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1. Motivation and objectives
Large eddy simulation (LES) solves for the large scales of turbulence directly while the
smaller sub-grid scales are modeled. In order for LES to be accurate, the dynamically
important motions in the flow have to be sufficiently resolved. This requirement is easily
fulfilled in free shear flows where the large scales are most energetic and dynamically
important. The same is not true in wall-bounded flows since the length scale of the
energy-containing eddies, especially in high Reynolds number, gets progressively smaller
toward the wall. Although accurate, the cost of wall-resolved LES of high Reynolds
number flows approaches that of direct numerical simulation (DNS), preventing its use
in wall-bounded flows of engineering applications. In order to circumvent this limitation,
wall-modeled LES (WMLES) aims at predicting turbulence away from the wall using a
coarse grid that does not resolve the inner layer, while modeling momentum and heat
transfer across it. In WMLES, the grid spacing scales not on the viscous wall unit, but
on the local boundary layer thickness. This reduces the required number of grid points
13/7
from Nwr ∼ Rec
in wall-resolved LES to Nwm ∼ Rec in WMLES (Choi & Moin
2012). Another factor of ten or more savings can be achieved by the use of a larger
computational time step.
In WMLES, the momentum and heat fluxes at the wall (τw and qw ) are directly modeled and enter the LES domain as Neumann boundary conditions. Depending on the
level of approximation in modeling these quantities, the form of the wall model can vary
from simple algebraic equations to full, space-time-dependent partial differential equations (PDE). An early approach in the 1970s was to establish simple algebraic relations
between the wall shear stress (τw ) and velocity data at the first off-wall LES grid point
(u1 ). These models directly apply the logarithmic law of the wall to relate τw to u1 . The
assumption of a universal law of the wall is valid only in equilibrium flows, and therefore
extensions to complex separated flows are not justified.
An improvement to the early wall-models was to model τw and qw with differential
equations. The wall-model is then no longer a simple algebraic relation, and the wall
fluxes are obtained by solving simplified or full RANS equations defined on an embedded, auxiliary mesh that resolves only a portion of the inner layer. The so-called
equilibrium wall-model is obtained by ignoring all the terms in full RANS equations
except the wall-normal diffusion. The wall-model equations then reduce to a system of
uncoupled ordinary differential equations (ODE) which associate each wall face with
its corresponding LES solution at the top boundary of the wall-model layer. When one
retains more terms, non-equilibrium effects such as unsteadiness, nonlinear advection,
and pressure gradient can be accounted for by the wall-model, at the expense of solving
time-dependent PDE in three dimensions. This type of wall-model is broadly termed
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a non-equilibrium wall-model. See reviews by Piomelli & Balaras (2002) and Piomelli
(2008) for more comprehensive information on the wall-models described above.
In this article, we report the recent development and implementation of a non-equilibrium
wall-model in an unstructured mesh environment. To authors’ knowledge, none of the existing non-equilibrium wall-models has been implemented and tested in an unstructured
mesh environment. This lack of implementation is not desirable for a long-term goal
of applying WMLES to complex flows over or inside complex geometries. The present
study therefore begins with building the framework of non-equilibrium wall-model in an
unstructured flow solver. The method is similar to that of the wall-models for structured mesh described by Balaras et al. (1996), Cabot & Moin (2000), Wang & Moin
(2002), and Kawai & Larsson (2013), but is supplemented by a new dynamic eddy viscosity/conductivity model that corrects the effect of the resolved Reynolds stress on
the skin friction. Unlike earlier models, this eddy viscosity/conductivity model does not
have a stress-matching procedure or a tunable free parameter, and it shows consistent
performance over a wide range of Reynolds numbers.
The paper is organized as follows: Section 2 provides a description of WMLES formulation and its implementation. The proposed model is validated in Section 3, followed by
the future plan in Section 4.

