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1. Motivation and objectives
Thermoacoustic Stirling heat engines (TASHE) are devices that can convert heat into
acoustic power with very high efficiencies. This potential is due to the absence of moving
parts and relative simplicity of the components. The low manufacturing and maintenance costs make these systems an attractive alternative for clean and effective energy
generation. The core energy conversion process occurs in the regenerator (REG) – a
porous metallic block, placed between a hot (HHX) and a cold, or ambient (AHX),
heat-exchanger, sustaining a mean temperature gradient in the axial direction. Acoustic
waves propagating through it (with the right phase) can be amplified via a thermodynamic process resembling a Stirling cycle. Most designs explored up to the mid-1980’s
were based on acoustic standing waves and had efficiencies typically less than 5%. A significant breakthrough was made by Ceperley (1979) who showed that traveling-waves can
extract acoustic energy more efficiently, leading to the design concept of traveling-wave
TASHEs, currently used today (Backhaus & Swift 2000; de Waele 2009). In this configuration the generated acoustic power is in part resupplied to the regenerator via some
form of feedback loop and in part directed towards a resonator for energy extraction.
This design is the focus of the present study.
Improving the technology behind TASHEs has been of particular interest during the
last decade, with research efforts worldwide (see Garrett (2004) for a review). A recent
breakthrough, for example, was made by Tijani & Spoelstra (2011) who designed a
traveling-wave TASHE that achieved a remarkable overall efficiency of 49% of the Carnot
limit. Current design choices for TASHEs, however, are not informed by an accurate
description of the underlying fluid mechanics. The present study pioneers the use of
full-scale three-dimensional flow simulations to inform the modeling of such linear and
non-linear processes, in an attempt to improve the state-of-the-art prediction capabilities
and technological design.
Among the most important non-linear processes impacting the efficiency of TASHEs is
acoustic streaming (Boluriaan & Morris 2009). This is the cumulative effect of (non-zero)
net fluid particle displacements over several (high-amplitude) acoustic cycles. The result
is a rectified flow that, when unsteady, may evolve over time scales orders of magnitude larger than the fundamental acoustic frequency (Thompson et al. 2004). Streaming
typically occurring in TASHEs is responsible, for example, for mean advection of hot
fluid away from the REG/HX unit (thermal leakage), which limits the wave amplitude.
Penelet and co-workers (Penelet et al. 2005, 2012) identified the inadequate modeling of
such non-linear effects the primary reason for the failure of low-order models to correctly
capture wave-amplitude saturation, even in simple geometries. It is therefore necessary
to adopt a direct modeling approach, as done by Boluriaan & Morris (2003) who performed simulations solving the fully compressible viscous flow equations in an idealized
two-dimensional configuration modeling traveling-wave streaming suppressed by a jet
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pump. To properly account for the viscous interactions with the solid wall, the Stokes
thickness had to be resolved. Three-dimensional flow simulations of similar configurations, fully resolving thermo-viscous effects and transport due to streaming, are yet to
be attempted. In the present work we take on the challenge of studying streaming occurring in a three-dimensional TASHE by analyzing the effects on engine performance but
also attempting to reproduce it with simpler non-linear numerical models. A fluid dynamic analogy can, in fact, be exploited to model the streaming velocity field (Rudenko
& Soluyan 1977) as an incompressible flow driven by wave-induced Reynolds stresses.
By following this approach, we developed a simplified numerical model to gain insight
into the spatial structure of the acoustic wave-induced body force and its interaction
with the geometry. The model reproduces the key non-linear thermo-viscous effects, DC
streaming, and vortex-shedding.
A very high computational cost, however, is associated with the direct resolution of
the governing equations. In a complete TASHE model the range of temporal and spatial
scales can span four orders of magnitude (Hamilton et al. 2002). These range from the
acoustically driven thermal and viscous boundary layers, scaling with the Stokes boundary layer thickness δν typically of the order of 10−1 mm, to the resonator length, typically
of the order of the acoustic wavelength λ ' 1 m. This challenge has been directly confronted in the simulations presented here, where special care has been taken to devise a
meshing strategy that could capture the large spread of scales but retain a manageable
computational cost in three dimensions. The regenerator and heat-exchangers are the
only components that have not been directly resolved due to the geometrical complexities of their porous structure. This would, however, not pose a significant extra burden
on the required computational time per se since the characteristic pore size is typically
100-500 microns, of the order of the (already resolved) viscous boundary layer.
For the purpose of the present study we adopt the numerical model proposed by
à Nijeholt et al. (2005) of a traveling-wave thermoacoustic heat engine extending it to
a three-dimensional setup, with the addition of a secondary ambient heat-exchanger to
achieve a limit cycle. The heat-exchangers and regenerators are modeled using semiempirical source terms. This allows us to focus on the full-scale resolution of the highamplitude acoustics interacting with complex geometrical features such as sharp corners
and cross-sectional area changes. Details omitted in à Nijeholt et al. (2005) regarding,
in particular, the modeling of heat-exchangers and regenerators are reconstructed by
relying on semi-empirical models available in the literature. This work can be considered
the first step towards a simply defined benchmark case to validate computational models
of thermoacoustic devices. The spatially and temporally resolved data will be used to
gain insight into the linear and non-linear governing physical processes mentioned above
and to contribute to their modeling.
In the following, the computational setup is first introduced, discussing the adopted
meshing strategy and the semi-empirical heat-transfer and drag models for the heatexchangers and the regenerator. The engine start-up phase is then investigated with
the aid of linear models describing the nature of the propagation and generation (via
thermoacoustic instability) of acoustic power in the system. Instantaneous data are then
collected at the limit cycle where acoustic streaming is investigated.
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(a)
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Figure 1. Illustration of the model traveling-wave thermoacoustic engine inspired by à Nijeholt
et al. (2005). Full system (a), regenerator/heat-exchanger area (b), drawn to scale. A dash-dotted
line indicates the line of geometrical axial symmetry. The different components of the engine
are the resonator (R), the thermal buffer tube (TBT), the annular inertance feedback loop (i),
the compliance (c), the hot heat exchanger (HHX), the regenerator (REG), the ambient heat
exchanger (AHX), and secondary heat exchanger (AHX2).

