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1. Motivation and background
A detailed understanding of the dynamics of dispersed particles in turbulent flows is
essential for a wide range of applications, from the physics underlying rain formation to
the efficient operation and design of particle-based solar receivers. Such understanding
is the basis of any modeling effort aimed at weather forecast or engineering design. A
wide range of applications in science and engineering, such as planet formation, sediment transport in environmental flows, and pharmaceutical applications, benefit from an
accurate modeling of particle-laden flows (Eaton & Fessler 1994; Balachandar & Eaton
2010).
The behavior of particles in turbulent flows varies significantly depending on the density ratio of particle to carrier flow, the particle volume fraction, the size of particles in
relation to the characteristic length scale of the flow, the particle shape, the underlying
flow, the volumetric forcing, and the presence of solid boundaries. In this study, we focus
on a part of the parameter space in which particles are much denser than the fluid, the
volume and mass fractions are much smaller than 1, the particles are spherical and much
smaller than the smallest length scale of the flow, flow is isotropic and no solid boundary
or body force is present. For such a simplified case, the high density ratio allows the
history terms in the particle equation of motion to be neglected, the small volume and
mass fractions allow the effect of particles on flow and particle-particle interactions to
be neglected, the small particle size in combination with the absence of shape effects
allows finite size effects to be neglected, and an isotropic flow in the absence of body
force allows the system to be expressed in a canonical form that depends on a limited
number of nondimensional parameters.
The behavior of the simplified system described above still remains fairly complex. In
particular, depending on the time scale of particles in relation to the characteristic time
scale of the flow, generally denoted by the Stokes number, particles may homogeneously
disperse in space or preferentially concentrate in certain regions of the flow. Particle
segregation in such a canonical flow has been the subject of several studies in the past. It
has been observed experimentally (Fessler et al. 1994; Aliseda et al. 2002; Salazar et al.
2008; Saw et al. 2008), simulated numerically (Ray & Collins 2011; Calzavarini et al.
2008; Tagawa et al. 2012; Goto & Vassilicos 2008), and described analytically (Maxey
1987; Robinson 1956; Bec et al. 2004). In the present study, we focus on the analytical
description of this system and employ numerical simulations for verification purposes.
The degree to which particles segregate in a turbulent flow strongly depends on the
particle Stokes number. We define the Stokes number as thep
ratio of particle relaxation
time τ = ρp d2p /(16ρf ν) to the Kolmogorov time scale τη = (ν/ǫ), in which ρp is the
particle density, dp is the particle diameter, ρf is the fluid density, ν is the fluid kinematic
viscosity, and ǫ is the mean volumetric dissipation rate. It has been shown that St =
τ /τη ≪ 1 particles become neutral fluid tracers and experience minimum segregation.
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There is also minimal segregation at the limit of St ≫ 1, where particles follow a ballistic
trajectory uncorrelated with the underlying flow. The maximum segregation is achieved
when St = O(1). The non-monotonic variation of particle segregation versus St has been
observed experimentally and numerically. However, this is yet to be described analytically.
One of the first analytical relations for quantification of particle segregation was obtained by Robinson (1956) and Maxey (1987). This relation, which hereafter is referred
to as R-M, is obtained by approximating the acceleration of particles with that of flow.
Denoting the position of a particle by x(t) and the flow velocity at the particle location
by u(x, t), the nondimensionalized equation of the motion of a particle subjected to the
Stokes drag is
ẍ = u(x, t) − ẋ,

(1.1)

C := ∇ · ẋ = kΩk2 − kSk2 ,

(1.2)

˙ := d(•)/dt. We employed τ , L, and U = L/τ as the time, length, and velocity
where (•)
scales to nondimensionalize corresponding parameters in Eq. (1.1). All the following
equations are also nondimensionalized based on τ and L. τ is the particle relaxation
time, defined above, and L is a characteristic length scale. The following formulations
and the end result do not depend on the choice of L. The complexity of Eq. (1.1) is
a result of the dependence of u on x that leads to its nonlinear behavior. Following
R-M derivation by approximating ẍ ≈ Du/Dt and assuming ∇ · u = 0, i.e. flow being
incompressible, and taking the divergence of Eq. (1.1), we obtain