2. Implementation of a non-equilibrium wall-model in an unstructured solver
2.1. Solver generic info
The non-equilibrium wall-model is added to Charles, a cell-centered unstructured finite
volume compressible LES solver provided by Cascade Technologies, Inc. The code is written entirely in C++, and uses domain decomposition and the Message Passing Interface
(MPI) for parallelism. The base LES code is modified to enable concurrent simulation
of LES and RANS, as well as communication between the two solvers. In the LES, an
explicit third-order Runge-Kutta (RK3) is used for the time advancement. The spatial
discretization is central and formally second-order accurate on arbitrary unstructured
meshes, but reduces to a fourth-order central scheme on a Cartesian equidistant grid.
For stability purposes, face reconstruction of advective fluxes is based on a convex combination of central and HLLC-upwind schemes:
F = (1 − α)Fcentral + αFHLLC ,

(2.1)

where 0 ≤ α ≤ 1 is a dissipation controlling parameter proportional to the non-skewsymmetry of rows in the global advection matrix. In general, α is close to 1 near the
hanging nodes, computational boundaries, and cells with high skewness. α is practically 0
on internal faces of rectangular grids. Also, α is set to 1 near the shock in conjunction with
the use of ENO-HLLC flux reconstruction. For more detailed descriptions, see Khalighi
et al. (2010) and Ham & Iaccarino (2004). The dynamic SGS model of Moin et al. (1991)
with the modification of Lilly (1992) is used to calculate sub-grid scale viscosity.
The wall-model solver employs different numerical methods for solving the RANS
equations: space integration using a second-order HLLC approximate Riemann solver
and a backward Euler for time integration (see Pečnik et al. 2010). An implicit timemarching is needed to avoid a severe acoustic CFL time-step restriction caused by the
wall-model mesh refined in the wall-normal direction. The maximum time step for coupled
LES-RANS simulation is therefore imposed by the LES. A dynamic mixing length model
described in Section 2.2 is used for the turbulence closure in the wall-model equations.
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2.2. Non-equilibrium wall-model
The present non-equilibrium wall-model is based on the compressible Reynolds-averaged
Navier-Stokes equations. We retain all the terms in the equations. The equations are
solved on a separate wall-model mesh comprising a small sub-domain of the LES mesh
(y/δ < 0.1). Models for eddy viscosity (µt,wm ) and eddy conductivity (λt,wm ) are given
by
µt,wm = µ∗t +

d
ρ̄R̄ij S̄ij
d S̄ d
2S̄ij
ij

,

λt,wm = λ∗t +

ρ̄cp Ḡj Q̄j
,
Ḡj Ḡj

(2.2)

d
where S̄ij
= S̄ij − 1/3δij S̄kk is the deviatoric part of the mean rate-of-strain tensor,
′
ρ̄R̄ij = ρ̄ui u′j is the resolved Reynolds stress, Ḡj = ∂ T̄ /∂xj is the mean temperature
gradient, Q̄j = u′j T ′ is the resolved turbulent heat flux, and cp is the mass specific heat
at constant pressure. The terms with superscript * are the quantities modeled with simple
mixing-length models given by

µ∗t = ρ(κη)2 |S|D(η), λ∗t = µt,wm cp /P rt ,

(2.3)

where κ = 0.41 is the von Kármán constant, P rt = 0.9 is the turbulent Prandtl number,
η is the wall-normal distance, |S| = (2S̄ij S̄ij )0.5 is the magnitude of mean rate-of-strain
tensor, and D(η) = [1 − exp(−η + /A+ )]2 is the van Driest wall-damping function with
A+ = 26. All quantities are defined with respect to the wall-model solution, and mean
(over-barred) quantities needed by the model are computed on the fly by defining an
appropriate temporal averaging operator.
The motivation for developing the above model comes from the fact that the use of
steady RANS type model (Eq. (2.3)) in unsteady nonlinear equations causes persistent
overprediction of skin friction. Cabot & Moin (2000) claimed that the eddy viscosity in
the wall-model equation should account only for the unresolved part of the Reynolds
stress, since the resolved stress carried by the nonlinear advection terms in the RANS
equations is not negligible. Wang & Moin (2002) showed that the inclusion of the nonlinear terms in the wall-model equation increases the wall stress. In order to compensate
for this effect, they reduced the value of eddy viscosity in the wall-model equation by
dynamically matching the total turbulent stress (resolved + modeled) in the LES and
the wall-model at the matching location. Kawai & Larsson (2013) recently showed that
the aforementioned dynamic approach at high Reynolds number yielded too low eddy
viscosity throughout the wall-model layer, resulting in significantly underpredicted wall
shear stress. In the same paper, they proposed an eddy viscosity model in which the von
Kármán constant has an assumed linear variation in the wall-normal direction, with its
slope adjusted by a tuning parameter.
The proposed models in Eq. (2.2) are derived by directly requiring the turbulence model
to account only for the unresolved part of the Reynolds stress. A more intuitive derivation
in incompressible limit is to directly obtain the eddy viscosity of the resolved motion (µrt )
from the resolved turbulent energy production (P r ≡ −ρ̄R̄ij S̄ij = 2µrt S̄ij S̄ij ), and then
to subtract it from µ∗t . It can be shown that the −µrt obtained from this relation is
identical to the additive term in the right-hand side of Eq. (2.2) for µt,wm . For complete
derivations omitted here, we refer to Park & Moin (2014). The model is dynamic in
the sense that the model coefficients are determined automatically from the wall-model
solution only, and without using tuning parameters. As reported in Section 3, the model
shows consistent performance over a wide range of Reynolds numbers.
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2.3. Boundary conditions