Parameter Heat-Exchangers Regenerator
rh (mm)
dw (mm)
φ

0.1
0.2667
0.60

0.041
0.0670
0.71

Table 1. Parameters for regenerator/heat-exchanger model (2.1). Hydraulic radius rh , characteristic wire diameter dw (mm), porosity φ. Values for rh and φ are taken from à Nijeholt et al.
(2005).

2. Problem formulation
The direct approach adopted in the present study requires the resolution of the complete set of conservation equations for mass, momentum, and total energy for a compressible viscous flow. The equations are solved on a three-dimensional and unstructured grid
discretizing the geometry illustrated in Figure 1. The full device consists of a long resonator with a heat-exchanger/regenerator unit at one end, enclosed by a zero-thickness
annular tube. The resonator and annular tube walls are modeled as adiabatic no-slip
boundaries with homogeneous Neumann conditions for pressure.
The regenerator and heat-exchangers are typically composed of a porous metallic structure ranging from overlapped wire screens (or metal felts) to stacks of parallel plates or
rods, with the former more typical for regenerators, and the latter for heat-exchangers.
Following à Nijeholt et al. (2005), we choose to model the heat transfer and drag in such
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i
h
Di = − RC + RF (uj uj )1/2 ui

(2.1a)

SE = −ui Di + Sh ,

(2.1b)

respectively, for the momentum and energy equations. The drag term Di is modeled
following the parametrizations

(1 − φ)


(2.2a)
 RC = Csf µ
4dw 2 φ

ρCf d

 RF =
,
(2.2b)
4dw
where φ and dw are the characteristic porosity and mesh wire size of the component,
and Csf and Cf d are dimensionless fitting constants taken from the ILK Dresden and
Kühl metal felts correlations (Thomas & Pittman 2000). These are specific to Stirling
engine regenerators and are derived under different oscillating flow conditions. The wire
size dw is estimated given the porosity and the pore hydraulic radius, rh , by using the
correlation suggested by Organ (1992).
The source term Sh in (2.1b) accounts for heat-transfer in the REG/HX unit and is
modeled as


