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1. Motivation and objectives
To be applicable to complex aerodynamic flows at realistic Reynolds numbers, large
eddy simulation (LES) must be combined with a model for the inner part of the boundary
layer. Aerodynamic flows are, in general, very sensitive to the location of boundary
layer transition. While traditional LES can predict the transition location and process
accurately, existing wall-modeled LES approaches can not. Simply put, wall-models are
derived assuming a fully developed turbulent boundary layer; hence wall-modeled LES
grossly overestimates the friction and momentum losses in locations where the boundary
layer is laminar. Aside from leading to erroneously predicted overall friction, it also
leads to an artificially thick boundary layer that has a different sensitivity to an adverse
pressure gradient. Therefore, wall-modeled LES will only ever be useful in airfoil-type
flows once the wall model correctly distinguishes between laminar and turbulent regions
and allows for prediction of transition. Moreover, this should be accomplished in a way
that can be applied to arbitrary geometries; most notably, any proposed method must
not rely on the presence of homogeneous directions.
In the present work, the behavior of the wall model is adapted locally by sensing the
turbulent kinetic energy in the outer part of the boundary layer that is resolved by the
LES. The sensor is defined for arbitrary geometries and does rely on any homogeneous
direction. The full proposed method (i.e., the sensor coupled to a wall model in an LES) is
tested first in a very controlled setting: transition over a flat plate induced by blowing and
suction. It is then applied to compute the flow around the MD 30P/30N multi-element
airfoil at the realistic chord Reynolds number of 9 million.
It is important to note that the transition on the slat of the MD 30P/30N (at the
19◦ angle of attack that is considered here) occurs immediately after a small laminar
separation bubble, which effectively determines the transition location for the airfoil case.
In this scenario, existing wall-models can overestimate the skin friction in the laminar
region, thus leading to slightly thicker boundary layers. This situation is, obviously,
highly dependent on the airfoil, Reynolds number, and angle of attack. The purpose of
the first test case (flat plate boundary layer transition) is to directly test the ability of
the proposed method to predict the transition location.

2. Wall model and a sensor for the state of the boundary layer
The wall-modeling framework described in Bodart & Larsson (2011) is used in this
study and implemented in the in-house CharlesX LES solver. The compressible Navier
Stokes equations are solved on general unstructured grids using a finite volume approach.
The wall-model formulation assumes equilibrium in the turbulent boundary layer and a
mixing-length model is used for the eddy viscosity. The approach by Kawai & Larsson
(2012) of decoupling the thickness of the wall-modeled layer from the LES grid spacing is
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used to minimize the errors associated with the wall model; specifically, the wall-modeled
layer has a thickness equal to several LES grid cells. The parallel implementation is very
efficient and the extra cost induced by the wall-model does not exceed 6–7%, even on
several thousand cores.
2.1. Sensor formulation
Typical wall-model approaches generally assume the flow to be fully turbulent within the
boundary layer, i.e., a non-zero turbulent eddy viscosity is imposed to the flow. On the
other hand, a predictive method should be capable of “switching off” the eddy viscosity
when needed (e.g., in laminar regions) without a priori knowledge of the flow field. On
this regard, it should be noted that setting the eddy viscosity to zero in an equilibrium
wall-model is equivalent to using a linear approximation of the velocity profile between
the wall and the wall-model layer edge; this can be highly inaccurate in the framework
of Kawai & Larsson (2012), since the LES grid is much finer than the thickness of the
wall-modeled layer. To circumvent this problem, rather than setting the eddy-viscosity
to zero, we choose to switch to a standard one-cell approximation of the velocity gradient
at the wall in the laminar regions.
When it comes to build a sensor to detect whether the boundary layer is laminar or
turbulent, many quantities could be suitable candidates. To name a few, the resulting
coefficient of the dynamic procedure for the Smagorinsky model or the singular value decomposition of the velocity gradient tensor are appealing. However, the use of these quantities can have detrimental effects in terms of robustness and generality of the method:
the dynamic procedure (Germano et al. 1991) usually requires some spatial averaging and
is therefore not desirable for unstructured geometries. A singular value decomposition of
the velocity gradient tensor can identify two-component flows when σ3 = 0, which makes
a potential marker for laminar regions. However, several attempts showed that finding
a good numerical threshold for this particular sensor is non-trivial when dealing with
complex flows on general unstructured mesh.
The sensor used in this study instead relies on local time-filtered quantities. It is
therefore applicable to any type of geometry. Note that the time filtering does not violate Galilean invariance, since it is defined relative to a fixed position on the wall. The
laminar/turbulent sensor is defined as
Dp
E
u0i u0i /2
stl (xw , t) =
.
(2.1)
huτ i
The quantity is extracted from the LES domain (i.e., at the wall-model layer edge) for
each wall face. The angular brackets denote an average over a characteristic time T .
The velocity fluctuations in Eq. 2.1 are defined with respect to this average, i.e., u0i =
Ui − hUi i, where the velocity is taken from the corresponding wall-model layer edge.
Thus the sensor stl is an estimate of the local
p turbulent kinetic energy, normalized with
the estimated local friction velocity uτ = τw /ρw . To reduce the required memory, we
use an exponential moving average using the weight W (t) = exp(−t/T ) (e.g., Meneveau
et al. (1996); Chumakov et al. (2009)) to time average the quantity with a finite time
scale; this leads to the convenient ODE
dhf i(t)
f (t) − hf i(t)
=
,
(2.2)
dt
T
which can be easily integrated numerically. To capture large-scale unsteadiness in the