The LES and the wall-model exchange boundary conditions (BC) at each time step. The
wall BC required by the LES is provided by the wall-model in terms of flux BC. In the
cell-centered finite volume formulation, the information needed by a wall-adjacent cell
is σij and qj at the wall face, where σij is the viscous stress tensor and qj is the heat
flux vector. These quantities are reconstructed from the wall-model solution near the
wall. The obvious kinematic no-penetration condition is still maintained. Top BC of the
wall-model equations are imposed by the LES solution at the corresponding matching
location in terms of primitive variables (ρ, ui , p). A no-slip condition is applied at the
wall, since the wall-model mesh is designed to resolve the viscous sublayer in the wallnormal direction.
Implementation of the BC communication routine in an unstructured parallel solver
requires some effort, since logically ordered connectivity is not available and the faces
involved in information exchange likely reside on different processors with different face
indices. The situation gets more complicated when some of the faces involved in the
BC communication are not shared between the two solvers. For example, when the LES
mesh is composed of tetrahedra and the wall-model mesh is generated by extruding the
wall zone of LES mesh, there is no guarantee that top matching faces in the wall-model
mesh will have their exact counterparts in the LES mesh. When the wall-model mesh is
built independently of the LES mesh, even the wall faces might not be shared between
solvers. For this purpose, an interprocessor face mapping across two solvers is created
at the pre-processing stage of simulations, and non-blocking MPI routines are used for
efficient BC communications. The following summarizes the face mapping and associated
interpolation of BC in the most general situation, for any given quantity φ:
• Wall-face mapping: For each LES wall face ifa w les, find a RANS wall face
ifa w rans that lies closest to it based on the distance between face centers. Then ∇φ at
the face center of ifa w les is reconstructed from the wall-model solution using ∇φicv0 ,
φicv0 , and φwall , where icv0 denotes the wall boundary cell associated with ifa w rans.
• Matching-face mapping: For each top boundary face of RANS ifa t rans, find an
internal face of LES ifa les that lies closest to it based on the distance between face
centers. The face ifa les will have two associated internal cells. For each of them,
calculate the distance from its cell center to the face center of ifa t rans. Denote the
cell with the smaller distance with icv0. Then φ at the face center of ifa t rans is
reconstructed from the LES solution (φicv0 and ∇φicv0 ), using a truncated second order
Taylor expansion.

2.4. Cost
In the test cases considered in Section 3, the ratio of the number of cells in the wallmodel to the number of cells in the LES was about 0.2-0.5, and the extra cost of solving
the wall-model equations was about 100-150% of the stand-alone LES. Compared to an
additional 30% cost of the equilibrium wall-model implemented in a similar code (Bodart
& Larsson 2012), the cost of the present WMLES formulation is significantly higher. This
is mainly because of the inversion of a large matrix system in implicit time advancement.
However, we anticipate that non-equilibrium effects important in complex flows could be
better represented with the current formulation.
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Figure 1. Mean streamwise velocity profile in (a) wall coordinates and (b) global coordinates.
Uc is the channel center-line velocity. Red solid line, present WMLES; dashed line, DNS of Hoyas
& Jiménez (2006); dotted line, log-law (κ = 0.41, B = 5.2).

