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1. Motivation and objectives
Large-eddy simulation (LES) is an important tool for studying the atmospheric boundary layer (ABL) (Deardorff 1974; Moeng 1984; Nieuwstadt et al. 1993; Mason 1994;
Kosovic 1997; Porté-Agel et al. 2000; Bou-Zeid et al. 2005; Beare et al. 2006; Sullivan
& Patton 2011; Zhou & Chow 2011). In LES, turbulent structures larger than a filter
scale are resolved, and a subfilter model is used to account for the contribution of the
unresolved small scales. Applying a spatial filter to the Navier-Stokes equations (here, including buoyancy and Coriolis effects) as well as the transport equation for the potential
temperature leads to
∂i ũi = 0, ∂t ũi + ∂j (ũi ũj ) = −∂i p̃ + ∂j (ν∂j ũi ) − ∂j τij + δi3 β(θ̃ − hθ̃i) + fc εij3 ũj ,
∂t θ̃ + ∂i (ũi θ̃) = ∂i (D∂i θ̃) − ∂i qi ,

(1.1)

where the tilde represents a spatial filtering; ũi is the resolved velocity in the i-direction
(with i = 1, 2, 3 corresponding to the streamwise (x), spanwise (y), and wall-normal (z)
directions, respectively); θ̃ denotes the resolved potential temperature; p̃ is the kinematic
pressure; ν and D are the molecular viscosity and diffusivity, respectively; fc is the
Coriolis parameter; and εijk is the alternating unit tensor. τij = ug
i uj −ũi ũj is the subfilter
stress tensor, and qi = uf
θ
−
ũ
θ̃
is
the
subfilter
heat
flux.
In
the
momentum
conservation
i
i
equation, the buoyancy effects are accounted for via the Boussinesq approximation, in
which β = g/θ0 is the buoyancy parameter, g is the gravitational acceleration, θ0 is the
reference potential temperature, δij is the Kronecker delta tensor, and the angle brackets
denote a horizontal average (Deardorff 1974).
An important class of subfilter models consists of eddy-viscosity/eddy-diffusivity models. These models incorporate the effect of unresolved eddies by locally increasing the
molecular viscosity/diffusivity using an eddy viscosity/eddy diffusivity. In this approach,
the subfilter turbulent fluxes are evaluated as
1
d
τij
= τij − δij τkk = −2νe S̃ij , qi = −De ∂i θ̃,
(1.2)
3
where S̃ij = (∂i ũj + ∂j ũi )/2 is the resolved strain-rate tensor, νe is the eddy viscosity, and De is the eddy diffusivity. De is related to νe by the subfilter Prandtl number P re , such that De = νe P re−1 . A popular way of modeling the eddy viscosity is to
use the mixing length approximation, which yields the well-known Smagorinsky model
(Smagorinskyq1963). In this approach, the eddy viscosity is modeled as νe = (Cs ∆)2 |S̃|,
where |S̃| =

