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1. Motivation and objectives
In many situations, owing to the complexity of flow, access to detailed representation of
the flow field is impossible. Therefore, the capability of representing the essential physics
through fewer degrees of freedom (model reduction) is of great value. For example, control
systems rely on models through differential equations. The use of partial differential
equations governing the flow is intractable for this purpose. Therefore, one can reduce the
governing equations by extracting modes that contribute most to the overall dynamics.
In this approach, a high-dimensional flow field is typically projected onto a set of spatial
modes. As an example, if U (x, y, z, t) is a flow variable, where x, y, and z are the spatial
coordinates and t is time, the flow-field can be represented by
U (x, y, z, t) =

N
X

an exp (λn t)φn (x, y, z),

(1.1)

n=1

where φn is the spatial mode, an is the amplitude and λn is the frequency of the respective
mode.
A common practice for extracting spatial modes from data is by proper orthogonal decomposition (POD) (Sirovich 1987, Holmes et al. 1996, Moin & Moser 1989). Since POD
deals with flow snapshots, it is applicable to experiments as well as to numerical simulations. Through this procedure the most energetic modes are extracted. An alternative
to POD is balanced POD, which is a tractable method for computing approximate balanced truncations and has computational cost similar to POD (Rowley 2005). Balanced
POD is closely connected to POD such that it may be viewed as POD with respect to a
particular inner-product, or as a biorthogonal decomposition. In a subsequent step, the
POD basis can be truncated to obtain low-dimensional systems of ordinary differential
equations from the Navier-Stokes equations via Galerkin projections.
A ranking of fluid structures by energy, followed by a truncation that retains only
the most energetic components, cannot account for structures that are low-energetic but
nonetheless contribute significantly to the flow dynamics. In this respect, the dynamic
mode decomposition (DMD, Schmid 2010) constitutes a suitable alternative to POD
as it extracts spatial modes based on their single-frequency content rather than sorting
them according to their contribution to the total energy. This technique is the basis
of Koopman analysis of non-linear dynamical systems (Mezic 2005, Rowley et al. 2009).
The Koopman operator is a linear operator that can be defined for any non-linear system
and is not based on linearization. DMD is a data-driven spectral analysis technique and,
similar to POD, can be applied to both experimental and numerical data.
A brief description of the method is provided in Section 2, where we also compare the
performance of DMD to the conventional methods for extracting dominant frequencies
from the data such as Fourier transform. Additionally, we assess the performance of
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DMD in extracting modes of dynamical importance from the DNS data of H- and Ktype transitions in Section 3. The modes form the early and late transitional regime are
then compared.

2. Dynamic mode decomposition, formalism
Dynamic mode decomposition is a method to extract dynamic information from field
data, collected from simulations or experiments. Dynamic modes can be used to project
large-scale problems onto dynamical systems with fewer degrees of freedom (Schmid
2010). The objective of this work is to represent the velocity signal from the DNS data
through DMD modes. Few modes of dynamical importance can then be used as a reduced
order representation of the original data. An overview of the derivation of dynamic modes
is described here (for further details refer to Schmid 2010).
In this study the velocity signals (matrix V1N ) from the DNS data are used as an input
to the DMD procedure. The matrix V1N is formed as below

 1
u1
u21 . . . uN
1
 v11
v12 . . . v1N 

 1
 w1 w12 . . . w1N 

 1

 u2
u22 . . . uN
2


,
V1N =  .
.
.
..
.. 

 ..


2
N 
 u1
 M uM . . . u M 
N 
2
 v1
vM . . . vM
M
N
1
u2M . . . wM
wM
where, u, v, and w are the three velocity components. In uab , the superscript a denotes
the snapshot number (the maximum number of snapshots is N ) and the subscript b
determines the index of the grid point in the mesh (the mesh consists of M number
of grid points). Each column of this matrix is the data from a single snapshot, vi . The
snapshot sequence of data is therefore given by matrix V1N :
V1N = {v1 , v2 , · · · , vN },

(2.1)

where the vector vi is the ith snapshot of the flow field containing the velocity field. If
we assume that a linear mapping A connects the snapshot vi to the subsequent snapshot
vi+1 , we have
vi+1 = Avi .