3. Validation
3.1. Turbulent channel flow
3.1.1. Computational setup
We first consider the classical turbulent channel flow as the simplest test case without
pressure gradient effects. DNS of Hoyas & Jiménez (2006) is used here as a reference.
Simulation is performed at Reτ = 2000, the Reynolds number based on the channel
half-height δ, the friction velocity uτ , and the kinematic viscosity ν = µ/ρ. The size
of the computational domain is Lx = 25δ, Ly = 2δ, and Lz = 10δ in the streamwise
(x), wall-normal (y), and spanwise (z) directions, respectively. This is comparable to
the domain size used in the DNS (Lx = 8πδ, Ly = 2δ, and Lz = 3πδ). The uniform
grid spacings in wall units in each direction are (∆x+ , ∆y + , ∆z + ) = (200, 40, 125).
The number of grid points in the LES totals 4 million with (Nx , Ny , Nz ) = (250, 100,
160). The matching plane is located at y + = 200. The wall-model mesh has the same
wall-parallel grid spacings as the LES mesh, but has 30 stretched cells for each channel
wall, amounting to a total of 2.4 million cells. There is a factor of 2,800 saving in terms
of the number of grid points compared to the DNS. A constant mass flow rate, deduced
from the DNS mean velocity profile, is enforced by dynamically adjusting the source
terms in the streamwise momentum and energy equations. Periodic boundary conditions
are applied in the streamwise and spanwise directions, and the wall temperature is kept
constant at the reference temperature. The Mach number at the center line is 0.2.
3.1.2. Results
Comparisons of the mean and rms velocity fluctuations predicted by the wall-modeled
LES and those from the DNS show good agreement. In Figure 1, the mean streamwise
velocity is plotted against the distance from the wall using the inner and outer scalings.
Except for a small discrepancy in the wake region, the agreement is satisfactory. Figure
2 shows the distribution of the resolved part of the Reynolds stress tensor across the
channel. All normal components are underpredicted in the outer layer. The discrepancy
would be reduced if the contribution of the sub-grid scale stresses were added to the
resolved portion of the Reynolds stresses captured by LES.
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Figure 2. (Resolved) Reynolds stresses. Solid lines, present WMLES; dashed lines, DNS of
Hoyas & Jiménez (2006); dashed-dotted line, matching location in present WMLES.

Lx

Ly

Lz

N x Ny N z

∆x × 105

∆y1 × 105 ∆z × 105

21.6 1.5 0.15 745 115 16 2000 ∼ 4300 20 ∼ 800

937.5

Reθ
200 ∼ 3300

Table 1. LES mesh information of an H-type simulation. ∆y1 is the cell-center-to-wall
distance of the wall-adjacent cells.

3.2. Transitional boundary layer
3.2.1. Computational setup
We now consider a transitional boundary layer flow over a flat plate. The DNS of an Htype transition to turbulence by Sayadi et al. (2013) is used as a reference. In this flow,
resonant interaction between the two-dimensional Tollmien-Schlichting (TS) wave and
the spanwise oblique wave leads to the staggered formation of Λ vortices, which eventually break down into turbulence. This is a more challenging test case than a fully turbulent
boundary layer since the wall-model should predict the correct laminar/turbulent transition point and the overshoot in the skin friction. A dynamic wall-model sensor based
on the turbulent kinetic energy level (at the matching location) proposed by Bodart &
Larsson (2012) is adopted here to revert to the no-slip condition and to switch off the
RANS eddy viscosity in the laminar region.
Details of the LES computational domain are given in Table 1. The size of the computational domain is 1 ≤ x/x0 ≤ 22.6 in the streamwise direction, 0 ≤ y/x0 ≤ 1.5 in the
wall-normal direction, and 0 ≤ z/x0 ≤ 0.15 in the spanwise direction. Here the reference
length scale x0 is the distance of the inlet station from the virtual leading edge at x = 0.
The inlet Reynolds number at x = x0 based on the kinematic viscosity (ν = 10−5 ) and
the free-stream velocity (U∞ = 1) is 105 . Compared to Sayadi et al. (2013), the domain
has been lengthened by a factor of two in the streamwise direction. The spanwise domain length is equal to the wavelength of the oblique wave, λ0 /x0 = 0.15. In order
to capture the correct streamwise growth of the disturbance waves, fine resolution is
needed in the laminar region (otherwise the flow stays laminar). Therefore, grid spacings
(∆x/x0 = 0.02 and ∆y1 /x0 = 2 × 10−4 ) are kept constant up to x/x0 = 6.3, where ∆y1
is the cell-center height of the wall-adjacent cells. From x/x0 = 6.3, the grid is smoothly
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Figure 3. LES mesh resolution in terms of grid spacings in wall units (∆+ ) and the number of
cells below the boundary layer thickness (Ny /δ). Quantities are based on the local skin friction
velocity and boundary layer thickness. Black solid line, Ny /δ; red dashed line, ∆x+ ; green
dashed-dotted line, ∆y1+ ; blue long-dashed line, ∆z + ;

