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Multi-fidelity numerical simulations of
shock/turbulent-boundary-layer interaction in a
duct with uncertainty quantification
By I. Bermejo-Moreno, J. Larsson, L. Campo, J. Bodart, M. Emory, F.
Palacios, D. Helmer, G. Iaccarino A N D J. Eaton

1. Motivation and objective
The interaction between shock waves and turbulent boundary layers (STBLI) plays a
fundamental role in the operation of (sc)ramjet engines utilized in supersonic/hypersonic
flight vehicles. In particular, the isolator part of such engines is often designed to contain
a series of shock waves (shock-train) that sets the flow of incoming, atmospheric air in
the optimal conditions for its subsequent mixing and combustion with the injected fuel.
Robust design of isolators (and other engineering components) requires an assessment
of their response to deviations with respect to operating nominal conditions, resulting, for
example, from aleatory uncertainties in the flight conditions as well as from fabrication
or operational tolerances in the engine geometry. Numerical simulations can potentially
be used to exhaustively map such response at a reduced cost and time compared with
experiments, but the validation of the computational models in the range of conditions
considered is a prerequisite before the predictive capabilities of the simulations can be
trusted. This validation includes the evaluation of numerical errors due to the computational formulation (e.g., numerical discretization) as well as the quantification of
epistemic uncertainties due to simplifying or erroneous modeling assumptions.
The objectives of the present work are multifold: first, experimental results of a nominal
STBLI in a low-aspect ratio duct (Helmer et al. 2012) are used to validate the use of
an equilibrium wall-model in high-fidelity, large-eddy simulations (WMLES) of this flow
type, representative of the first interaction occurring in an isolator (see Section 2 for a
description of the flow conditions and numerical setup). Second, 2D and 3D ReynoldsAveraged Navier-Stokes (RANS) simulations are performed to evaluate the suitability
of lower fidelity computations to predict flow features and derived quantities of interest
relevant in the design of such engine isolators, by comparing their results with both
experiments and WMLES (see Section 3 for a four-way comparison of experimental and
simulation results). Third, these lower fidelity computations are used to quantify the
importance of different sources of uncertainty: geometric perturbations (Section 4) that
replicate the experimental work of Campo et al. (2012) and inflow variations (Section 5)
are considered as aleatory uncertainties, whereas the turbulence model form is taken as
a source of epistemic uncertainty (Section 6). Fourth, the effect of those aleatory and
epistemic uncertainties is balanced (Section 7).