(2.2)

Therefore, we can formulate the sequence of snapshots as
V1N = {v1 , Av1 , · · · , AN −1 v1 }.

(2.3)

The goal here is to extract the dynamic characteristics, i.e., eigenvalues and eigenvectors
of the dynamical process described by A based on the sequence V1N −1 . A is a large
square matrix of rank M . As the number of grid points increases the rank of this matrix
also increases. In order to avoid forming this large matrix A, a companion matrix S̃ is
formed instead. The eigenvalues of S̃ then approximate some of the eigenvalues of A.
Consider the singular value decomposition of the snapshot matrix
V1N −1 = UΣW∗ ,

(2.4)

where U and W are the left and right singular vectors, respectively and Σs are the
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singular values. Substituting the singular value decomposition of the snapshot matrix in
AV1N−1 = V2N and multiplying both sides by U∗ , we get U∗ AU = U∗ V2N WΣ−1 ≡ S̃.
Let yi s and µi s be the eigenvalues and eigenvectors of S̃
S̃yi = µi yi ,

(2.5)

such that Y = [y1 , y2 , · · · ] and
µ=

!

µ1
..

.

.

Therefore,
U∗ AUY = S̃Y = Y µ,

(2.6)

AUY = UY µ.

(2.7)

and,
The dynamic modes are calculated as
φi = Uyi ,

(2.8)

and µi is the eigenvalue of the dynamic mode, φi . The eigenvalues are related to the
frequencies, λi s, through a logarithmic mapping, λi = log(µi )/∆t, where ∆t is the time
interval between two consecutive snapshots. Note that N snapshots are needed to extract
N − 1 modes. Assuming the dynamic modes are normalized, the amplitude of each mode
is calculated by projecting the first snapshot onto the DMD basis. Finally, we have the
decomposition, which can be represented by Eq. (1.1). This decomposition resembles a
temporal Fourier transform, and for a periodic signal, because both methods result in
the decomposition of a data based on the dominant frequencies, one would expect similar
results. In the following section, therefore, we compare the performance of each method
when applied to time-periodic data.
2.1. DMD versus Fourier transform
Based on definition, for data sequences from a linearized flow simulation, DMD is equivalent to a global stability analysis, and for data sequences from a nonlinear flow, it
produces modes of the tangential linear approximation of the full-system matrix and describes dominant dynamic behavior contained in the data sequence. Finally, for a periodic
signal, which is the case in the early transitional regime of the H- and K-type boundary
layers, DMD is supposed to be analogous to Fourier transforms (FFT). In this section
we illustrate the advantages of using DMD relative to Fourier transform for a periodic
signal, by taking manufactured skin friction data resembling that of the H- and K-type
transition used in this study.
Figure 1(a) shows the manufactured skin-friction data composed of an underlying
TS wave superimposed by noise downstream, resembling a fully populated spectrum of
turbulence. The error per snapshot of each method is plotted in Figure 1(b). This figure
shows that for small number of snapshots the predictions based on DMD are superior.
This is relevant for the DNS data since owing to the size of the data (≈ 1 TB), a maximum
of 100 snapshots is available. This number of snapshots spans a maximum of two periods
of TS-wave oscillations, shown in Figure 1(b). The second and more important reason
that DMD is more advantageous than FFT is that FFT suffers from spectral leakage
when a wave with less than a full period is considered, as noticeable by the peaks in
Figure 1(a). DMD does not show the same trend. Due to the robustness of the DMD
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Figure 1: (a) skin friction coefficients in the domain used to perform DMD and FFT
analysis, (b) comparison of errors. − − −, FFT; —–, DMD; − · −, limit of two periods
of the TS-wave oscillation.

method, we will use this decomposition to analyze the transitional boundary layers in
the following section.

3. DMD of three-dimensional data
In this section we analyze the performance of DMD in extracting the dominant structures of the linear and fully nonlinear regime of both H- and K-type transitions. Two
points need to be addressed in the context of a spatially growing transitional boundary
layer. First, because of the convective instability of the flow, modes grow or decay downstream, and in order to represent the coherent structures in the flow accurately, DMD
must capture this behavior. Furthermore, we have mentioned that each DMD mode is a
representation of a spatial structure with a specific, single frequency. In the special case
of controlled transition, fundamental and subharmonic modes of known frequency are
introduced into the flow through blowing and suction; for this reason, a first validation
case would be to check whether DMD is capable of identifying the shape and frequencies
of these modes accurately. These two points are addressed here by examining the early
stages of H- and K-type transitions. In addition, DMD is applied to the fully nonlinear
stages of both transitions and the dominant modes are assessed and compared.