stretched in both streamwise and wall-normal directions (see Figure 3). Note that Ny /δ
in the fully turbulent region is kept roughly constant at 45. It can be also deduced from
Figs. 3 and 5 that Nx /δ ≈ 10 and Nz /δ ≈ 25 in the turbulent region. Therefore, the nearwall resolution in the turbulent region is still very coarse, and a wall-model is required.
The wall-model mesh has the same wall-parallel dimensions and grid spacings as the LES
mesh, but has only 25 cells in the wall-normal direction. The exchange location is placed
at roughly 10% of the local boundary layer thickness (see Figure 5). The number of cells
in the LES and the wall-model totals 1.4 million and 0.3 million, respectively. In terms
of the resolution in the turbulent region, there is a factor of 600 saving compared to the
DNS.
The TS and oblique waves are introduced within a narrow strip between x1 /x0 = 1.6
and x2 /x0 = 1.8. Following Sayadi et al. (2013), the wall-normal velocity within the
disturbance strip is given by the blowing and suction boundary condition,
v(x, z, t)
= A1 f (x) sin(ωt) + A1/2 f (x)g(z) sin(ωt/2),
U∞
f (x) = ǫ(15.1875ξ 5 − 35.4375ξ 4 + 20.25ξ 3 ),
(
x−x1
if x1 ≤ x ≤ xm
1
ξ = xxm2−x
−x
if xm ≤ x ≤ x2 ,
x2 −xm

(3.1)
(3.2)
(3.3)

where xm = (x1 + x2 )/2, ǫ = sign(xm − x), g(z) = cos(2πz/λ0 ), A1 = 1.044 × 10−3 , and
A1/2 = A1 /20. The non-dimensional frequency is F = 1.24 × 10−4 , where F = ων/u2∞ .
The values of A1 and A1/2 are chosen such that the initial modal growth partially matches
the experiment of Kachanov & Levchenko (1984).
The initial condition is the self-similar solution of the compressible laminar boundary
layer equations. Periodic boundary conditions are used along the spanwise direction. The
wall is assumed to be thermally adiabatic, and the freestream Mach number is M∞ = 0.2.
To prevent unphysical reflection of the outgoing waves and allow turbulent structures to
leave the domain smoothly, the computation domain is covered by a numerical sponge
(Mani 2012). Reference data to which the solution inside the sponge region is damped
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are a laminar solution at the inlet and the top, and a time-averaged solution computed
on the fly at the outlet. The sponge is active at all y for 1 ≤ x/x0 ≤ 1.5 and x/x0 ≥ 21.1.
For the remaining region the sponge is active for y/x0 ≥ 1.2.
3.2.2. Results
2
Figure 4(a) shows the skin friction coefficient Cf = 2τw /ρU∞
versus Rex from WMLES. Shown together are the results from the DNS (Sayadi et al. 2013) and a LES with
no wall-model (Sayadi & Moin 2012). The latter used the dynamic Smagorinsky model
with the same mesh resolution as the current WMLES up to x = 6.3, and finer ∆x, ∆y1
in x/x0 > 6.3, but underpredicts the skin friction in the overshoot region and beyond.
This underprediction is attributed to the SGS model not producing sufficient Reynolds
shear stress on this coarse grid (Sayadi & Moin 2012). In WMLES, the wall-model fills
this gap by accounting for the unresolved inner-layer physics. Although the transition
takes place a little earlier than in the DNS, the overshoot in the skin friction and its
subsequent decrease are captured by the wall-model. Note that the skin friction, including the laminar part, is entirely computed from the wall-model. The dynamic wall-model
sensor of Bodart & Larsson (2012) successfully detects the transition and allows the
wall-model to switch to the laminar equations when it should. As shown in Park et al.
(2012) and Sayadi et al. (2013), statistics of fully developed turbulence are independent
of transition routes. This is again confirmed in Figure 4(b), where Cf is plotted against
Reθ together with the results from a wall-resolved LES of a boundary layer up to Reθ
= 4300 (Schlatter et al. 2010) and a DNS of bypass transition up to Reθ = 1840 (Wu
& Moin 2010). Here, Reθ is more relevant than Rex as a streamwise coordinate since it
quantifies the momentum loss regardless of physical location on the plate. Although transition triggered by different means (such as tripping body force (Schlatter et al. 2010)
and isotropic turbulence boxes migrating periodically in the free-stream (Wu & Moin
2010)) takes place in different locations, the skin friction in the developed state collapses
into a single curve.
In Figure 5, the mean streamwise velocity profiles at five different locations (Reθ =
1250, 1840, 2530, 2990 and 3310) are shown along with the reference DNSs (Sayadi
et al. 2013; Wu & Moin 2010) and experimental data (Österlund 1999). Profiles are in
good agreement. Log-layers with the correct slope and intercept are clearly found in all
profiles. Reynolds stress profiles at Reθ = 1840 and Reθ = 2560 in Figure 6 also show
good agreement with the published DNS and LES data.