2. Flow conditions and setup of the simulations
The computational domain (see Figure 1) comprises part of the test section of the
continuously operated Mach 2.05 wind tunnel used in the experiments (Helmer et al.
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2012; Campo et al. 2012), which fed from a 2D converging/diverging nozzle followed by
a constant-area development section of 45 mm × 47.5 mm. A contraction is produced
by a 3 mm-long, 20◦ -angle compression wedge that spans the top wall of the duct and
is responsible for generating the oblique shock that impinges and reflects at the bottom
wall. Another constant-area section follows. The turbulent incoming boundary layers had
an average thickness of δ0 = 5.4 mm at a streamwise location 21 mm upstream of the foot
of the wedge on the top wall. The Reynolds number based on the momentum thickness
of the incoming boundary layers at that measurement location was Reθ ≈ 6, 500, with
a center line velocity of 525 m/s. Upstream of the foot of the wedge, the WMLES and
RANS domains extend 21 mm and 117 mm, respectively. The length of the duct that
follows the contraction is 104 mm in both cases. Geometric perturbations in the form
of small bumps (of heights hb < 0.2δ0 ), spanning the bottom wall, were placed in the
experiment at different streamwise locations, xb , upstream of the compression wedge.
Here we refer to the configuration with no bumps as the baseline case, which is the
only one considered in the WMLES. RANS simulations will also include multiple bump
configurations (by varying xb and hb ), and thus a longer upstream domain than in the
WMLES is used to accommodate the geometric bumps.
For the WMLES, the CharLESX code, developed at CTR, is used. It is a controlvolume-based, finite-volume solver of the spatially filtered, compressible Navier-Stokes
equations on unstructured grids. It employs a third-order Runge-Kutta time discretization and a grid-based blend of non-dissipative central and dissipative upwind fluxes (Khalighi et al. 2011). Vreman’s sub-grid scale model (Vreman 2004) is utilized, along with
an ENO shock-capturing scheme, active only in regions marked by a shock sensor based
on local dilatation and enstrophy (similar to Ducros et al. 2000). In addition, a wall
model (Kawai & Larsson 2012) solves the equilibrium boundary-layer ODEs in an inner
grid for each wall boundary face. At the inflow plane, synthetic turbulence is generated
from PIV measurements of mean velocities and Reynolds stresses following Touber &
Sandham (2009). Three meshes with increased resolution are utilized for each configuration, to perform a grid-convergence study. They include approximately 6, 18 and 36
million control volumes, respectively (here results with the medium resolution mesh are
presented). For each mesh, the grid spacing in the streamwise direction is uniform (with
∆x/δ0 = 1/10, 1/16 and 1/20 for increasing resolution). In transverse directions (η = y,
z) the grid stretches from the walls (where ∆η/δ0 = 1/70, 1/105 and 1/135 for increasing mesh resolution) up to a distance of 2δ0 , remaining uniformly spaced in the core and
equal to the streamwise grid spacing.
For the RANS simulations, the CTR JOE code (Pecnik et al. 2009; Palacios & Alonso
2011) is used. It is a second-order spatially accurate, finite-volume, unstructured, cellbased, implicit solver of the Reynolds-Averaged Navier Stokes equations. The SST k − ω
turbulence model is utilized. 2D RANS simulations are run on a mesh with ∆x/δ0 = 0.079
in the wedge region, ∆x = hb in the bump region (when present) and ∆x/δ0 = 0.185
elsewhere, ∆y/δ0 = 9.6 × 10−4 at the wall stretched to ∆y/δ0 = 0.07 at a distance of 2δ0
from the wall, remaining uniform in the core of the duct. In 3D RANS, symmetry is used
to simulate only half of the domain in the spanwise direction, z: the same resolution in
the xy-plane as in the 2D RANS mesh is considered; spanwise, a stretched grid is also
used, with spacing ranging from ∆z/δ0 = 9.6 × 10−4 at the side wall to ∆z/δ0 = 0.241 at
2δ0 from the wall, remaining uniform elsewhere. The resulting number of control volumes
is approximately 0.2 and 5 million for the 2D and 3D RANS simulations, respectively.
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Figure 1. Computational setup: M, Mach number; TBL, turbulent boundary layers (only top
and bottom drawn, for clarity); ISW, incident shock wave; RSW, reflected shock waves. L =
21 mm in WMLES, and 117 mm in RANS. 3D RANS simulations use spanwise symmetry
(half of the domain). xb , streamwise location of geometric perturbation of height hb . QOI,
quantity-of-interest (streamwise location of the shock-crossing point of first reflection at the
z = 21 mm plane.)

Experimental PIV profiles of mean and turbulence quantities (for the turbulence model)
are imposed at the inflow boundary condition of the 2D and 3D RANS simulations.

3. Baseline results
Figure 2 shows contours of mean vertical velocity, V , from PIV, WMLES, 3D and
2D RANS at the plane z = 21 mm (near the duct center), for a region including the
compression wedge (x = xwf ) and the first shock reflection on the bottom wall. The main
features of the flow are well captured by the three types of simulations, but significant
differences can already be observed in this mean quantity. 2D RANS predicts a shallower
angle of the incident shock than 3D RANS and WMLES, which agree better with the
experiment. Therefore the shock-crossing point between incident and reflected shock is
displaced downstream. The reflected shock shows an added feature in the region x−xwf ∈
[60, 75] mm, y ∈ [7, 17] mm that results from the three-dimensionality of the flow imposed
by the presence of side walls, as can also be observed in Figure 3, which shows contours
of the same quantity (mean vertical velocity) on two horizontal planes, y = 5.5 and
22.6 mm, respectively, for WMLES and 3D RANS.
Figures 4 and 5 show vertical profiles as a function of the distance to the bottom
wall, y, of mean streamwise and vertical velocities, U and V , respectively, as well as turbulence quantities (streamwise, u0 , and vertical, v 0 , velocity fluctuations, and Reynolds
shear stress −u0 v 0 ), at several streamwise locations in the STBLI region, comparing experimental data with simulations. Turbulence quantities shown are resolved for WMLES
and modeled for RANS. WMLES shows a reasonable agreement with experimental data
at both planes for mean and turbulence quantities, although a slightly thinner boundary
layer is obtained in the simulation. In regions very near the wall, the experimental uncertainty is the highest and that could explain some discrepancy observed, particularly for
the turbulence quantities. RANS simulations correctly capture the trends in the mean
quantities, particularly at the z = 21 mm plane, but the modeled turbulence quantities
show larger discrepancies.
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Figure 2. Contours of mean vertical velocity, V , obtained from available experimental PIV data
(top left, with no data available in blank regions), LES (top right), 2D RANS (bottom left) and
3D RANS (bottom right), at the z = 21 mm plane.