Sh = −α T − Ts (x) ,
(2.3)
where T is the instantaneous fluid density and Ts (x) is the assigned temperature profile
which is equal to Th and Ta , respectively, in the hot and ambient heat-exchangers and
varies linearly in the regenerator between the two values. In the present brief results for
Th = 480 and Th = 500 will be presented. The ambient temperature is Ta = 300 K for
all cases.
The proportionality constant α is derived as
α=

ρR
4µ
,
γ − 1 b2 ρP r

(2.4)

where ρ is the fluid density, R is the gas constant, and γ is the ratio of specific heats.
The ratio ρR/(γ − 1) in 2.3 is the characteristic variations of total energy with respect to
temperature (∂ρEt /∂T ) derived using the equation of state. The second ratio in (2.4) is
the inverse of the characteristic time scale for heat-transfer in the void spaces of the heatexchangers and regenerator, which has been estimated by modeling such components as
stacks of parallel plates with spacing b matching the given hydraulic radius of the pores,
b = 2rh . The resulting time scale is a function of the thermal conductivity entering
the model as the ratio of the dynamic viscosity µ and the Prandtl number P r. This
simplified model is expected to predict the correct order-of-magnitude heat-transfer rate
to the pore flow. It is based on the assumption of perfect thermal contact and is in
quantitative agreement with a similar model used in DELTAEC (Ward & Swift 1994).

3. Numerical model
The governing equations are discretized on an unstructured hexahedral mesh (Figure 2)
and solved only in a 90◦ circular section of the full geometry with rotational periodicity
applied in the azimuthal direction. The infinitely thin annular tube wall is modeled
by locally breaking the mesh connectivity, thereby introducing two overlapping solid
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(a)

(b)
Figure 2. Computational grid for the full length resonator (a), zoom on the right end (b) corresponding to view in Figure 1. The computational grid has been mirrored about the centerline
for illustrative purposes. The cross-section grid distribution is not shown.

boundaries for the flow. Three concentric O-grids in the cross-section, two in the feedback
inertance and one in the pulse tube (not shown), are required in this region to map the
polar mesh at the resonator walls to a quasi-uniform central Cartesian block. The high
resolution around the annular tube walls is retained into the neighboring regions of
the domain to resolve the intense vortex shedding generated at the sharp edges. Visual
inspection of the flow does not reveal significant vorticity magnitude (away from the
wall) for x < −0.1 m. This has lead to the collapse of hexahedral elements at x =-0.146
m (Figure 2, bottom), resulting in a coarser radial grid distribution for the remaining
portion of the resonator.
A preliminary grid refinement study has been carried out to ensure the convergence of
the acoustic energy growth and the resolution of the viscous boundary-layer thickness. In
the present work, only results from a computational domain of 0.5 million elements, with
a wall-normal resolution of 0.1 mm, will be shown. The presence of shear-layer instabilities
in the fully non-linear regime (not shown in this brief) and the near-transitional Stokes
Reynolds numbers in the feedback inertance loop and in the neck of the resonator suggest
more constraining grid-resolution requirements, which will be explored in future work.
The strong intensity of the acoustic streaming (discussed later) is responsible for the
mean advection of hot fluid from the REG/HX unit to the AHX2. This resulted in very
sharp instantaneous temperature gradients that required the clustering of points around
the AHX2 and the adoption of a second-order ENO reconstruction in the thermal-buffer
tube.
The governing equations are solved for mass, momentum, and total energy in the
finite-volume unstructured code CharLESx developed as a joint-effort project among
researchers at Stanford University. The flux reconstruction method is grid-adaptive at the
preprocessing stage and solution-adaptive at run-time. It blends a high-order polynomial
interpolation scheme (up to fourth-order on uniform meshes) with a lower-order scheme
to ensure numerical stability in areas of low grid quality (Ham et al. 2007). The discretized
system of equations is integrated in time with a fully explicit, third-order Runge-Kutta
scheme. The code is parallelized using the Message Passing Interface (MPI) protocol.