Wall-modeled computation of transitional flows.

231

0.20

y/δ

0.15

0.10

0.05

0.0

0.5

1.0 s 1.5
tl

2.0

2.5

Figure 1. stl value in a turbulent channel flow Hoyas & Jiménez (2006); Moser et al. (1999).
( ) Reτ = 180, ( ) Reτ = 395, ( ) Reτ = 550, ( ) Reτ = 950, ( ) Reτ = 2000.

flow field and in particular the signature of energy-carrying structures on wall quantities,
the time-scale for the averaging is set according to the local shear at the wall-model layer
edge as
T (t) = (Sij Sij )−1/2 .

(2.3)

The stl quantity should be exactly zero in laminar regions. For each wall face at each
time step, the behavior of the wall model is adapted depending of the value of stl . When
it is less than a threshold s0tl , the boundary layer is assumed to be locally laminar,
and the momentum and energy fluxes are computed using the classic nearest-cell linear
approximation. When stl > s0tl , the wall model is solved for the momentum and energy
fluxes.
An a priori study is performed to choose an acceptable threshold value. The stl value
is computed from the long-time averaged fields from several DNSs of turbulent channel
flow (Moser et al. 1999; Hoyas & Jiménez 2006). Results are reported in Figure 1 for
various friction Reynolds number Reτ , ranging from 180 to 2000. The quantity seems
very robust as almost constant (1.5-2.0) in the range y + > 10 and y/δ < 0.2. Note that
the ideal thickness of the wall-modeled layer is up to y/δ = 0.1−0.2 following the analysis
of Kawai & Larsson (2012). The threshold s0tl = 1.4 is used throughout this study.

3. Transitional boundary layer
In order to validate the sensor-based procedure described above, we consider a controlled transition scenario of a zero pressure gradient boundary layer. The primary objective is to evaluate the behavior of the sensor with respect to two major aspects: (i)
Does the coexistence of two different models for the wall fluxes affect the prediction
of the transition location? (ii) Can the wall model capture the characteristic shape of
the skin friction curve on a transitional flat plate? We reproduce H-type transition, using blowing/suction-induced disturbances in a localized strip on a flat plate. This type
of transition is characterized by excitation of the fundamental mode of the Tollmien-
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Figure 2. Sketch of the computational domain, domain size and grid resolution.