3.3. High Reynolds number turbulent boundary layer
3.3.1. Computational setup
The next test case is a high Reynolds number flat-plate boundary layer flow measured
by DeGraaff & Eaton (2000). In their wind-tunnel experiments, turbulence statistics at
Reθ = 1430, 2900, 5200, 13000, and 31000 were obtained with a high-resolution laserDoppler anemometer (LDA) system. Here the focus is on the measurements at the highest
Reynolds number (Reθ = 31000). Wall-resolved LES of this flow is not feasible owing to
the high Reynolds number. This case is chosen to validate the proposed non-equilibrium
wall-model at high Reynolds number, where Wang and Moin’s model was reported not
to perform satisfactorily (Kawai & Larsson 2013).
In terms of the inlet boundary layer thickness δr , the dimension of the computational
box is (Lx , Ly , Lz ) = (50δr , 15δr , 2δr ). Grid spacings in wall units are (∆x+ , ∆y1+ ,
∆z + ) ≈ (450, 120, 450), and there are approximately 45 cells within the boundary layer

Non-equilibrium wall-model for LES

209

6

(a)

Cf × 103

Cf × 103

6

4

2

0

(b)

4
2
0

5

10

15

20

0

1000

−5

2000

3000

Reθ

Rex × 10

Figure 4. Skin friction along the flat plate. (a) Red solid line, present WMLES; dash-dotted
line, DNS of Sayadi et al. (2013); dashed-dot-dotted line, LES of Sayadi & Moin (2012); dashed
line, Blasius; long-dashed line, turbulent correlation (White 2006). (b) Red solid line, present
WMLES; dashed line, DNS of Sayadi et al. (2013); dash-dotted line, DNS of Wu & Moin (2010);
long-dashed line, resolved LES of Schlatter et al. (2010)
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Figure 5. Mean velocity profile U + in viscous wall units at Reθ = 1250, 1840, 2530, 2990, and
3310 (from bottom to top). Profiles are shifted by U + = 3 along the ordinate for increasing Reθ .
Solid lines, present WMLES; dashed line, log-law (κ = 0.41, B = 5.2); +, matching locations;
, DNS of Sayadi et al. (2013) at Reθ = 1250; • , DNS of Wu & Moin (2010) at Reθ = 1840;
N, experiment of Österlund (1999) at Reθ = 2530.
4
+

(a)

3

u′i,rms + , u′ v ′

u′i,rms + , u′ v ′

+

4

2
1
0
−1

(b)

3
2
1
0
−1

0

500

y

+

1000

0

500

y

1000

+

Figure 6. (Resolved) Reynolds stresses at (a) Reθ = 1840 and (b) Reθ = 2560. Lines are for the
present WMLES. Symbols in (a) from DNS of Wu & Moin (2010) at Reθ = 1840, and symbols
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Figure 7. Skin friction along the flat plate. Red solid line, present WMLES; dashed line,
empirical correlation of Fernholz & Finley (1996) (Cf /2 = (2.5 ln Reθ − 5.89)−2 ); ◦, experiment
of DeGraaff & Eaton (2000).