DMD of controlled H- and K-type transitions

193

4.3

4.3

4.25

4.25

0

4.2
4.15
4.1
4.05

0.05
Z

0.1

4

X

0

4.2
4.15
4.1
4.05

0.05
Z

0.1

(a)

X

4

(b)

Figure 2: Iso-surfaces of wall-normal velocity, DNS (H-type). Light colors illustrates positive and dark colors negative values. (a) reconstruction of DMD modes, (b) Original
DNS data.
3.1. H-type transition
DMD is performed on the DNS results of Sayadi et al. (2013). In the H-type transition,
which is considered first, the computational domain is divided into 32 equidistant blocks
in the streamwise direction with ∆x/x0 = 0.3. In the transitional regime, owing to
periodicity, only one wavelength of the subharmonic wave in the spanwise direction is
included in the DMD-subdomain, such that ∆z = λ = Lz /4. The wall-normal range of
the DMD subdomain extends to the edge of the boundary layer. The three dimensional
velocity components are analyzed through 101 equally spaced snapshots spanning two
periods of the fundamental frequency.
Figure 2 shows the block extending from x = 4.0 to x = 4.3. The skin friction profile
at this location coincides with the laminar solution; however, the nonlinear interactions
leading to the growth of the subharmonic waves have already taken place, causing threedimensional modulation of the flow. Figure 2(a) is the reconstruction compared with the
DNS data, Figure 2(b). This figure shows good agreement between the original and the
reconstructed data. In order to analyze the differences quantitatively, the evolution of
the error in the reconstructed data is plotted in Figure 3 for each velocity element ui ,
i = 1, 2, and 3. Evolution of the DMD modes in time is calculated through Eq. (1.1) for
each snapshot, and the error is defined as
PM
|uDMD − uDNS
|
i
,
(3.1)
i = k=1 i
M
where M is the total number of grid points inside the block under consideration. For
this region which occurs early in the transition process, the original data are represented
accurately with a small error using 100 snapshots. These 100 snapshots cover two periods
of the TS-wave frequency. The error plot shows the same frequency with maximum at
half the period. The streamwise velocity has the highest magnitude in this region of the
flow, therefore, the error in the DMD reconstruction appears to be higher for this velocity
component. On the other hand, the evolution of the error in time seems to be independent
of the velocity variable. The error is lowest for snapshots corresponding to the frequency
of the TS-wave. This can be explained by noting that the amplitudes of the DMD modes
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0

Figure 3: i , error in reconstruction. ◦, streamwise velocity; • wall-normal velocity; 4;
spanwise velocity (H-type).

F1
f1
2
Blowing and suction strip 1.24 × 10−4 0.62 × 10−4
DMD
1.24 × 10−4 0.62053 × 10−4

Table 1: Frequencies of the fundamental TS and subharmonic waves (H-type).