where Ω and S are the nondimensional rotation-rate and strain-rate and (•) denotes
Lagrangian time-averaging over the trajectory of a particle. The R-M relation relates
the degree of preferential concentration to the divergence of particle velocity field, here
defined as C. Denoting a collection of inertial particles that are within an infinitesimal
distance from each other as a cloud of particles, C is the exponential rate at which
the volume of the cloud changes over a long period. In what follows, we adopt C for
characterization of the particle segregation.
Approximating the acceleration of particles with that of flow strictly limits the validity of R-M to small St. The accuracy of R-M in predicting the first- and second-order
statistics of C has been shown for St < 1 in homogeneous turbulence (Ferry et al. 2003;
Esmaily & Mani 2016) as well as synthetic flows (Ijzermans et al. 2010). For St ≥ 1, R-M
predicts an unbounded C proportional to St, hence failing to capture the non-monotonic
behavior of C(St).
In Esmaily & Mani (2016), we derived an alternative relationship for C that is the
first-order correction to R-M. In that study, we linearized Eq. (1.1) and expressed u in
the Fourier space to obtain an eigenvalue problem for the Lyapunov exponents of pairs
of inertial particles. The sum of these exponents (in three dimensions λ1 , λ2 , and λ3 )
is equal to the divergence of the particle velocity field, C. We showed that C can be
expressed as
Z ∞ Q
ρ̃ (ω)
C=
dω,
(1.3)
1
+ ω2
−∞
where
Z ∞
Z ∞ 

1
1
Q
Q
−îωt
ρ̃ (ω) :=
(1.4)
ρ (t)e
dt =
tr −∇u(t′ )∇u(t′ + t) e−îωt dt.
2π −∞
2π −∞
ρQ is half of the autocovariance of the Q-criterion, defined in the literature for identi-
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fication of the vortical regions (Hunt et al. 1988; Dubief & Delcayre 2000). Its Fourier
transformation ρ̃Q (ω) = ρ̃Ω (ω) − ρ̃S (ω), where ρ̃Ω and ρ̃S are the Fourier transformation
of the rotation-rate and strain-rate autocovariance functions, respectively. Hence, the
sign of ρ̃Q indicates dominance of flow rotation-rate (ρ̃Q > 0) and strain-rate (ρ̃Q < 0),
which are associated with elliptic and hyperbolic regions of the flow, respectively. Note
these functions are computed along the trajectory of the particles, are different from a
Eulerian averaged quantity, and thus are dependent on St.
The primary assumption associated with Eq. (1.3), which we refer to as S-L hereafter,
is that the Lyapunov exponents λi are much smaller than 1. This assumption is valid at
relatively small St in which λi are also small. In Esmaily & Mani (2016) we also showed SL exactly reproduces R-M as St → 0. At this limit, ω 2 in the denominator of Eq. (1.3) can
be neglected, thus reproducing Eq. (1.2). A comparison against the direct computations
over a wide range of St showed that S-L and R-M provide accurate predictions for small
St. At higher St, although S-L remains bounded and provides a better prediction than
R-M does, it still deviates from the exact calculations due to the underlying assumption
of |λi | ≪ 1.
The objective of this study is to propose an analytical relationship for C(ρ̃Q ) that is
valid at both small and large St. In what follows, we present a step-by-step derivation
of an asymptotic solution, extracted from the linearized form of Eq. (1.1). Then, we
compare the prediction of R-M, S-L, and our solution to the exact computations. For
this purpose, we consider a one-dimensional single-mode oscillatory flow. Through this
case, we test the accuracy of the proposed solution and discuss its implications. The
assessment of the present analysis in more complex flows remains a subject for future
studies.

2. Analytical derivation
In this section, the derivation of our asymptotic solution to Eq. (1.1) is presented.
To begin, we define the trajectory of a particle that is located at X at time t = 0 as
x = x(X, t). The trajectory of a nearby particle initially located at X + δX is then
described by x(X + δX, t) = x(X, t) + (∂x/∂X)δX. The deformation tensor associated
with this motion is
∂x
.
(2.1)
J :=
∂X
The determinant of J , denoted by |J |, can be interpreted as the volume of a cloud of
particles relative to its initial volume that undergo a linear deformation characterized by
J . Therefore, defining C t as the finite-time exponential rate of change of the volume of
the cloud, viz.
ln |J (t + t′ )| − ln |J (t′ )|
C t :=
.
(2.2)
t
Then, following our earlier definition of C, we have
C = lim C t .
t→∞