thickness (Ny /δ = 45). Cell densities in the wall-parallel directions deduced from Figure
8 are Nx /δ = Nz /δ = 25. The wall-model mesh has the same grid sizes as those of the
LES mesh in the wall-parallel directions, but has 30 cells in the wall-normal direction.
The matching plane is located at y ≈ 0.1δr . The number of cells in the LES and the
wall-model mesh totals 2.9 million and 0.7 million, respectively.
Periodic boundary conditions are used along the spanwise direction. The wall is assumed to be thermally adiabatic, and the freestream Mach number is M∞ = 0.2. The
top and exit of the computational domain are covered by numerical sponges, in which
the solution is damped to a local time-averaged solution. The sponge is active at all
x for 0.35 ≤ y ≤ 0.5175 and at x ≥ 1.625. The inlet Reynolds number based on the
momentum thickness (θ), the kinematic viscosity (ν = 2.88 × 10−6 ), and the free-stream
velocity (U∞ = 17.15) is 22000. A turbulent inflow generation technique based on digital
filtering (Klein et al. 2003) is used to provide the inflow boundary condition.
3.3.2. Results
In Figure 7, the skin friction along the plate from WMLES is shown together with the
experimental data and an empirical correlation for incompressible high Reynolds number
boundary layers. In the experiment, the Reynolds number was varied by changing the
ambient density and the free-stream velocity, so that there are only two data points (open
circles) in this Reynolds number range. WMLES prediction is in very good agreement
with the reference data. Figure 8 shows the mean streamwise velocity profile at Reθ =
31000 in wall coordinates and outer-layer coordinates. The velocity-defect profile is also
included in Figure 8(b). The resolved Reynolds stress profiles are shown in Figure 9. The
results are in excellent agreement with the experiment.
3.4. Flow over a NACA4412 airfoil at near-stall conditions
3.4.1. Computational setup
The final case considered is the flow over a NACA4412 airfoil operating close to maximum lift. The corresponding angle of attack (AoA) is 12◦ , which was determined by
Wadcock (1987) in a low-speed wind tunnel experiment. The Reynolds number based on
the chord length and incident freestream velocity is Rec = U∞ c/ν∞ = 1.64 × 106 , and
Mach number is M∞ = 0.2. Although the Reynolds number is not very high, various
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flow features on the airfoil suction surface make it a challenging test case for WMLES.
These include a thin laminar boundary layer developing from the stagnation point near
the nose, transition to turbulence, trailing edge separation induced by adverse pressure
gradient, and the mixing layer in the wake region. Notice that the boundary layer grows
by a factor of 1000 along the upper surface, ranging from δ/c ∼ 10−4 in the laminar
region to δ/c ∼ 0.1 near the trailing edge. This scale separation imposes a prohibitive
resolution requirement and a severe acoustic CFL restriction for a wall-resolved LES. A
wall-model is needed.
Figure 10 shows the computational domain. The dimension of the computational box
is (LX , LY , LZ ) = (9c, 2.37c, 0.72c). Wind tunnel walls are included to reproduce the
blockage effect in the experiment. However, no attempt is made to resolve boundary
layers on the tunnel walls, and they are modeled with slip-wall BC. The origin of the
fixed simulation coordinate system (X, Y ) is defined at the (0, 0) point in Figure 10.
Using the chordline position at AoA = 0◦ and the coordinate of pitch pivot-point provided by Wadcock (1987), the airfoil’s relative position with respect to the tunnel walls is
exactly reproduced. Coordinates of the leading and trailing edge of the airfoil are (X, Y )
= (0.0406, -0.02227) and (1.019, -0.2302), respectively. The inlet and outlet of the com-
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Figure 10. Computational domain and boundary conditions. Dashed lines indicate the start
and end of the actual test section in Wadcock’s experiment. Figure drawn to scale and length
normalized by chord.