are optimized based on the reconstruction of the first snapshot. Since the frequency of
the TS-wave is the dominant period of the signal, the data is best reconstructed at this
frequency.
The spectra of DMD modes are plotted in Figure 4(a) versus the imaginary frequency
of each mode. The mode with the highest amplitude at λi = 0 represents the timeaveraged data. The remaining modes are in complex conjugate pairs, as expected owing
to the convective nature of the instability in the boundary layer. Modes 2, 4, 6, and
8 and their complex conjugate pairs are highlighted in this figure. Contours of wallnormal velocity for modes 2 and 4 are plotted in Figure 4. The odd modes are excluded
because they are the conjugate pairs of the modes that are plotted and have the same
spatial shapes. Mode 2 is the subharmonic wave representing the oblique wave in the
domain. Mode 4 corresponds to the two-dimensional TS wave. At x = 4.0 this mode
is mainly two-dimensional, but by x = 4.3 three-dimensional modulation of the wave
is noticeable. Modes 6 and 8, highlighted in the DMD spectra, are higher harmonics
of the TS and subharmonic frequencies, respectively. The frequencies of the TS and
subharmonic modes, approximated through DMD, are compared to the values introduced
into the DNS calculation through the blowing and suction strip in Table 1. The DMD
results agree well with the DNS values.
The amplitudes of the fundamental TS and the subharmonic waves are also plotted
for comparison in Figure 5. These amplitudes are computed by sampling the data within
two periods of oscillation of the fundamental wave. The sampled data are then Fourier
transformed in time and spanwise direction based on the frequency and wavelength of the
wave under consideration. Figure 5 shows that the amplitude of the subharmonic mode is
initially lower than the TS wave. This finding agrees with the results of the DMD in that
subharmonic wave, represented by mode 2, has a lower magnitude an than that of the
TS wave (mode 4). However, within this block the subharmonic wave grows and finally
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Figure 4: Modal shapes and magnitudes for the block positioned from x = 4.0 to x = 4.3
(H-type). (a) magnitudes an . ◦, all modes; •, modes 2, 4, 6, and 8, (b) and (c) contours
of wall-normal velocity at y/x0 = 0.01, Mode 4 and Mode 2, respectively.

reaches an amplitude greater than that of the fundamental wave. This is represented in
the spatial DMD mode by an increase in the modal value of mode 2 toward the end of
the block. Therefore, the growth in the mode’s amplitude is captured through DMD.
On the other hand, the two-dimensional TS wave has already become saturated and its
amplitude is constant. This saturation has been captured by DMD as the contour levels
of mode 4 remain unchanged within the block.
Performing DMD on a block positioned farther downstream from x = 5.2 to x = 5.5
results in modal structures different from previous results. This region coincides with
the region where Λ-vortices appear, leading to the formation of ring-like and hairpin-like
vortices causing the skin-friction coefficient to diverge from its laminar value. Figure 6(a)
shows the iso-surfaces of the wall-normal velocity within this block. The eigenvalues of
the 100 modes calculated through DMD are plotted in Figure 6(b). Because of the fully
nonlinear nature of the flow, all eigenvalues are on the unit circle, therefore, no growth or
decay can be attributed to the DMD modes. The modes are of oscillatory nature if λi 6= 0
or are stationary if λi = 0. Contours of wall-normal velocity at y/x0 = 0.1 are plotted
for modes 2, 4, 6, and 8 in Figure 6(c). Odd modes are again not plotted here, because
the odd modes are the complex conjugate pairs of even modes. The recognizable shape
of the two-dimensional TS-wave and the subharmonic oblique wave is not apparent in
these modes. The structures are elongated in the streamwise direction following the legs
of the hairpin vortices. Although the spanwise direction is the homogenous direction of
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Figure 5: Amplitudes of the disturbances. ◦, fundamental wave; •, subharmonic wave
(H-type).
the flow, the modes do not exhibit a specific wavenumber in this direction. This suggests
that Fourier transforming the data in the spanwise direction would result in different
modal shapes that may not represent a single frequency in time. In the following section
the same formalism is applied to the K-type transition.
3.2. K-type transition
In this transitional regime the computational domain is divided into 32 blocks of length
∆x = 0.27 in the streamwise direction. As described in the previous subsection, because
of periodicity of the disturbances in the spanwise direction during transition, only one
fourth of the spanwise length is included in the DMD domain. This coincides with one
wavelength of three-dimensional disturbance prescribed at the blowing and suction strip
upstream. One hundred and one snapshots spanning almost two periods of the fundamental disturbance are sampled.
Figure 7 shows the iso-surfaces of wall-normal velocity for the first snapshot of the
block spanning from x = 2.07 to x = 2.34. The time- and spanwise-averaged skin friction
coefficient at this location agrees with the laminar solution. Except for the first mode
representing the mean, all other modes appear in the form of complex conjugate pairs
owing to the convective nature of the disturbances. The magnitudes of the modes are
plotted in Figure 8(a) with modes 2, 4, 6, 8, and their complex conjugate pairs highlighted.
Figure 8(b) shows the contours of wall-normal velocity for one of the modes in the pair.
The first two modes excluding the mean are plotted. The subharmonic wave in this
transition scenario has the same frequency as that of the fundamental wave, in contrast
to the H-type regime, where the subharmonic wave is forced with half the frequency of the
fundamental wave. This difference in the two frequencies is more apparent in DMD as each
dynamic mode is sampled through its specific frequency. Figure 4(b) shows that in the
H-type transition, DMD is able to separate the fundamental wave from the subharmonic
wave because the two have different frequencies. However, no such distinction is made in
the modal shapes of the K-type transition because both modes have the same frequency.
The existence of the subharmonic wave is captured indirectly by modulation of the twodimensional fundamental wave with the superimposed subharmonic wave.
Performing DMD on a block positioned farther downstream from x = 2.9 to x =
3.15 results in different modal structures. This block coincides with the location where
the skin-friction coefficient has diverged from the laminar solution. The Λ-vortices have
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Figure 6: Modal shapes and the eigenvalues for the block positioned from x = 5.2 to
x = 5.5 (H-type). (a) iso-surfaces of wall-normal velocity, (b) eigenvalues, µ, (c) contours
of wall-normal velocity at y/x0 = 0.01.