2S̃ij S̃ij and Cs is the Smagorinsky coefficient. In a similar way, the sub-

filter eddy diffusivity is modeled as De = ∆2 Cs2 P re−1 |S̃|, where Cs2 P re−1 is a lumped
coefficient. One of the main challenges in the implementation of eddy-viscosity/eddydiffusivity models is the specification of the model coefficients. In traditional LES of
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ABL flows, the model coefficients are deduced from phenomenological theories of turbulence (Lilly 1967; Antonopoulos-Domis 1981; Mason 1994) and also from models for the
effect of stratification and shear on the turbulence (Mason & Thomson 1992; Sullivan
et al. 1994; Redelsperger et al. 2001; Kleissl et al. 2003; Sullivan et al. 2003). Hence,
in simulations, the model coefficients are computed based on predetermined expressions
that relate the model coefficients to flow parameters such as the Richardson number,
the Obukhov length, and the ratio of filter scale to distance to the ground (Kleissl et al.
2006).
A major advancement in subfilter modeling for LES came with the introduction of
dynamic procedures to determine the appropriate local value of the model coefficients
without any ad-hoc tuning (Germano et al. 1991; Moin et al. 1991). In this approach,
the model coefficients are obtained by comparing the eddy dissipation at different scales.
Although the dynamic model removes the need for prescribed stability and shear dependence, it assumes that the model coefficients are scale invariant. The assumption of
scale invariance in the standard dynamic model was relaxed through the development of
scale-dependent dynamic models (Meneveau & Katz 2000; Porté-Agel et al. 2000; PortéAgel 2004). It has been shown that the dynamic model gives better subfilter dissipation
characteristics with respect to the traditional model, especially in the surface layer where
the relative contribution of the subfilter scales to the overall turbulent fluxes is very large
(Bou-Zeid et al. 2005; Kleissl et al. 2006; Stoll & Porté-Agel 2008; Khani & Waite 2015).
However, a disadvantage of this approach lies in its increased computational complexity
compared to the traditional model and in the need for averaging and clipping to attain
numerical stability (Ghosal et al. 1995; Meneveau et al. 1996; Vreman et al. 1997).
An alternative approach to defining the subfilter turbulent fluxes is provided by minimum-dissipation models. This new category of subfilter models provides the minimum
eddy dissipation required to dissipate the energy of the subfilter scales. The first minimumdissipation eddy-viscosity model is the QR model, which is based on the invariants of the
resolved strain-rate tensor and was developed for isotropic grids (Verstappen et al. 2010).
Later, Rozema et al. (2015) generalized the properties of this model to anisotropic grids
by introducing an anisotropic minimum-dissipation (AMD) model. Recently, Abkar et al.
(2016) extended the AMD approach to modeling the subfilter scalar flux. Of its many
desirable practical and theoretical properties, the AMD model has low computational
complexity, switches off in laminar and transitional flows, and is consistent with the exact subfilter stress tensor and scalar flux on both isotropic and anisotropic grids. This
model has been successfully applied in simulations of decaying grid turbulence, in simulations of a temporal mixing layer and turbulent channel flow (Rozema et al. 2015), and in
simulations of a high-Reynolds-number rough-wall boundary layer with a constant surface scalar flux (Abkar et al. 2016). However, previous studies using minimum-dissipation
models ignored the effect of buoyancy.
In this study, the AMD model is generalized to include the effect of buoyancy and
is tested by simulating a thermally stratified ABL. The derivation of the AMD model
is provided in Section 2. The LES framework and the numerical setup are described
in Section 3. LES results are presented in Section 4, and conclusions are provided in
Section 5.
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2. Anisotropic minimum-dissipation model
A minimum-dissipation model imposes that the energy of the subfilter scales of the
LES solution does not increase
Z
Z
1
1 0 0
0
∂t
ũi ũi dx ≤ 0,
ũi = ũi −
ũi dx,
|Ωb | Ωb
Ωb 2
Z
∂t
Ωb

1
θ̃ = θ̃ −
|Ωb |

1 0 0
θ̃ θ̃ dx ≤ 0,
2

0

Z
θ̃dx,

(2.1)

Ωb

where ũ0i and θ̃0 are the subfilter scales corresponding to the filter box with domain Ωb
applied to the LES solution, and x ∈ Ωb . For a rectangular filter box Ωb , with dimensions
of δ1 , δ2 and δ3 , an upper bound for the subfilter energy can be obtained using the
Poincaré inequality. There are different formulations of the Poincaré inequality, otherwise
known as the Poincaré-Wirtinger inequality
Z
Z
1 0 0
1 ˆ
ũi ũi dx ≤
(∂i ũj )(∂ˆi ũj )dx,
2
2
Ωb
Ωb
Z
Ωb

1 0 0
θ̃ θ̃ dx ≤
2

Z
Ωb

1 ˆ
(∂i θ̃)(∂ˆi θ̃)dx,
2

(2.2)

where ∂ˆi = Ci δi ∂i (for i = 1, 2, 3) is the scaled gradient operator; Ci is a modified Poincaré
constant; and (∂ˆi ũj )(∂ˆi ũj )/2 and (∂ˆi θ̃)(∂ˆi θ̃)/2 are the scaled velocity and temperature
gradient intensity, respectively. The modified Poincaré constant is independent of the size
of the filter box, and its magnitude depends only on the accuracy of the discretization
method (i.e., order of accuracy) for each direction (Rozema et al. 2015; Abkar et al.
2016).
The Poincaré inequality indicates that the energy of the subfilter scales can be confined
by imposing a bound on the scaled velocity and potential temperature gradient intensity.
If the eddy viscosity, the eddy diffusivity, and the filter widths are assumed to be constant
in the filter box Ωb , then the evolution equations for the scaled velocity and potential
temperature gradient intensity can be expressed as