Figure 3. Contours of mean vertical velocity, V , obtained from WMLES data (top) and 3D
RANS (bottom), at the y = 5.5 mm (left) and y = 22.6 mm (right) planes. Complementary
symmetric parts with respect to the spanwise center-plane (z = 23.75 mm) are shown for
comparison.

4. Geometric perturbations
In the experiment by Campo et al. (2012), small geometric perturbations in the form of
a bump of height hb (< 0.2δ0 ) spanning the bottom wall (see Figure 1) were introduced
at several streamwise locations, xb , upstream of the foot of the wedge. The quantityof-interest (QOI) was chosen as the streamwise location of the shock-crossing point of
the first bottom-wall STBLI measured at the z = 21 mm (near-center) plane. The effect
of these perturbations was evaluated by generating a map of ∆QOI (with respect to
the baseline case with no geometric perturbation) as a function of xb and hb . From the
∆QOI map, the region of highest sensitivity to this type of geometric perturbations was
identified .
In the present work, we use RANS simulations to replicate their study. We note that the
bump shape in the experiment also allowed a spanwise height variation (see Figure 3 in
Campo et al. 2012). Here, two-dimensional perturbations are considered with a constant
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Figure 4. Comparison of experimental (symbols), WMLES (solid), 3D RANS (dashed) and 2D
RANS (dash-dotted) vertical profiles of mean and turbulence quantities (from top to bottom:
streamwise velocity, vertical velocity, streamwise velocity fluctuation, vertical velocity fluctuation and Reynolds shear stress) extracted from the z = 21 mm (near-center) plane at streamwise
locations -2 mm (left), 0 mm (center), 8 mm (right) relative to the shock crossing point.

spanwise bump height averaged from the experimental spanwise profile. We note that, in
the simulations, the QOI is determined as the location, within the STBLI region, where
0
the variance of the quantity τyy
= −µt ∂V /∂y is maximum (see Figure 6); µt is the eddy
viscosity obtained from the RANS turbulence model. In the experiments, local maxima
of measured wall-normal velocity fluctuations were used to find linear fits to the incident
and reflected shocks from which their crossing point was obtained.
Figure 7 shows the comparison between RANS and experimental results. Nine bump
locations (xb = -75.2, -69.2, -63.2, -60.2, -57.2, -54.2, -51.2, -48.2, -42.2 mm, measured
from the wedge-foot location) and four bump heights (hb = 0.28, 0.48, 0.66, 0.89 mm)
are considered. The first observation is that RANS simulations agree qualitatively well
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Figure 5. Comparison of experimental (symbols), WMLES (solid) and 3D RANS (dashed)
vertical profiles of mean and turbulence quantities (from top to bottom: streamwise velocity,
vertical velocity, streamwise velocity fluctuation, vertical velocity fluctuation and Reynolds shear
stress) extracted from the z = 5.5 mm (near-center) plane at streamwise locations -2 mm (left),
0 mm (center), 8 mm (right) relative to the shock crossing point.