Mode 6

Mode 2

evolved into a packet of hairpin vortices for which the iso-surfaces of wall-normal velocity
are shown in Figure 9(a). The same scenario can be seen in the H-type transition, where
the corresponding modes were shown in Figure 6(c). The difference between the two
cases can be seen in the dynamic modes captured by DMD. The Λ-vortices in the Htype transition are in a staggered format. This causes the location of the Λ-vortices to
shift in the spanwise direction by half a wavelength of the oblique wave during each
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Figure 7: Modal shapes and magnitudes for the block positioned from x = 2.07 to
x = 2.34 (K-type). Dark color illustrates the negative and light the positive iso-surfaces.
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Figure 8: Modal shapes and magnitudes for the block positioned from x = 2.07 to
x = 2.34 (K-type). (a) magnitudes an . ◦, all modes; •, modes 2, 4, 6, and 8, (b) and (c)
contours of wall-normal velocity at y/x0 = 0.01, Mode 2 and Mode 4, respectively.
period of the fundamental frequency. However, in the K-type regime the location of the
Λ-vortices is fixed. As a result, the shape of the modes in Figure 9(c) shows that the
smaller structures are concentrated inside the region within a half wavelength of the
oblique wave in the spanwise direction, where the Λ-vortices are present. This region
coincides with the location where the turbulent spots are present.
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Figure 9: Modal shapes and magnitudes for the block positioned from x/x0 = 2.9 to
x/x0 = 3.15 (K-type). (a) iso-surfaces of wall-normal velocity, (b) eigenvalues, µ, (c)
contours of wall-normal velocity at y/x0 = 0.01.

Figure 9(b) shows the eigenvalues corresponding to each DMD mode. Although the
block is positioned at the location where the flow is fully nonlinear, there are modes with
eigenvalues inside the unit circle. This discrepancy is the result of the higher-frequencies
present in this transition and can be remedied by adding more snapshots.
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4. Summary and conclusions
DMD has been performed on DNS data of H- and K-type transitions to extract dynamically important structures in the flow. When applied to the three-dimensional data at an
early transition, DMD performs like a global instability analysis, because the flow is governed by linearized equations. The subharmonic wave in the H-type regime is extracted
from the fundamental wave and its harmonics through different frequency (half the fundamental frequency), and its growth in the streamwise direction is captured through DMD.
In the K-type regime, on the other hand, because the subharmonic wave is enforced with
the same frequency as the fundamental wave, each resulting DMD mode is composed of
the fundamental wave superimposed by the subharmonic three-dimensional wave. This
also demonstrates how DMD samples each mode based on its frequency. When applied
to the nonlinear regime of the transitional flows, the staggered and aligned arrangement
of Λ-vortices in the H and K-type scenarios, respectively can be distinguished through
DMD modes. Because of the fully nonlinear nature of the flow, all eigenvalues are on the
unit circle and no growth or decay can be attributed to the DMD modes.
In addition, comparison of DMD and Fourier transform for a time-periodic signal
shows that the performance of DMD for a small number of snapshots is superior. Moreover, DMD shows minimum spectral leakage, making it a robust approach for extracting
frequencies from general configurations.
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