4. Engine Startup
The activation of the source terms (2.1) alone in a quiescent flow provides a sufficiently intense initial acoustic perturbation to trigger thermoacoustic instability in all
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Figure 3. Time series of pressure (a) along the centerline, r = 0, at x = −1.8825 m (– –) and
x = 0.0425m (—), and axial velocity (b) at x = −0.92 m (—) for case Th = 500 K.

preliminary numerical trials, leading to the production of acoustic energy in the system.
However, to reduce the duration of the startup phase, all cases shown here are initiated
with a half-wavelength pressure distribution of 0.5kPa in amplitude, with base pressure
and temperature of 101325 Pa and 300 K. Spurious high frequency perturbations are
visible at the beginning of the pressure and velocity time series (Figure 3), resulting
from the abrupt application of the source terms. These are dissipated after a few cycles, and a single resonant mode at 59.8 Hz is rapidly established for all values of the
hot heat-exchanger temperature Th tested. Pressure amplitude at all locations initially
grows exponentially at the same rate everywhere in the device except for the compliance
(where it is approximately twice as high). A standing wave rapidly develops in the resonator with growing amplitude and base level (DC pressure mode). The latter is caused
by the expansion of the fluid in the TBT in contact with the HHX visible in Figure 4(c).
As shown in later on Section 4.3, the acoustic pressure amplitude settles to a constant
value as the second ambient heat-exchanger picks up the excess heat (Figure 6). These
are non-linear effects that are relevant at higher pressure amplitudes, and at a later stage
in the device evolution are dynamically important only at later stages of evolution of the
system. We analyze first the generation and propagation of acoustic energy in the system,
focusing on the initial phase relying on linear acoustic concepts.
4.1. Thermodynamic cycle
The energy conversion process induced by the thermoacoustic instability takes place in
the REG/HX unit. Building upon the original interpretation due to Ceperley (1979), let
us consider the history of a Lagrangian fluid parcel located at time t = 0 in the regenerator
(Figure 4, b) and initially displaced along the centerline by the acoustic perturbation.
The imposed background temperature gradient (Figure 4,c) causes the fluid to undergo
heating (Sh 0 > 0) or cooling (Sh 0 < 0), if displaced towards the hotter (u0 < 0) or colder
side (u0 > 0), respectively. Pressure increases (p0 > 0) or decreases (p0 < 0) according
to the sign of the heat gain/loss. Only plane waves purely traveling in the direction of
the temperature gradient, for which the cycle-average of p0 u0 is negative in this case,
will be amplified. The time-resolved data from our numerical simulation (Figure 4, a)
confirm this interpretation. When the displacement of the fluid parcel reaches a local
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Figure 4. Lagrangian fluid parcel axial position xp starting at X0 = 0.171 m and t = 0 (b),
base temperature (—) and density profiles (– –) taken along the resonator axis through the
REG/HX unit (c), pressure and specific volume fluctuation calculated on the Lagrangian fluid
parcel trajectory over one acoustic cycle at t = 0.8 s (a). Fluctuation in energy source term (2.3)
calculated on Lagrangian particle position, heat addition Sh0 > 0 (upward arrows), heat removal
Sh0 < 0 (downward arrows) with scale shown in figure. Data taken from case with Th = 480.

minima/maxima (zero velocity dxp /dt = 0), no excess heating or cooling (Sh 0 = 0)
occurs. If the fluid is then displaced towards a colder dxp < 0 (or hotter dxp > 0)
region, the natural compression (or dilatation) that would be induced by a planar wave
traveling along −x alone is enhanced by the excess cooling (or heating) provided by
the background temperature gradient. This leads to the observed amplification of the
acoustic perturbation.
The thermodynamic cycle experienced by the fluid parcel, converting heat into acoustic
power, is analogous to a Stirling cycle. Moreover, just like in mechanical (e.g., pistondriven) Stirling heat engines, the sinusoidal flow velocity does not allow for the existence
of an isochoric transformation, which corresponds to the isoentropic transformations
in the equivalent Carnot cycle, limiting the theoretical thermodynamic efficiency. However, analogously to the ideal Stirling cycle, most of the heating and cooling occurs,
respectively, during the expansion and compression stages. Time lags in the heat transfer that might reduce the efficiency of the cycle are not contemplated by the heat transfer
model which assumes perfect thermal contact. The low-order model for heat-transfer (2.3)
adopted here does not take into account possible time lags between heat transfer and the
pressure fluctuation in the regenerator of a real regenerator. It is therefore likely that
the adopted model (2.3) leads to an overestimation of the thermoacoustic response, with
respect to a realistic case.
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The tracking of a Lagrangian fluid parcel (Figure 4, b) reveals the presence of a mean
drift in the particle position in the direction of the traveling wave. This is a non-linear
effect known as acoustic streaming, which does not affect the energy conversion mechanisms in the initial phase. Non-linearities become important when the system reaches
higher levels of acoustic energy and are the focus of Section 4.3.