(2.3)

Based on Eqs. (2.2) and (2.3), C can be computed from J . To obtain a relationship
for J , we take the derivative of Eq. (1.1) with respect to X and employ the chain rule
to obtain
J¨ + J˙ = ∇uJ .
(2.4)

140

Esmaily-Moghadam & Mani

To derive this equation, we employed J˙ = ∂ ẋ/∂X and J¨ = ∂ ẍ/∂X, which hold true
since X 6= X(t). Also, ∇u, which is a short-hand notation for ∂u/∂x, is expressed
in terms of x and thus tractable by computing the gradient of fluid velocity along the
trajectory of the cloud. The tensor ∇u is a general function of time and as a result Eq.
(2.4) is not a constant coefficient ordinary differential equation (ODE) to be integrated
directly. On the other hand, for C 6= 0, |J| exponentially grows or decays indefinitely
in time. As discussed in the next section, this exponential variation hinders its accurate
numerical computation. In this study we make use of
˙ −1 ,
F := JJ

(2.5)

a transformation that produces a more tractable constant coefficient ODE with favorable
numerical properties. Based on this transformation,
Ḟ = J¨J −1 − F 2

(2.6)

Ḟ + F 2 + F = ∇u,

(2.7)

d |J|
,
dt

(2.8)

and hence from Eq. (2.4)
which classifies as the Riccati equation.
Equation (2.7), in contrast to Eq. (2.4), is nonlinear and has constant coefficients. It
is expressed in terms of F , which is the instantaneous rate of deformation of the cloud
normalized by its size. As a result, its determinant, |F |, converges to a non-zero constant
for C =
6 0. To show that, we employ Jacobi’s formula,
tr(F ) = |J |

−1

along with Eqs. (2.2) and (2.3) to obtain
C = tr(F ),

(2.9)

in which tr(•) is the trace operator. This simple relationship indicates that C, which is the
sum of the Lyapunov exponents, is the time average of eigenvalues of F . In other words,
eigenvalues of F are the finite-time Lyapunov exponents associated with the inertial
particles pairs. In the following, we solve Eq. (2.7) for F to find an analytical estimate
for C via Eq. (2.9).
Tensor ∇u is a general function of time. To solve Eq. (2.7) asymptotically, we express
∇u as a set of harmonic functions using the Fourier transformation. Thus, defining
Z ∞
1
G(ω) :=
∇u(t)e−îωt dt,
(2.10)
2π −∞
Eq. (2.7) can be written as
Ḟ + F 2 + F =

X

G(ω)eîωt .

(2.11)

ω

Note ω ∈ (−∞, ∞) is implied in all summations without explicit bounds. Next, we
consider an asymptotic solution to Eq. (2.11) with the following form
X
X
F = λI +
ǫ1 (ω)eîωt +
ǫ2 (ω)e2îωt + · · · ,
(2.12)
ω

ω

where I is the identity tensor, λ is a representative Lyapunov exponent, and tensor ǫi (ω)
is the ith -order oscillatory response of F to G. For a given generic flow, the Lyapunov
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exponents are not equal. However, only a representative exponent is considered in Eq.
(2.12) because the flow is assumed to be isotropic with no preferred direction and the
coordinate system rotation, if any, is assumed to be uncorrelated with the cloud rotation.
From Eq. (2.12), C is directly computed from Eq. (2.9) as
C = Nsd λ,

(2.13)

where Nsd denotes the number of spatial dimensions.
Neglecting the higher-order terms in Eq. (2.12), i.e., assuming ǫi ≈ 0 for all i > 1, and
substituting it in Eq. (2.11) yields
X
XX
X
(λ + λ2 )I +
(1 + 2λ + îω)ǫ1 (ω)eîωt +
ǫ1 (ωn )ǫ1 (ωm )eî(ωn +ωm )t =
G(ω)eîωt .
ω

ωn ωm

ω

(2.14)
Assuming |ǫ1 | ≪ 1, all the time-dependent terms in the second summation can be neglected compared to those in the first summation. The remaining time-independent terms
are retained as they might be of the same order of magnitude as the first term. Thus,
keeping only the terms with ωn = −ωm yields
X
X
X
(λ + λ2 )I +
ǫ1 (ω)ǫ1 (−ω) +
(1 + 2λ + îω)ǫ1 (ω)eîωt =
G(ω)eîωt .
(2.15)
ω

ω

ω

For Eq. (2.15) to hold,
ǫ1 (ω) = (1 + 2λ + îω)−1 G(ω),
X
−1
λ + λ2 + Nsd
tr [ǫ1 (ω)ǫ1 (−ω)] = 0.