1 ˆ
ˆ
∂t
(∂i ũj )(∂i ũj ) = −(∂ˆk ũi )(∂ˆk ũj )S̃ij − (ν + νe )∂ˆk (∂i ũj )∂ˆk (∂i ũj )
2
+ δi3 β(∂ˆk ũi )∂ˆk (θ̃ − hθ̃i) + ∂i fi ,

1 ˆ
(∂i θ̃)(∂ˆi θ̃) = −(∂ˆk ũi )(∂ˆk θ̃)∂i θ̃ − (D + De )∂ˆk (∂i θ̃)∂ˆk (∂i θ̃) + ∂i gi ,
(2.3)
2
where fi and gi are the fluxes of velocity and temperature gradient intensity, respectively.
Upon spatial integration over the filter box Ωb , the divergence terms, ∂i fi and ∂i gi , can
be rewritten to a boundary integral. Boundary integrals express transport of the velocity
and temperature gradient intensity instead of production or dissipation, and they are
therefore ignored in the derivation of the AMD model. Note that the Coriolis force has
no contribution in the above equations.
The dissipation at the scale of a filter box can be approximated by the application of
the Poincaré inequality
Z
Z
(∂i ũj )(∂i ũj ) ≤
∂ˆk (∂i ũj )∂ˆk (∂i ũj )dx,


∂t

Ωb

Ωb
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Z
(∂i θ̃)(∂i θ̃) ≤
∂ˆk (∂i θ̃)∂ˆk (∂i θ̃)dx.

Ωb

(2.4)

Ωb

As a result, the eddy-viscosity and the eddy-diffusivity models give sufficient eddy dissipation to cancel the production of scaled velocity and potential temperature gradient
energy, respectively, if the following inequalities hold
Z
Z
Z
−(∂ˆk ũi )(∂ˆk ũj )S̃ij dx +
δi3 β(∂ˆk ũi )∂ˆk (θ̃ − hθ̃i)dx ≤ νe
(∂i ũj )(∂i ũj )dx,
Ωb

Ωb

Z

Ωb

−(∂ˆk ũi )(∂ˆk θ̃)∂i θ̃dx ≤ De

Ωb

Z
(∂i θ̃)(∂i θ̃)dx.

(2.5)

Ωb

Taking the minimum eddy dissipation that satisfies these conditions gives
R
R
−(∂ˆk ũi )(∂ˆk ũj )S̃ij dx + Ωb δi3 β(∂ˆk ũi )∂ˆk (θ̃ − hθ̃i)dx
Ωb
R
,
νe =
(∂l ũm )(∂l ũm )dx
Ωb
R
De =

Ωb

−(∂ˆk ũi )(∂ˆk θ̃)∂i θ̃dx
.
R
(∂l θ̃)(∂l θ̃)dx
Ωb

(2.6)

By approximating the integrals over the filter box using the mid-point rule for integration,
the AMD eddy-viscosity and eddy-diffusivity models can be written as
νe =

−(∂ˆk ũi )(∂ˆk ũj )S̃ij + δi3 β(∂ˆk ũi )∂ˆk (θ̃ − hθ̃i)
,
(∂l ũm )(∂l ũm )

−(∂ˆk ũi )(∂ˆk θ̃)∂i θ̃
.
(2.7)
(∂l θ̃)(∂l θ̃)
The AMD model is consistent with the exact subfilter stress tensor and heat flux on
both isotropic and anisotropic grids. Taylor expansion of the subfilter turbulent fluxes
gives
4
ˆ
ˆ
τij = ug
i uj − ũi ũj = (∂k ũi )(∂k ũj ) + O(δx ),
De =

i

4
ˆ
ˆ
qi = uf
i θ − ũi θ̃ = (∂k ũi )(∂k θ̃) + O(δxi ).

(2.8)

The eddy dissipation of the exact subfilter turbulent fluxes is
^
− τij S̃ij + δi3 β(ui (θ
− hθi) − ũi (θ̃ − hθ̃i)) =
− (∂ˆk ũi )(∂ˆk ũj )S̃ij + δi3 β(∂ˆk ũi )∂ˆk (θ̃ − hθ̃i) + O(δx4i ),
−qi ∂i θ̃ = −(∂ˆk ũi )(∂ˆk θ̃)∂i θ̃ + O(δx4i ).