Schlichting (TS) wave and subharmonics at a much lower amplitude. Disturbance growth
and non-linear interaction results in a laminar breakdown at a quasi-steady location on
the flat plate. The numerical set-up is similar to previous works (Sayadi et al. 2011; Huai
et al. 1997). To obtain H-type transition, the fundamental mode is excited at amplitude
A1 while subharmonic waves are excited at amplitude A1/2 with the opposite phase.
In the present study, we use A1 = 2 · 10−3 and A1/2 = 10−4 to partially match the
experiments by Kachanov & Levchenko (1984). The blowing velocity is given by

π
v(x, z, t)
= A1 f (x) sin(ωt) + A1/2 f (x)g(z) cos ωt/2 +
,
(3.1)
U∞
2
2
where the frequency is set to F = ων/U∞
= 160 · 10−6 . The function f (x) is a “smooth”
shape function for the blowing/suction input profiles and is defined following the work
of Rist & Fasel (1995) as

f (x)

ξ


= ε 15.1875ξ 5 − 35.4375ξ 4 + 20.25ξ 3 ,

x − x1



if x1 < x < xm
x
m − x1
=


 x2 − x
if xm < x < x2 ,
x2 − xm

ε

=

sign(x − xm ),

xm

=

x1 + x2
.
2

(3.2)

The computational domain is described in Figure 2. A Blasius solution is prescribed
at the inlet with the assumption of a virtual leading edge (or origin) located further
upstream. Thus, the boundary layer extends from Rex = 105 at the inlet to Rex =
2 · 106 at the outlet. The disturbances are imposed in the range 1.6 · 105 < Rex <
1.75 · 105 . A hybrid structured/unstructured mesh is designed to adapt to the growth of
the boundary layer. A structured layer roughly follows the boundary layer shape, while
unstructured cells are used the far field, to coarsen the grid and lower the computational
cost. In the first part (ABCD, see Figure 2), the grid is stretched in the wall-normal
direction in order to capture the shape of the disturbance modes. The first cell next
to the wall has ∆y = 0.01δ. In the second part (DE) the structured layer grows with
the turbulent boundary layer. At the end of the domain the grid is uniform in the wallnormal direction. As a result, the cell size in the wall-normal direction normalized by the
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Figure 3. Left: Disturbances growth relative to the freestream velocity in log-scale at y = 0.26δ,
comparison with the experiments (Symbols) of Kachanov & Levchenko (1984). ( )-[1,0],
( )-[2,0], ( )-[3,0], ( )-[1/2,1], ( )-[3/2,1], ( ) -[5/2,1]. Right: Fundamental and first oblique
modes growth in linear scale at y = 0.26δ.