4.2. Acoustic network of traveling-waves
In spite of the finite amplitude of the initial acoustic perturbation (exceeding 1% of the
base pressure) and the immediate establishment of non-linear effects, the exponentially
growing acoustic amplitude suggests that the essential dynamics of the start-up phase are
linear. The low frequencies observed in the numerical simulations and the high aspectratio of the system excludes the presence of cross-sectional modes at the resonator scale
(the lowest cut-on frequency is ∼1.7 kHz). This allows us to predict that the amplification
of left-traveling waves occurring in the REG/HX unit determines a system-wide acoustic
network of plane waves traveling away from the pulse tube directed towards the leftend of the resonator where they are reflected; they then propagate through the narrow
feedback inertance, are reflected off the right-end of the resonator, and loop back into the
REG/HX unit, creating a self-sustained amplification cycle. This prediction is confirmed
by the quantitative assessment of the acoustic power propagation in the system provided
in the following. To confirm such prediction let us decompose the fluctuating pressure
and velocity field into two plane waves traveling in opposite directions
(
pa = p− f (ω t + φ− ) + p+ f (−ω t + φ+ ),
(4.1)
ua = −u− f (ω t + φ− ) + u+ f (−ω t + φ+ ),
where f () is a generic periodic function with period 2 π, p± and u± are the unknown
amplitudes of the purely traveling pressure and velocity waves (which are a function of
space), and + (−) is the direction of positive (negative) velocity fluctuation u > 0 (u < 0)
taken along a given direction. The angular frequency ω is a real number. Under the
assumption that pressure and velocity amplitudes p± and u± vary slowly with time scales,
they are considered approximately constant over one acoustic period. By construction of
Eq. (4.1), they satisfy the relationships p± = ρ0 a0 u± , where the based density ρ0 and
speed of sound a0 also vary slowly with time. The acoustic perturbation Eq. (4.1) can
be rewritten in the form of a complex Fourier series
 +∞
X



p̂k ej k ω t



= p−

+∞
X



a
ûk ej k ω t
ρ

 o o

= −p

k=−∞

k=−∞

+∞
X

−
fˆk ej k[ω t+φ ] + p+

k=−∞
+∞
X
−
k=−∞

−
fˆk ej k[ω t+φ ] + p

+∞
X

+
fˆk∗ ej k[ω t−φ ] ,

k=−∞
+∞
X
+

(4.2)
+
fˆk∗ ej k[ω t−φ ] .

k=−∞

Letting the m-th mode be any non-zero Fourier component, the unknowns p± and φ±
are easily determined by isolating such mode from (4.2), yielding

h
i
h
i
−
+
∗
p̂m
= fˆm p− ej m φ
+ fˆm
p+ e−j m φ ,
h
i
h
i
(4.3)
+
∗
ρo ao ûm = −fˆm p− ej m φ− + fˆm
p+ e−j m φ
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Figure 5. Left p− (left triangle) and right p+ (right triangle) traveling-wave amplitude calculated based on the linear approximation (4.1) for time t = 0.8 s for Th = 480K case, along the
centerline (—) and in the feedback inertance (— —)

where the unknowns have been grouped into squared brackets. In particular, the pressure
amplitudes are given by
(
p− = |p̂m − ρ0 a0 ûm |/|2fˆm |
(4.4)
∗
p+ = |ρ0 a0 ûm + p̂m |/|2fˆm
|.
This procedure is applied for the points shown in Figure 5, spanning the resonator axis
and looping around the REG/HX unit. Results show that left-traveling waves leaving the
REG/HX unit propagate into the resonator and are reflected back with lower amplitude
due to viscous losses in the resonator. These can be interpreted in terms of acoustic
power, which based on (4.1) can be expressed as
Z Z
+∞
i X
A h +2
2
p − p−
fˆk∗ fˆk .
(4.5)
Ė + =
p u dA dt =
ρ
a
0 0
A
k=−∞