with the experimental data in the determination of the region of sensitivity (between 40
and 75 mm upstream of the wedge-foot), and also reproduce the trend towards slightly
more upstream locations where the highest sensitivity is found as the bump height is
reduced. Nevertheless, the absolute values of ∆QOI are somewhat overestimated by the
2D RANS, particularly at intermediate bump heights, and there is a noticeable shift
towards more upstream locations of the left part of each curve, particularly for higher
bumps. 3D RANS simulations show a better agreement with experiments, except for the
xb = −75.2 mm, most-upstream bump location. We note that for this bump location the
shock wave generated by the perturbation reflects off the top wall and impinges near the
STBLI of interest, resulting in a more complex interaction for which the actual QOI is not
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Figure 6. Contours of τyy
= −µt ∂V /∂y (color map) and its y-variance, as a function of x,
superimposed (black curve, right-ordinate axes) at the z = 21 mm plane, in a region of interest
extracted from 3D RANS. Baseline case (left) and case with a bump of height hb =0.89 mm
located at x − xwf = 75.2 mm (right). The streamwise location of the maximum variance
(marked with a white dashed line) defines the quantity of interest as the shock-crossing point
between the incident shock generated by the compression wedge and its first reflection off the
bottom wall.
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Figure 7. Comparison of experimental (dashed lines) and simulation (solid lines) results for the
sensitivity of the QOI (streamwise location of the shock-crossing point) to geometric perturbations, in terms of the bump streamwise location, xb , measured with respect to the foot of the
wedge xwf , and the bump height hb (0.28, 0.48, 0.66 and 0.89 mm, represented by increasing
line thickness). 2D RANS (left) and 3D RANS (right).

as cleanly defined (see right plot in Figure 6). Differences in the algorithms determining
that QOI between experiment and simulations could be the cause of this discrepancy at
that particular bump location due to the complexity of the resulting interaction.

5. Inflow perturbations
Besides geometric perturbations, we also consider aleatory uncertainties in the inflow
conditions in terms of the Mach number and the thickness of the turbulent boundary
layers. The experimental uncertainty in the measurement of streamwise velocity was
estimated as 5 m/s (see Campo et al. 2012), which translates into Mach number variations
of ±1% (through a multiplying factor, Mf ). For the boundary layer thickness, we consider
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Figure 8. Effect of perturbations in the inflow conditions (Mach number and boundary layer
thickness) in the quantity of interest combined with geometric perturbations at several streamwise locations, for a bump height of 0.89 mm. Mach factors of 0.99 (dashed lines, left triangle symbols), 1.0 (solid lines, circles) and 1.01 (dash-dotted lines, right triangle symbols) and
boundary layer thickness factors of 0.95 (thin lines), 1.0 (medium lines) and 1.05 (thick lines) are
plotted. Experimental results at the nominal conditions (i.e., with unitary Mach and boundary
layer thickness factors) are plotted for reference (dotted line, square symbols).

variations of ±5% with respect to the nominal δ0 value (through a multiplying factor,
δf ). For each combination of these uncertain parameters, a new 2D RANS simulation
was run, resulting in a total of (1 baseline + 9 bump locations × 4 bump heights) × 3
inflow Mach numbers × 3 inflow boundary layer thickness = 333 simulations.
Figure 8 shows the results of a subset of these 2D RANS simulations, for the highest
bump (hb = 0.89 mm) and all the streamwise locations considered in Section 4. It is first
observed that 1% uncertainties in the inflow Mach number produce a larger variation
on the QOI than 5% variation of the incoming boundary layer thickness. Increasing the
inflow Mach number pushes the shock-crossing point downstream, which is also achieved
by thinning the incoming boundary layer. The majority of experimental data points
lie within the bounds of aleatory uncertainty due to this inflow parameters, except the
two data points corresponding to the most upstream bump locations considered. The
same qualitative conclusions can be drawn for lower bumps, not shown in that figure for
clarity. The full set of simulation results will be included when balancing uncertainties
in Section 7.

6. Turbulence model uncertainties
In this section, we quantify the epistemic uncertainty associated with the Boussinesq
eddy-viscosity hypothesis, which is the basis of several turbulence models, such as the
shear stress transport (SST) k − ω model used in our RANS simulations. This hypothesis
assumes a proportionality relation between the Reynolds stress tensor, u0i u0j and the
d
traceless mean strain rate tensor, Sij
, through an eddy-viscosity, νT , resulting: u0i u0j =
d
2kδij /3−2νt Sij +eij , where ui = ui +u0i , ui is the velocity component in the xi direction,
u0i is the corresponding velocity fluctuation, the overline operator denotes time-averaging,
k is the turbulence kinetic energy and eij are the epistemic uncertainties required for the
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equality to hold. Decomposing the normalized anisotropy tensor aij = −2νT Sij /k into
its eigenvalues, λ(i) , and eigenvectors, vj , such that: (aij − λ(i) δij )vj = 0, and splitting
the epistemic uncertainty into three components (∆k , ∆λ(i) and ∆vj ), one can write (see
Emory et al. 2011):

u0i u0j




2
(i)
= (k + ∆k ) δij + (vi + ∆vi )(λ + ∆λ(i) )(vj + ∆vj ) .
3

(6.1)

