dependence
of the geometrical properties associated with the dispersed liquid structures on nondimensional groups associated with a LJIC, such as liquid Weber number and crossflow
Weber number.
The second approach is to employ a computational particle method solution to model
the entire liquid breakup process. This approach can be based on the principle of stochastic equivalence between the real physical system and the computational particle system
(see for instance Pope (1985) in the context of single phase flows). While this approach
is similar to the Lagrangian particle tracking approach in PP-DNS, there are important
differences. Individual trajectories of the computational particles in physical space do
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not correspond to the individual trajectories of the DPEs. However, the evolution of the
computational particles implies models for the evolution of the exact governing equations
given by Eq. (3.1) and Eq. (3.3). An example of such a formulation, although not in the
context of modeling liquid breakup, is the dual-timescale Langevin model proposed in Pai
& Subramaniam (2007). In this model, a set of vector stochastic differential equations
(SDEs) for the fluctuating velocities in each phase is proposed. The SDEs do not model
the exact phasic fluctuating velocities u′ (β) , but their evolution implies models for the
exact phasic TKE evolution equations given by Eq. (3.3).
The emphasis in the EE approach to model liquid breakup is to obtain accurate estimates for the unclosed terms in Eq. (3.1) and Eq. (3.3) if we choose to enforce consistency
between the real spray and the reduced-order model at the level of the mean momentum and the TKE. Consequently, downstream from the injector, the distribution of drop
sizes is not absolutely necessary to predictively model these unclosed terms. A drop-size
distribution merely allows one to obtain an estimate for these unclosed terms. One could
construct indirect models, such as the second approach described earlier, that can predictively model the unclosed terms in both Eq. (3.1) and Eq. (3.3) without knowledge of
the drop-size distribution.
5.3. Modeling liquid breakup using a hybrid EE-LE statistical formalism
A useful approach to model liquid breakup is to combine the benefits of the two statistical
representations, namely EE and LE. Such a “hybrid” EE-LE statistical representation
involves modeling certain regions of the spray using the EE formalism, while modeling
the remaining regions using the LE formalism. Since phase 1 (CLC) consists of the liquid
column which can have significant internal motion, the EE modeling approach is retained
for this phase. Phase 3 (SLS) consists of separated liquid structures that have significant
internal circulation and also those that have negligible internal circulation. Again, the EE
modeling approach is appropriate for the former type of DPEs, whereas the LE modeling
approach is appropriate for the latter, since the initial physical description in the LE
representation (see Williams (1958) and Subramaniam (2001)) dictates that the DPEs
have negligible internal circulation. In the transition region denoted phase 2 (LCB), a
combined EE-LE formalism is employed. A transfer of information from the EE to the
LE formalism is now necessary. In Pai & Subramaniam (2009), consistency relationships
between unclosed terms in the governing equations for the two-phase flow in the EE
and LE statistical descriptions were presented. These consistency conditions dictate the
transfer of information from the EE to the LE side of the spray. For instance, information
from the dispersed phase side contained in the mean interphase momentum transfer term
(d)
ei | x; ti,
hSMi i will have to be transferred to the corresponding term, namely nκhR3 ihA
in the LE formalism. Numerical aspects of this transfer will have to be consistently
performed as well.

6. Summary and Conclusions
We have outlined a statistical approach to model breakup of turbulent liquid jets
in combustion systems where one can expect strong interphase coupling. A statistical
approach is necessary because modeling single realizations of the spray can be intractable.
In the proposed statistical approach, the goal of a predictive liquid breakup model is to
provide accurate estimates for the unclosed terms in the governing equations for the
two-phase flow. We outline two approaches to achieve this goal by using either a pure
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EE formalism, or by using a hybrid EE-LE approach. For this, we chose to use only the
mean momentum and turbulent kinetic energy evolution. However, in non-isothermal
multiphase reactive flows with sprays, exact forms of several other unclosed terms in
the mean mass, mean momentum, energy and species equations will emerge owing to
the presence of the dispersed phase, and these terms will also need to be quantified and
modeled. While assessing the popular PP-DNS approach to model sprays, we identified
potential issues that restrict the application of this approach only to certain regions of
the spray. PP-DNS are indeed very attractive from the computational standpoint, but
existing models need to be improved to account for how the unclosed terms change during
various phases of liquid breakup that were described earlier.
Breakup of liquid jets poses a formidable modeling challenge to the two-phase flow
community. In this brief, we identify those terms that are critical from the perspective
of modeling liquid breakup using a statistical approach. While there are several ongoing
studies that attempt to better understand the mechanism for liquid jet breakup, the
ultimate goal of the exercise should be to connect this improved understanding of the
breakup mechanisms to modeling the unclosed terms in the governing equations for a
two-phase flow. Most of these terms can be extremely challenging to measure or infer
using experiments. It is here that the true utility of detailed numerical simulations such
as those in Pai et al. (2009, 2010) and Desjardins & Pitsch (2010) will be realized as all
the unclosed terms can be computed in a straightforward manner using such simulations.
Validation of computed quantities will indeed remain a formidable challenge. Proposing
models for the unclosed terms with the improved understanding of the breakup mechanisms will also not be an easy exercise. The primary intent of this brief is to draw
the attention of the two-phase community to the real challenge behind modeling liquid
breakup if a statistical approach is employed to model the phenomenon.
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