putational domain are placed farther away from the airfoil than those in the experiment,
since they seemed to be too close to the airfoil (see Figure 10). Two additional coordinate systems are introduced for post-processing purposes only. The airfoil coordinate
system (x, y) is aligned with the chordline and chord-normal line, with its origin placed
at the leading edge. The wake coordinate system (xw , yw ) is aligned with the simulation
coordinate system, but its origin is placed at the trailing edge. The experiment reports
boundary layer and wake profiles at x/c = 0.529, 0.815, 0.925 and xw /c = 0.007, 0.282.
The number of cells in the LES and the wall-model mesh totals 10.7 million and 2.7
million, respectively. The LES mesh was generated from a very coarse mesh by refining
it locally with the adaptation tool adapt. On the airfoil suction surface, the grid spacing
in the tangential direction is ∆|| /c = 2.5 × 10−4 ∼ 6 × 10−3 . Spanwise resolution near
the wall is fixed at ∆z/c = 0.001. The wall-normal grid spacing of wall-boundary cells is
fixed at ∆⊥ /c = 2 × 10−4 .
In WMLES, relevant parameters characterizing the grid resolution are the number of
cells within the local boundary layer thickness in each direction. Figure 11 illustrates the
distribution of cell densities in each direction on the suction surface. For the first 60%
of the airfoil, cell densities in tangential and spanwise directions are very low ( < 20),
then they rise steeply after x/c = 0.7 due to the rapid growth of boundary layer close
to separation. This does not necessarily translate into a waste of resolution in the rear
part, since the separated shear layer still seems to need a decent resolution. Cell density
in the wall-normal direction is much higher than in the other two, but only one cell is
used to represent the laminar boundary layer near the nose. It could be lowered if the
mesh was built in such a way that wall-normal resolution could vary along the streamwise
direction. However, we emphasize that average cell densities obtained by integrating the
curves in Figure 11 over x/c are (n̄|| , n̄⊥ , n̄z ) ≈ (17, 37, 31), which conforms well to the
standard suggested by Choi & Moin (2012).
The initial condition is a uniform velocity field (U∞ , 0, 0) superimposed with a random
noise field (5% of U∞ ) in the vicinity of the airfoil. A uniform freestream is imposed at
the inlet using characteristic boundary conditions (CBC), and the subsonic-outlet NavierStokes CBC of Poinsot & Lele (1992) are used at the outlet. Periodic boundary conditions
are used along the spanwise direction. The wall is assumed to be thermally adiabatic.
Flow statistics are gathered over more than 4 convective time scales (τc = c/U∞ ), after
waiting for more than 12τc .
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3.4.2. Results
Figure 12 shows the mean streamwise velocity profiles on the upper surface and in the
wake region. Notice that boundary layer profiles (solid lines) are measured along local
normals to the upper surface, while wake profiles (dashed-dotted lines) are measured
along normals to the wind tunnel axis. Therefore, the corresponding distance variable η in
the ordinate axes of Figure 12 is the wall-normal and axis-normal distances, respectively.
Figure 13 shows the normal component of mean velocity at the same probe locations.
Streamwise velocity from WMLES is in very good agreement with the experimental
measurements. Although the measurement provides only three probe lines on the suction
surface, it can be reliably assumed that boundary layer growth along the suction surface
is nicely reproduced. The boundary layer clearly separates at the trailing edge. Maximum
reverse flow velocity at x/c = 0.952 is −0.157Ue , where Ue is the tangential velocity at
the boundary layer edge. This value is very close to −0.16Ue reported by Wadcock (1987).
The merging of the two shear layers into an asymmetric wake is also well predicted. A
reasonable prediction of the wall-normal velocity can be observed on the suction surface.
However, the agreement in the wake region is not satisfactory.
Figure 14 shows the average pressure coefficient Cp = 2(P − P∞ )/(ρU )2∞ on the airfoil surface. Flattening of Cp near the trailing edge due to the flow retardation is well
captured. Pressure minimum on the suction surface is slightly underpredicted, implying
that the local flow velocity there is overpredicted. It is suspected that the wall stress is
underpredicted in this laminar region because of the insufficient grid resolution. A small
discrepancy in the suction side pressure coefficient persists up to x/c ≈ 0.3, but overall
agreement with the experiment is acceptable.

4. Conclusion and future work
A non-equilibrium wall-model for LES based on 3D unsteady RANS equations has
been implemented and partially validated. This work builds on previously proposed nonequilibrium wall-models, but with important differences. First, the wall- model is implemented in a fully unstructured mesh environment. To the authors knowledge, this is the
first implementation of a non-equilibrium model in an unstructured solver. Second, the
present wall-model is equipped with a new dynamic turbulence closure for eddy viscos-
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axis in the wake at xw /c = 0.007, 0.282 (dashed-dotted lines and squares). Profiles are shifted
by 0, 0.3, 0.6, 1.2, and 1.5 along the abscissa. Lines are for the present WMLES and symbols
are from Wadcock (1987).

ity/conductivity. The proposed model senses the local state of the resolved stress and
uses this information to dynamically adjust the model coefficients, without resorting to
a tunable parameter or stress matching procedure.
The proposed non-equilibrium wall-model was partially validated against canonical attached turbulent flows at a wide range of Reynolds numbers, and a flow over a NACA4412
airfoil at near-stall condition. Predictions of the low-order statistics from the wall-modeled
LES were in good agreement with the reference calculations and experiments.
In order to establish the credibility and applicability of the present wall-model, it has
to be tested against more challenging flows. An ideal test case should involve a high
Reynolds number inhomogeneous flow in or over engineering devices, and have good
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reference data available (high-fidelity simulations or measurements). This is somewhat
rare, and currently we are seeking good test cases to validate the wall-model.
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