(2.16)

ω

From Eq. (2.16)
−1
λ + λ2 + Nsd

X tr [G(ω)G(−ω)]
ω

(1 + 2λ)2 + ω 2

= 0.

(2.17)

Using the convolution theorem, Eq. (2.17) is expressed in terms of a continuous integral
as
Z ∞
ρ̃Q (ω)
−1
dω = 0,
(2.18)
λ + λ2 − Nsd
2
2
−∞ (1 + 2λ) + ω
where ρ̃Q is the Fourier transform of the autocovariance of Q-criterion defined in Eq.
(1.4).
Equation (2.18) is the main result of this analysis, which reproduces R-M and S-L
expressions exactly. Linearizing Eq. (2.18) at the limit of |λ| ≪ 1 and using Eq. (2.13) to
express it in terms of C exactly reproduce S-L (Eq. (1.3)). Furthermore, neglecting ω 2 in
the denominator reduces the integral to ρQ (0) = kΩk2 − kSk2 , exactly reproducing R-M
(Eq. (1.2)). In contrast to the other two expressions, the present result may produce a λ
with a non-zero imaginary part. The imaginary part of λ denotes particles crossovers or a
cloud turning inside out. Also, the dimensional form of ω in this relationship is normalized
by the particle relaxation time τ and becomes larger at larger St. Hence, Eq. (2.18)
filters ρ̃Q at higher frequencies pertaining to the unresponsiveness of large St particles
to flow variations with a small time scale. In the present form, Eq. (2.18) classifies as
the Fredholm integral equation of the second kind and its further simplification requires
additional assumptions. In the following section, we present an explicit solution for λ for
a case in which the underlying flow oscillates at a single frequency.

142

Esmaily-Moghadam & Mani

−2

10

−1

10

ω

0

10

1

10

Figure 1. The discriminants of Eq. (3.2) and its number of real roots for different values of Φ
and ω. There are always two real roots for Φ > 0 (not shown).

3. Single-mode excitation
In this section, we consider the case in which ρ̃Q is a single-harmonic oscillatory function of time. This model problem is studied for its importance in revealing the response
of Eq. (2.18) to the entire parameter space. This investigation will provide us with a
picture of various possibilities that may occur in more complex flows.
For a single-mode excitation, ρ̃Q is non-zero at one frequency, i.e.,
ρ̃Q (ω ′ ) = Nsd Φδ(ω − ω ′ ),

(3.1)

where δ is the Kronecker delta function and Φ is a 1D-equivalent amplitude of the excitation at a single frequency ω. In this case, Eq. (2.18) becomes
λ + λ2 −

Φ
= 0.
(1 + 2λ)2 + ω 2

(3.2)

In total, there are two nondimensional parameters that appear in Eq. (3.2), expressing
λ = λ(Φ, ω). Equation (3.1) and consequently Eq. (3.2) also represent multi-dimensional
isotropic flows as long as ρ̃Q contains only a single frequency.
According to Eq. (3.2), λ is one of the roots of a fourth-order polynomial. Closer
examination shows that this equation has two real roots for Φ > −ω 2 /4 or Φ > 0, no
real roots for Φ < −(ω 2 + 1)2 /16 or −(ω 2 + 1)2 /16 < Φ < −ω 2 /4, and four real roots
otherwise (Figure 1).
The roots of this system can be analytically computed by converting it to a depressed
quadratic form and taking
γ = 1 + 2λ.
With this change of variable, Eq. (3.2) becomes

γ 4 + ω 2 − 1 γ 2 − 4Φ − ω 2 = 0.