In what follows, we consider uncertainty only in the eigenvalues, ei = kvi vj ∆λ(i) , thus
assuming ∆k = ∆vi = 0, to isolate the effect of Reynolds stress anisotropy.
A marker field, m, is used to identify flow regions where the Boussinesq hypothesis
might not hold, rendering the turbulence model inaccurate. This marker is locally defined
√
√
as m ≡ (|gj sj |/ gk gk )(k/uk uk ), where gi = si ∂ui /∂xj and si = ui / uk uk . It measures
the departure from parallel shear flows (for which most turbulence models have been developed and validated, and for which there is reason to expect the Boussinesq hypothesis
to hold). The normalization factor, k/uk uk , is intended to avoid marking regions where
turbulence is small compared with mean convection.
In the marked regions, uncertainties are introduced in the form of perturbations, ∆λ(i) ,
to the eigenvalues, λi , following Emory et al. (2011): the point defined by those eigenvalues in the barycentric map proposed by Banerjee et al. (2007) is brought a fraction δ
closer to one of the three corners that define the limiting states of turbulence anisotropy
(one-, two- and three-component). This method ensures realizability of the perturbed
Reynolds stresses. Presently, δ is taken as 0.5 (i.e., bringing the point in the barycentric map half way to the targeted corner) for values of the marker higher than 10−3 ,
smoothly transitioning to zero for values of the marker below that threshold. We note
that this is an intrusive method of epistemic uncertainty quantification which requires:
1) modifying the code so that perturbations in the Reynolds stress tensor are introduced
in the marked regions, 2) running new simulations that start from previously converged
solutions and actively add those perturbations until convergence is again achieved. In
the present work, we perform EUQ simulations perturbing towards each of the three
corners in the barycentric map of eigenvalues, for the baseline case and for each one of
the geometrically perturbed cases (varying xb and hb ), at the nominal inflow conditions
(i.e., Mf = δf = 1), resulting in (1 + 9 × 4) × 3 = 111 additional simulations.
Figure 9 shows the marker field computed from both 2D RANS and LES (from resolved
quantities, considered here as a surrogate truth), for the baseline case. It is observed that
regions of interaction between the shock and the boundary layers (top and bottom walls)
are correctly identified as potential sources of epistemic uncertainty, although LES shows
somewhat larger regions identified by the marker than 2D RANS.
Figure 10 shows how the quantity of interest is affected by introducing epistemic uncertainties in the eigenvalues of Reynolds stresses, for a variety of cases including geometric
perturbations (only results for a bump height of hb = 0.89 mm are shown, for clarity).
Systematic deviations of the ∆QOI are obtained when introducing uncertainty towards
each corner of the barycentric map: displacement of the eigenvalues towards one- and
two-component turbulence brings the shock-crossing point downstream, whereas the opposite holds for the case with 3-component turbulence, which shows the larger deviations
with respect to the nominal case (without epistemic uncertainties). The largest deviation
from the nominal case occurs where the sensitivity to the bump location is also higher.
It is also noted that the experimental results are partially enveloped by the bounds ob-
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Figure 9. Contour lines of the marker m = 10−3 identifying regions of potential source of
epistemic uncertainty in the RANS turbulence model. The marker computed in a 2D RANS
simulation of the baseline case with eigenvalues perturbed towards the isotropic turbulence
corner (solid line) is compared with the a priori marker derived from the WMLES solution
(dashed line). Contour lines of the marker are superimposed on the vertical velocity contours
obtained in the WMLES to help identify the marked regions with respect to the flow features.
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Figure 10. Effect of epistemic perturbations of the turbulence model in the quantity of interest,
combined with aleatory uncertainties due to a geometric bump perturbation located at varying
streamwise locations, xb , with respect to the foot of the compression wedge, xwf , for a bump
height of hb = 0.89 mm. Epistemic perturbations are added by moving the eigenvalues of the
Reynolds stress tensor towards each corner of the barycentric map (see text): single-component
(short dashes, right triangles), two-component (dashed-dotted, left triangles), three-component
(long dashes, upper triangles) turbulence, with respect to the unperturbed case (solid, circles).
Experimental results are plotted for reference (dotted line, square symbols).

tained when this form of epistemic uncertainty is taken into account, except for the most
upstream bump locations.