(2.9)

As shown in these equations, the leading-order terms of these expansions are proportional
to the terms in the numerator of Eq. (2.7).
In practical applications of the AMD model, the size of the filter box is set equal to a
grid cell (δi = ∆i ), and the corresponding Poincaré constant is chosen according to the
accuracy of the discretization method for
√ each direction. In particular, for a rectangular
12 for a spectral method, and it is equal to
filter
box,
the
Poincaré
constant
is
1/
√
1/ 3 for a second-order accurate scheme (Verstappen et al. 2010, 2014). In addition, to
ensure numerical stability, the eddy viscosity and eddy diffusivity are restricted to having
non-negative values to avoid local kinetic energy transfer from unresolved to resolved
scales (Rozema et al. 2015; Abkar et al. 2016). Note that the computational complexity
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of the AMD model is comparable to the computational complexity of the traditional
Smagorinsky model. However, unlike the traditional model, the AMD model switches off
in the laminar and transitional flows, and it does not need any ad-hoc stability and shear
corrections.

3. Numerical simulation
Eq. 1.1 is solved numerically by discretizing the computational domain into Nx , Ny ,
and Nz uniformly spaced grid points with the resolution of ∆x , ∆y , and ∆z in the
streamwise, spanwise, and wall-normal directions, respectively. In horizontal directions,
pseudo-spectral discretization and periodic boundary conditions are used, while the wallnormal direction is discretized with
√accurate method. Hence, in the AMD
√ a second-order
model, we adopt Cx = Cy = 1/ 12 and Cz = 1/ 3 for the modified Poincaré constant.
The time advancement is based on a second-order accurate Adams-Bashforth scheme.
Full dealiasing of the nonlinear terms is obtained by padding and truncation according
to the 3/2 rule (Canuto et al. 1988). The upper boundary condition for the momentum
conservation equations consists of a stress-free condition and zero vertical velocity. The
temperature gradient at the top of the domain is set to a constant lapse rate Γ, which
is prescribed in the initial conditions. At the bottom surface, the instantaneous wall
stress and heat flux are related to the velocity and potential temperature, respectively,
at the first vertical node through the application of the Monin-Obukhov similarity theory
(Moeng 1984)

2
ũi
ũr κ
ũi
u∗ κ(θs − θ̃)
τi3 |w = −u2∗
=−
,
q3 |w =
,
(3.1)
ũr
ln(z/zo ) − ΨM
ũr
ln(z/zot ) − ΨH
where τi3 |w and q3 |w are the instantaneous local wall stress and heat flux, respectively; u∗
is the friction velocity; zo and zot are the surface roughness for momentum and potential
temperature, respectively; κ is the von Kármán constant; ũr is the local filtered horizontal velocity at the first level z = ∆z /2; and θs is the surface (ground level) potential
temperature. ΨM and ΨH are the surface-layer stability corrections for momentum and
heat, respectively, and are defined as (Businger et al. 1971; Stull 1988)
(
−4.7 z/L
for z/L ≥ 0,
ΨM =
1
1
−1
2
2 ln[ 2 (1 + ζ)] + ln[ 2 (1 + ζ )] − 2 tan [ζ] + π/2 for z/L < 0,
ΨH

(
−7.8 z/L
for z/L ≥ 0,
=
1
2
2 ln[ 2 (1 + ζ )] for z/L < 0,

(3.2)

where L = −(u3∗ θ0 )/(κgq3 |w ) is the local Obukhov length, and ζ = (1 − 15 z/L)1/4 .

4. Results
In this section, the performance of the AMD model is tested in a simulation of a
thermally stratified ABL. In this regard, a convective boundary layer similar to the
one used by Moeng & Sullivan (1994) is considered. This case represents a buoyancydominated flow with a relatively small shear effect. The boundary layer is driven by an
imposed, uniform geostrophic wind of 10 m/s. The surface heat flux is set to 0.24 K
m/s. The surface roughness length for momentum and heat is set to 0.16 m. The Coriolis
parameter is fc = 1×104 rad/s. The domain size is 5 km × 5 km × 2 km. The simulations
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Grid points

zi [m]

L [m]

u∗ [m/s]

w∗ [m/s]