boundary layer thickness δ does not vary significantly for Rex > 10 · 105 . Therefore, this
choice is consistent with the grid requirements for wall-modeled LES: we are interested in
resolving the flow field in the outer layer only, in which eddy sizes scale with δ. Compared
with Sayadi et al. (2011), the domain is significantly longer in the streamwise direction
in order to reach higher Reynolds number and be relevant to wall-modeling.
To avoid any spurious oscillations due to acoustic reflections, sponges are added above
and at the end of the boundary layer, to force the solution towards a quiescent flow,
respectively the free-stream Balsius similarity solution and a logarithmic profile for the
streamwise velocity to approach the mean turbulent velocity profile. Finally, we use the
Smagorinsky subgrid model with the dynamic procedure in order to have zero eddy
viscosity in the laminar regions, thus allowing the growth of the disturbances without
unphysical damping.
3.1. Validation: disturbances growth
We measure the growth of the disturbances and their harmonics by probing the streamwise velocity field at various streamwise locations and perform a 2D (z, t) Fourier transform of the signal. The probes are taken at y locations close to 0.26 times the local
δ, which is near the vertical position where the oblique modes have the maximum amplitude. Results are shown in Figure 3. Note that we obtain a piecewise representation
as cell values are extracted despite the growth of δ; jumps are observed whenever the
probe changes from one vertical location to the next. The fundamental mode behavior
is well-captured. It grows up to about Rex = 3.75 · 105 , followed by saturation and a
decrease of the amplitude farther downstream. This result differs from those of Sayadi
et al. (2011) and Huai et al. (1997), in which no decrease of the fundamental mode amplitude was observed (contrary to the experimental results). The growth rate is slightly
different compared to the experiment, which may be due to the small frequency mismatch
between the two. However, both reach the same amplitudes in the region of non-linear
interaction, at Rex = 4.5 · 105 . The first subharmonic is perfectly represented, with the
same amplitude and growth rate. For the higher harmonics, we generally see a very good
agreement for the growth rates, but with different amplitudes, which is consistent with
the fact that none of these modes are explicitly introduced in the computation, whereas
they are present in the experiment through the surrounding noise.
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Figure 4. Instantaneous skin friction for 1.75 × 105 < Rex < 7.9 × 105 . Top: WMSLES.
Bottom: WMLES. (Spanwise extent is scaled by a factor 2).
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Figure 5. Left: Skin friction coefficient along the flat plate: ( ) Blasius solution, ( ) turbulent
correlation, ( ) WMLES, ( ) WMSLES, ( ) URLES, ( ) DNS of Sayadi et al. (2011). Right:
Velocity profiles at Rex = 1.8 · 106 (Reθ = 3200): ( ) WMSLES, ( ) URLES, ( ) DNS of
Schlatter & Orlu (2010) - Reθ = 3270 , ( ) “log law” (C=5.2).

3.2. Results
We perform three different simulations using the grid described above: WMSLES uses
the wall model with the proposed sensor-based correction in the laminar region; WMLES
uses the wall model in the traditional sense, i.e., without the sensor; and URLES does
not use any wall model and can be viewed as an under resolved LES.
The wall-model layer edge is specified at a fixed y = lwm location along the flat plate. A
posteriori values of lwm are reported in Table 1 as the function of the (growing) boundary
layer thickness δ. In the turbulent region 0.10δ < lwm < 0.37δ, which is consistent with
the 15–20% of the boundary layer thickness suggested by Kawai & Larsson (2012). This
corresponds also to the probe location where the stl quantity is computed.
A first qualitative result is presented in Figure 4, which shows the instantaneous skin
friction. When the wall model is applied everywhere on the flat plate, the skin friction
is over-predicted in the laminar region. As a result, a fully turbulent flow is erroneously
obtained everywhere on the flat plate. On the other hand, using the proposed sensor
yields a clear distinction between the laminar and turbulent regions, as the correct skin
friction level is obtained in the laminar region.
Figure 5(a) shows the mean skin-friction coefficient (time and spanwise averaged) along
the flat plate for the various test cases and the DNS by Sayadi et al. (2011). When using
the sensor to de-activate the wall-model, the laminar skin friction is perfectly recovered
while it is over-estimated by more than 200% if the wall model is applied everywhere
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Reθ lwm /δ

0.5
10
0.43 7.0e-3
0.14
70 410
3.9 19.7 174e-3 8.5e-3 43e-3 455 1350
13.6 16 90e-3 11.5e-3 13.6e-3 1240 3280

1.05
0.32
0.1

Table 1. Cell size next to the wall, given in wall units and normalized by δ, and the
characteristic Reynolds numbers. All values are extracted from the WMSLES case.