7. Balance of uncertainties
In this section, the results from all the 2D RANS simulations performed are analyzed
to assess the effect of each source of uncertainty in the variation of the quantity of
interest with respect to the baseline case, ∆QOI. Results from the simulations considering
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Geometry Mf
µ
σ2
Min
Max

-2.21
1.82
-5.57
0.0

δf

-0.01
0.65
-1.81
1.74

-0.01
0.23
-1.31
0.66
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AUQ Combined EUQ1 EUQ2 EUQ3 EUQ Combined
-2.21
1.73
-6.57
1.31

0.66
0.33
-0.04
1.66

0.31
0.25
-0.11
0.99

-1.46
0.54
-2.97
-0.57

-0.16
1.01
-2.97
1.66

Table 1. Balance of uncertainties in ∆QOI (mean, variance and intervals) from each source:
aleatory (geometric perturbations, incoming Mach number and boundary layer thickness) and
epistemic (deviation toward each corner of barycentric triangle). Units in mm.
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Figure 11. Probability density functions of ∆QOI for each individual source of aleatory uncertainty: geometric perturbations (dashed), incoming Mach number (dash-dotted) and boundary
layer thickness (dotted), and their combined effect (solid).

aleatory uncertainties, including perturbations in the geometry (through the quantities
xb and hb ) and in the inflow conditions (Mf and δf ) are first utilized to reconstruct a
response surface by multivariate spline interpolation with respect to those four aleatory
uncertainties. The response surface is then used as a surrogate model in place of the RANS
solver, enabling interrogation at a larger number of sample points to obtain statistical
metrics associated with each uncertainty variable.
The effect of each source of aleatory uncertainty is also studied individually. For example, the ∆QOI due to variations in the incoming Mach number is retrieved by computing, for each combination of the other aleatory quantities {xb , hb , δ}, the difference in
∆QOI with respect to the nominal Mach number (Mf = 1.0), ∆QOI(xb , hb , Mf , δf ) −
∆QOI(xb , hb , 1.0, δf ). Similarly, the results obtained when epistemic uncertainties are
introduced in the eigenvalues of the Reynolds stress tensor are considered. The effect
of displacements towards each corner of the barycentric map can be evaluated independently, and also combined to obtain intervals for all cases.
Table 1 summarizes the results of mean, variance and intervals of ∆QOI associated
with each source of uncertainty. Figure 11 shows the probability density functions (PDFs)
derived from the analysis applied on aleatory uncertainty quantification. It can be observed that the aleatory uncertainty in ∆QOI is primarily dominated by the effect of
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geometric perturbations, which move the shock crossing point upstream of its baseline
location. 1% uncertainty in the inflow Mach number has a secondary effect that still
dominates over 5% uncertainty in the incoming boundary layer thickness. These last two
uncertainties show nearly symmetric PDFs, as opposed to the geometric perturbations.
The epistemic uncertainties under evaluation have a significant impact on the results,
and their effect dominates over aleatory uncertainties in the Mach number and boundary
layer thickness.

8. Conclusions and future work
A multi-fidelity approach for the numerical study of STBLI in a nearly-square duct is
presented. Experimental results are combined with WMLES, 2D and 3D RANS for validation and quantification of aleatory and epistemic uncertainties, determining the dominant
contributions to changes in the streamwise location of the shock-crossing point. Aleatory
uncertainties considered include geometric perturbations and variation of the inflow conditions. Epistemic uncertainties associated with the turbulence model are quantified by
introducing perturbations in the eigenvalues of the modeled Reynolds stresses.
Future work includes, for 3D RANS simulations, the addition of epistemic uncertainties
derived from perturbations in the turbulence kinetic energy and Reynolds stress eigenvectors and the integration of adjoint computations for numerical error estimation. The
application of improved sampling techniques of uncertain parameters and an extended
analysis of mixed aleatory and epistemic uncertainties are also planned.
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