48 × 48 × 48
72 × 72 × 72
96 × 96 × 96

1021
1014
1032

−59.6
−58.9
−59.2

0.570
0.568
0.569

2.00
1.99
2.00

Table 1. Basic characteristics of the simulated convective boundary layer.

are initialized with a constant streamwise velocity of 10 m/s and zero velocity for the
spanwise and vertical components. The initial potential temperature profile is 300 K up
to 937 m. It increases by a total of 8 K across 126 m, and then increases with a lapse rate
of 3 K/km. The reference potential temperature is θ0 = 301.78 K. In the simulations,
three different spatial resolutions of 48 × 48 × 48, 72 × 72 × 72 and 96 × 96 × 96 are
used to assess the grid-resolution sensitivity of the simulation results. Table 1 provides a
summary of the mean simulated results, including the boundary-layer height zi (i.e., the
height where the buoyancy flux is minimum (Sullivan et al. 1994)), the Obukhov
length

L, the friction velocity u∗ , and the convective velocity w∗ = (g/θ0 )q3 |w zi )1/3 . Note that
the simulations are run for 9000 seconds, which is about 17 large-eddy turnover times
(τ∗ = zi /w∗ ), and the statistics are computed during the last five large-eddy turnover
times. From this table, it is evident that the simulated (bulk) boundary-layer parameters
are quite insensitive to the grid resolution.
Figure 1(a,b) shows the vertical profiles of the mean winds and potential temperature,
respectively. The well-mixed layer over the interior of the boundary layer is clearly observed, which indicates the effectiveness of turbulent mixing in the convective boundary
layers (Moeng & Sullivan 1994). The nondimensional gradients of shear and potential
temperature are also plotted in Figure 2(a,b), respectively, and compared with the empirical formulations proposed by Businger et al. (1971)
ΦM = (1 − 15 z/L)−1/4 ,

ΦH = 0.74(1 − 9 z/L)−1/2 .

(4.1)

As can be seen, the agreement between the LES results and the well-established empirical
correlations is quite good. In addition, the results show very little sensitivity to grid
resolution.
The vertical distributions of the total (resolved plus subfilter) momentum and buoyancy fluxes are shown in Figure 3(a,b), respectively. As can be seen, the magnitude of
the turbulent fluxes decreases linearly with height, which can serve as confirmation of
stationarity. Similar behavior has been reported by Nieuwstadt et al. (1993) and Moeng
& Sullivan (1994) in simulations of buoyancy-driven ABL flows. The variances of the
horizontal and vertical velocity fluctuations as a function of z/zi are presented in Figure 4(a,b), respectively. Some observations obtained from atmospheric field experiments
(Lenschow et al. 1980) are also plotted for comparison. It is observed that the LES results
agree very well with the measurement data, and they show very weak dependence on the
spatial resolutions.
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Figure 1. Vertical profiles of the mean (a) streamwise (U ) and spanwise (V ) velocities and (b)
potential temperature.

Figure 2. Nondimensional gradients of (a) velocity and (b) temperature as a function of the
stability parameter z/L. The dash-dotted lines correspond to the formulations proposed by
Businger et al. (1971).

Figure 3. Vertical profiles of the (a) total momentum and (b) buoyancy fluxes.
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Figure 4. Vertical profiles of the normalized (a) horizontal and (b) vertical velocity variances.

5. Conclusion
Minimum-dissipation models are a new class of subfilter models that give the minimum eddy dissipation required to dissipate the energy of subfilter scales. In this study,
a generalized form of the recently developed minimum-dissipation model (Abkar et al.
2016) was proposed to include the effect of buoyancy, in addition to shear, on the production and suppression of turbulence. The proposed model has many desirable properties.
Specifically, it appropriately switches off in laminar and transitional flows, has low computational complexity, and is consistent with the exact subfilter turbulent fluxes. The
performance of the proposed model was tested in simulations of a convective boundary layer. The simulation results show very good agreement with the well-established
empirical correlations, theoretical predictions, and field observations. In particular, the
proposed model is capable of accurately reproducing the expected surface-layer similarity profiles for both velocity and potential temperature. This is particularity important
since, the relative contribution of the subfilter scales to the overall turbulent fluxes is very
large in the surface layer, and the gradients are also stronger in that region. In addition,
the simulation results show very weak grid-resolution dependence, which indicates the
robustness of the proposed model in the simulation of ABLs, even with relatively coarse
resolutions.
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