on the flat plate. The transition location compares very well with the DNS in both the
URLES and WMSLES cases. Regarding the former, a similar behavior was already shown
in Sayadi & Moin (2012). The key result here is that the sensor correctly de-activates the
wall model without any a priori knowledge, and this leads to a very good prediction of the
transition location. The skin friction for this simulation is slightly over-estimated in the
transitional region, as opposed to the URLES case which compares very well to the DNS.
The reason is in the wall model itself, where the assumptions of equilibrium and fully
developed flow are not true in the transitional region. Figure 5(b) shows a comparison of
the velocity profiles with the DNS data of a boundary layer by Schlatter & Orlu (2010).
The mean velocity field is extracted at Rex = 1.8 · 106 , where Reθ ≈ 3200, in the URLES
and WMSLES cases. Despite the narrow spanwise extent in the current computational
domain (with respect to δ), results extracted from WMSLES are very good, especially
in the “logarithmic layer”. As expected, the under-resolution of the viscous layer in the
URLES case leads to an under-predicted wall shear stress, which in turn translates to
the large shift observed in u+ .
Table 1 gives the a posteriori resolution in wall units, as well as normalized by δ.
As pointed out above, using a wall model in this case is not completely justified. A
full resolution of the inner layer could be achieved without increasing significantly the
computational cost of the study, for example by keeping the wall-normal stretching in
section DE. In this case, capturing the transition strongly limits the grid coarsening. This
statement does not apply to every transition scenario but should be kept in mind when
computing transitional flows, as there is little hope that a wall-model formulation would
handle the transition itself. On the other hand, and in the perspective of computing
longer evolving boundary layer, a better design of the grid could be achieved, with a
gradual increase of ∆y along the streamwise direction for example. The cell size would
scale with δ and result in significant savings in terms of total number of cells. Note that
this way to design a grid is rather counterintuitive as it goes in the opposite direction
of the grid refinement required downstream of a leading edge to account for the full
resolution of the inner layer in an evolving turbulent boundary layer. No such path has
been investigated in this study, and we rather use this test case as a proof of concept
before applying the methodology to more complex geometries.
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x1
∆x/δ
x0 x1

∆y/δ
x0
x1

∆z/δ
x0
x1

lwm /δ
x0
x1

Slat 1.7 0.15 0.3 0.02 0.8 0.021 1.2 0.032
Main 0.7 0.04 0.15 0.008 0.25 0.003 0.34 0.0052
Flap 0.7 0.24 0.17 0.065 0.07 0.013 0.1 0.02
Table 2. Grid resolution along the McDonnell-Douglas 30P/30N airfoil and associated
streamwise locations.

4. Application to a complex geometry: the MD 30P/30N airfoil
The exact same case as in Bodart & Larsson (2011) is considered here. We compute
the flow around the McDonnell-Douglas 30P/30N airfoil at 19◦ angle of attack and a
Reynolds number based on the total chord in the stowed configuration of Rec = 9 · 106 .
Preliminary results from these calculations were shown in Bodart & Larsson (2011);
they have been refined over the past year through a grid-refinement study. In the present
report we discuss only the results on the finest grid.
The grid is an extrusion of a two-dimensional unstructured grid using 160 layers for
a spanwise extent of 0.016c, and has a total of 74 million control volumes. To maximize
accuracy close to the walls, structured layers are used in the vicinity of the airfoil. Grid
characteristics in the boundary layer of each element of the airfoil are presented in Table
2. Multi-element airfoils are very challenging for large eddy simulation and wall modeling. Boundary layers with very different characteristics develop on each element. Each
wake interacts with the next boundary layer. In particular, they bring a significant level
of free-stream turbulence which creates favorable conditions to trigger ‘bypass’ transition
to turbulence on the next element. On the first element (slat) and at low angle of attack,
experimental studies (Chin et al. 1993) report the formation of a laminar ‘bubble’ above
which transition occurs and forces the flow to reattach. When the angle of attack increases, the size of the bubble decreases and moves upstream close to the high-curvature
region. In the current simulations several pieces of evidence show that these three phenomena (separation-transition-reattachment) are extremely linked and most likely occur
at the same location in space. 2D simulations, with a single cell in the spanwise direction
and therefore preventing transition to turbulence, show separation occurring at the same
location as that observed in the 3D simulations. To summarize, transition occurs through
two different scenarios over the multi-element airfoil: (i) induced by flow separation on
the slat element and (ii) ‘bypass’ transition by interaction with the wake generated by
the previous element. We focus the discussion on the impact of a sensor-based wall model
on the prediction of these transition locations as well as on the accuracy of the resulting
skin-friction coefficient.
For the present study, a constant thickness lwm wall-model layer is used on each of the
elements. This value normalized by the local boundary layer thickness δ is provided in
Table 2. Due to the adverse pressure gradient, the boundary layer growth is significant
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Figure 6. Sensor-based wall model applied to complex geometries: on the slat (a) and on the
main element (b) of the 30P/30N airfoil. (Spanwise extent is scaled by a factor 2). For each
element (1-2-3): state of the boundary layer (black = turbulent) according to the sensor value Skin friction coefficient (WMSLES) - Skin friction coefficient (WMLES)