(3.3)
(3.4)

Therefore,

1
1p 2
(1 − ω 2 ) ±
(ω + 1)2 + 16Φ.
(3.5)
2
2
No contraction or expansion is expected in the absence of flow. Thus, λ = 0 or γ = 1
γ2 =
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Figure 2. The expansion-rate, real(λ), and crossover-rate, imag(λ), of a cloud of particles
predicted by Eq. (3.6) as a function of the amplitude Φ and frequency ω of the flow oscillations.
Expansion (real(λ) > 0) is predicted in the presence of rotation-rate or strong strain-rate. For
−(ω 2 + 1)2 /16 < Φ < −ω 2 /4, real(λ) is constant −1/2. The crossover-rate is zero everywhere
except for the strong-straining flows, in which Φ < −(ω 2 +1)2 /16 or −(ω 2 +1)2 /16 < Φ < −ω 2 /4.

conditions must be satisfied when Φ = 0. Therefore, from the two possible solutions in
Eq. (3.5), only the root corresponding to the plus sign is admissible. Computing λ from
Eqs. (3.3) and (3.5) and imposing the condition λ(Φ = 0, ω) = 0 lead to
√ q
p
2
1
1 − ω 2 + (ω 2 + 1)2 + 16Φ.
(3.6)
λ=− +
2
4
Remarks on Eq. (3.6):
(a) Equation (3.6) indicates that λ has an imaginary part only in the case of Φ <
−(ω 2 + 1)2 /16 or −(ω 2 + 1)2 /16 < Φ < −ω 2 /4 (blue region in Figure 1). The mean
rate of crossovers, represented by imag(λ), is predicted only in low-frequency oscillatory
strong-straining flows (Figure 2).
(b) The real part of λ represents the expansion-rate (real(λ) > 0) or contraction
(real(λ) < 0). Since the second term in Eq. (3.6) is always positive, the strongest possible contraction-rate is −1/2. For ω < 1, the minimum value of real(λ) occurs at the
discriminant curve Φ = −(ω 2 + 1)2 /16, at which real(λ) is not differentiable. For ω > 1,
the minimum occurs in a region enclosed between −(ω 2 + 1)2 /16 < Φ < −ω 2 /4, where
real(λ(Φ, ω)) is constant and equal to the global minimum −1/2 (Figure 2).
(c) No expansion or contraction is predicted for two cases. The first is the trivial case
in which Φ = 0. The second case occurs at Φ = −(ω 4 + 10ω 2 + 9)/16. In the latter case
only real(λ) = 0 and imag(λ) 6= 0, indicating particle crossovers while of the volume of
the cloud is preserved.
(d) In the elliptic regions of the flow with Φ > 0, real(λ) > 0 and imag(λ) = 0; i.e.,
clouds of particles always experience pure expansion in the rotation-dominated regimes
(Figure 2). Contrary to the contraction-rate, the expansion-rate is unbounded. In general
real(λ) is proportional to Φ for |Φ| ≪ 1 and to |Φ|1/4 for |Φ| ≫ 1.
(e) The maximum of imag(λ) occurs at Φ = −(ω 2 +1)2 /16 for ω > 1, at which imag(λ)
is not differentiable.
The R-M and S-L expressions can also be simplified for this case using Eq. (3.1). From
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Eqs. (1.3), (2.13), and (3.1) S-L prediction in the case of a single-mode excitation is
λ=

Φ
.
1 + ω2

(3.7)

Similarly, the R-M relation from Eq. (1.2) becomes
λ = Φ.

(3.8)

As discussed above, these two relationships can also be derived from Eq. (3.6) or Eq.
(3.4) under the assumption of |λ| ≪ 1 and |ω| ≪ 1. In the following section, we compare
the prediction of these three expressions with the reference numerical solution.