The acoustic power density (Ė + /A) is maximum in the feedback section around the pulse
tube due to the reduced cross-sectional area. Overall, the present analysis confirms that
right-traveling waves exiting the inertance are reflected off the right end of the resonator
and propagate back into the REG/HX unit.
4.3. Non-linear regime
The analysis carried out so far has been exclusively based on the assumption of linear
(small) acoustic perturbations. Departure from linearity, however, is already visible after
the first second of operation (Figure 6) where the acoustic energy growth rate falls below
the initial value. The system then settles to a very large acoustic amplitude (+176 and
+178 dB, respectively, for Th = 480 K and Th = 500 K). In order to understand how
a steady state is reached, the effects of acoustic streaming need to be analyzed. The
approach suggested by Rudenko & Soluyan (1977) is adopted here based on the following
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Figure 6. Time series of maximum pressure amplitude in the resonator, showing initial exponential increase and limit cycle. The growth rates are 0.43 s−1 and 0.72 s−1 for the Th = 480 K
and Th = 500 K cases respectively.

decomposition of the instantaneous flow field


 ρ = ρ0 (x, µ t) + ρa (x, t)

p = p0 (x, µ t) + pa (x, t)


ui = u0,i (x, µt) + ua,i (x, t),

where the subscript 0 indicates a temporally filtered quantity such as
Z ∞
sin(π τ /τa )
φ0 (x, µ t) = φ(x, t) =
φ(x, t + τ )
dτ,
πτ
−∞

(4.6a)
(4.6b)
(4.6c)

(4.7)

where φ(x, t) is an instantaneous field, τa is the characteristic time scale to be filtered
out (the acoustic period in our case), and µ is a small dimensionless factor accounting for
the longer characteristic time scales of filtered variables; the subscript a in (4.6) indicates
the remainder of such filtering procedure, i.e., the acoustic fluctuation in our case. The
filtering operation (4.7) is, in practice, carried out between -4τa and 4τa by adopting
Simpson’s quadrature rule on the discrete data sampled at 2.2 kHz.
Substituting the decomposition (4.6) into the time-filtered conservation of mass, ignoring temporal variations of the filtered density ρ0 (x, µ t) ' ρ0 and assuming that time
scales of variation of ρ0 and u0,i are much longer than the acoustic period, yields


ρa ua,i
∂
u0,i +
= 0.
(4.8)
∂xi
ρ0
The divergence-free vector field in (4.8) is the cycle average, net fluid parcel Lagrangian
velocity, Ui , sum of an Eulerian filtered velocity and a Stokes drift
Ui = u0,i +

ρa uai
.
ρ0

(4.9)

It can be shown that, under the same assumptions underlying the derivation of (4.8), Ui
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Figure 7. Profiles of time-averaged streaming velocity extracted in the inertance, from left to
right for x = 0, 0.2, 0.40, 0.60, 0.80, 1.0 Li where Li = 0.204 m (shifted by 15 m/s for clarity).
Total value Ux (—) and hρa ua,x i/ρ0 (– –).

is the solution of the incompressible momentum equation
ρ0

∂
∂p0
∂Ui
+ ρ0
Uj Ui +
− µ∇2 Ui = Fi ,
∂t
∂xj
∂xi

(4.10)

where the forcing term on the right-hand side is the effective force density and contains
all of the effects of acoustic non-linearities. It can be approximated by neglecting higherorder terms (such as triple correlations), yielding