in this configuration, which leads to large differences in lwm /δ over the length of each
element. This variation is not ideal for the wall model.
However, we ensure that the wall-model layer is at least four cells thick to reduce
the error due to numerical inaccuracy in the first cells (Kawai & Larsson 2012). An
illustration of the sensor-based procedure is shown in Figures 6(a) and 6(b) for the slat
and main element, respectively. Instantaneous values of the turbulent state are reported
together with the predicted wall shear stress from wall-modeled LES with and without
the sensor. On both elements the sensor leads to a much better estimation of the wall
shear stress in the laminar regions. The point of transition is clearly not affected on the
slat, which is a consequence of the specific transition scenario there. On the main element
we observe a shift of the point of transition when the sensor is used. However, the origin
of these differences cannot clearly be attributed to the effect of the sensor on the element
itself; instead, it could be a consequence of the effect of the sensor upstream on the slat,
which could have modified the characteristics of the incoming turbulent flow.
The skin friction coefficient Cf obtained in the WMSLES case is shown in Figure 7.
For each element, the laminar part is characterized by an increase of the skin friction
due to the strong acceleration of the flow. On the main element and on the slat, a first
peak is observed (at s = 0.05 and s = 0.12, respectively) due to the density variation in
these regions. Downstream, the large increase of the skin friction in the transition region
is well captured for each element due to the use of the sensor. Finally, the location of the
transition compares very well with the measurements of Bertelrud (1998). The difference
does not exceed 2% of the total chord and stays within the experimental uncertainty.
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Figure 7. Friction coefficient along each element of the airfoil. s is the curvilinear coordinate,
taken from the stagnation point. Dashed lines provides an estimation of the beginning and end
of transition from experimental data (Bertelrud 1998).

5. Summary
The possibility of combining a wall model with a laminar/turbulent state sensor in
order to activate the wall-model only when the flow is turbulent is demonstrated. This
is a mandatory ingredient in computing flows where laminar-to-turbulent transition is
important and where the boundary layers eventually reach high Reynolds numbers. One
very obvious application that satisfies these conditions is the flow over an airfoil.
A robust sensor based on a local-in-space estimate of the turbulent kinetic energy
is developed. This sensor is then used to compute a transitional boundary layer on a
flat plate and the flow over the MD 30P/30N multi-element airfoil. In both cases, the
sensor successfully identifies laminar and turbulent regions, thus allowing for the correct
estimation of the wall fluxes. The transition location is very well predicted for the different
transition scenarios: on the flat plate, we show that an inconsistent estimation of the wall
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fluxes in the laminar region moves the transition location upstream. In the case of the
airfoil, the transition location on the first element is mingled with a separation and
reattachment region. Therefore, this transition scenario is mainly governed by the strong
pressure gradient and curvature, and the transition location is at most weakly affected
by the sensor. However, the overall momentum loss over the slat is affected by whether
the sensor is used or not.
We finally note that the proposed approach can be extended to other difficulties arising
in complex geometries, such as flow separation. In that case, a different flow sensor could
be designed to switch off the wall model when the flow separates, since the flow structure
and the local Reynolds number after separation would not justify the use of a wall model.
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