2 µ ∂
∂
∂
µ
∂
∂
Fi = −ρ0
ua,j ua,i +
−
ρa ua,i +
ρa ua,j +
ρa ua,k . (4.11)
∂xj
∂xj
ρ0 ∂xj
∂xi
3 ρ0 ∂xk
The direct evaluation of Fi allowed by the numerical simulation data reveals very high
values at the sharp edges of the annular tube due primarily to the first term on the
right-hand side of (4.11) (not shown). This causes the streaming flow to be pushed
away from the edges, reaching local amplitudes of the order of 10 m/s (Figure 7). This
localized, very intense value of Fi , due to the singularity around the sharp corner, drives
two large recirculations, of the scale of the resonator diameter, at the two opposite ends
of the annular tube (Figure 8). These appear to shape the complex streaming pattern
in the rest of the device. Secondary recirculations are present due to the interaction
with the walls, and a weaker streaming flow looping around the pulse tube is also visible.
The signature of the intense shear-layer instabilities developing downstream of the vortex
rings periodically rolling-up at the edges of the annular tube (not shown) is not present in
the extracted streaming field (derived after azimuthally averaging the three-dimensional
data), which can be regarded as close to being purely acoustically driven. Very large and
elongated recirculations, of the order of a quarter of the acoustic wavelength, are also
visible in the resonator and are due to the wave-induced shear stresses.
The streaming flow in the pulse tube is responsible for the mean advection of hot fluid
in the direction of the imposed temperature gradient. The intensity of such streaming
grows proportionally to the acoustic power in the system until it is sufficient to balance
the opposite temperature gradient imposed by the secondary ambient heat-exchanger.
The system reaches a limit cycle when such thermal equilibrium is achieved.
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Figure 8. Contours of axial component of time-averaged streaming velocity hUx i and corresponding streamlines. Full-scale visualization and zoom in the REG/HX area. Results have
been mirrored about the centerline for illustrative purposes.
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Conclusions
We have carried out the first three-dimensional Navier-Stokes simulation of a travelingwave thermoacoustic Stirling heat-engine (TASHE) to investigate the linear and nonlinear processes governing such devices. The TASHE model adopted is a long variablearea resonator with the engine module at one end. The latter is composed of an infinitely
thin annular tube enclosing the heat-exchanger/regenerator (REG/HX) unit – the only
component not directly resolved. All walls are modeled as adiabatic no-slip boundaries
with a wall-normal resolution resolving the viscous boundary layer. Simulations have
been carried out for hot heat-exchanger temperatures of 480 K and Th = 500 K. A limit
cycle is obtained with the introduction of a secondary ambient heat-exchanger (AHX2)
reproducing conditions typically found in thermal-buffer tubes (TBT).
The thermoacoustic instability intensifies plane waves propagating in the direction of
the imposed temperature gradient via a Lagrangian process resembling a thermodynamic
heat-engine cycle. After the activation of the heat source, an acoustic network of traveling
waves looping around the REG/HX unit is rapidly established undergoing an initial exponential amplification at 59.8 Hz. Acoustic non-linearities are not significant in the early
stages of operation but are, however, detectable from the start in the form of streaming. Complex system-wide streaming flow patterns rapidly develop in time, governing
the device at later stages. A solution decomposition based on sharp-spectral filtering is
adopted to extract the wave-induced Reynolds stresses and energy fluxes (not shown) at
the limit cycle that drive such streaming flow. The key processes involved are travelingwave streaming in the feedback inertance, periodic vortex roll-up around the edges of the
annular tube, and near-wall acoustic shear-stresses (in the variable-area sections of the
resonator). The first drives the mean advection of hot fluid away from the REG/HX in
the direction of the AHX2 (DC streaming) that, in turn, is responsible for saturation of
the acoustic energy growth in the system.
A (linear) lumped-parameter model is currently under development to describe the
acoustic energy propagation mechanisms, including growth rate and characteristic frequency. A simplified numerical model based on a vorticity-streamfunction formulation is
also under development to directly simulate the streaming flow driven by the acoustic
wave-induced stresses as the solution of the incompressible Navier-Stokes. A preliminary
grid-refinement study is carried out to show convergence of the calculated stresses and
their divergence. A third simulation for Th = 460 (at the limit of the critical point) is
also currently under way.
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