4. Numerical validation
To validate the present analysis, we numerically time-integrate Eq. (2.7), which is the
linearized √
form of Eq. (1.1). To replicate a flow condition at which Eq. (3.1) holds, we
set ∇u = −2Φ cos(ωt). Since this source term is imaginary for Φ > 0, the integration
is performed in the imaginary plane. As alluded to earlier, we employ Eq. (2.7) rather
than Eq. (2.4) in our computations for its favorable numerical properties, avoiding the
ill-conditioning issue that may arise by the exponential growth of |J |. To ensure stability
and accuracy, we adopt the implicit and second-order Crank-Nicolson time-integration
scheme. The implicit time-integration of Eq. (2.7) involves computation of the root-square
of a tensor in multiple dimensions, which is accomplished by eigenvalue decomposition
of F .
For specific combinations of ω and Φ the solution of Eq. (2.7) behaves similar to a
chaotic system and becomes very sensitive to the initial condition. C, however, is governed
by the time average of F over a long period and is not affected by the initial condition.
Hence, we take F (t = 0) = I. Once F (t) is calculated for any given ω and Φ, ln(|J |) is
calculated from Eq. (2.5) as the time integral of F . The behavior of ln(|J |) as a function
of time widely varies depending on ω and Φ (Figure 3). The slope of these curves is
equivalent to tr(F ), which based on Eq. (2.9) is equal to C. Since Nsd = 1, this slope is
identical to λ (Eq. (2.13)), providing a numerical estimate for it. We refer to the results
obtained from this procedure as the numerical solution and use them as a reference for
validation of our analysis. These 1D calculations are also repeated at Nsd = 2. The results
are identical, showing the applicability of Eq. (3.1) to higher-dimensional isotropic flows
excited with a single mode.
Following the aforementioned procedure, real(λ) is calculated for ω ∈ [0, 10] and Φ ∈
[−10, 10] and is shown in Figure 4. This figure shows that real(λ) is a nonlinear function
of ω and Φ. For certain combinations of ω and Φ, real(λ) is not differentiable or has
a very sharp gradient. There are two primary conclusions that can be drawn based on
these results. The first is the possibility of expansion in the strain-dominated hyperbolic
regions of the flow, where Φ < 0 and λ > 0. The second is the existence of a bound on the
magnitude of the contraction-rate, which never drops below −1/2. While both R-M and
S-L fail to make similar predictions, the prediction of the present analysis fully agrees
with these observations.
A closer comparison between the reference numerical results (Figure 4) and our analysis
(Figure 2) to a large extent confirms the accuracy of our asymptotic solution. Apart
from predicting expansion in the presence of strong low-frequency strain oscillations and
the existence of a lower bound on the contraction-rate, our analysis correctly predicts
real(λ) ∝ |Φ|1/4 as |Φ| → ∞ and real(λ) ∝ Φ when Φ ≪ 1. The discriminant curves
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Figure 3. The time variation of the volume of a cloud subjected to an oscillatory velocity
gradient at three frequencies. Curves are obtained from the direct numerical integration of Eq.
(2.7). Our numerical estimate of real(λ) is based on the time-averaged slope of these curves.
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Figure 4. The expansion-rate of clouds, real(λ), obtained from the numerical integration of
Eq. (2.7) for a flow excited by a single mode (Eq. (3.1)), in log and linear scale as a function
of excitation amplitude Φ and frequency ω. Dashed lines are predicted discriminant from our
analysis and replicated from Figure 2.

obtained from our analysis provide a good approximation for the values at which the
numerical solution changes sign or reaches a plateau. However, discrepancies between
the two are also observed, specifically for ω . 1 and Φ . −1, i.e., where imag(λ) 6= 0
(blue region in Figure 1). While our analysis predicts real(λ) = −1/2 for −(ω 2 +1)2 /16 <
Φ < −ω 2 /4, the numerical calculation shows the region at which real(λ) = −1/2 is larger
and includes lower values of Φ. Also, a much higher degree of nonlinearity is observed in
the numerical results for Φ < −(ω 4 + 10ω 2 + 9)/16.
To explain these discrepancies, it is important to note that Eq. (3.6) is an exact solution
of Eq. (2.18) when Eq. (3.1) holds. However, Eq. (2.18) is asymptotically obtained from
Eq. (2.7) while neglecting the higher-order terms, i.e., ǫi for i > 1. This approximation
accounts for the difference between the analytical predictions and the numerical calculations. It can be shown that the rate at which |ǫi | decays as i becomes larger depends
on the ratio |Φ| /ω. Based on the leading order estimates, |ǫi | ∝ (|Φ| /ω)i if |Φ| /ω < 1.
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Figure 5. The expansion-rate of clouds, real(λ), computed from the numerical calculations
(solid black line), the present analysis or Eq. (3.6) (dashed red line), S-L or Eq. (3.7) (dashed–
dotted blue line), and R-M or Eq. (3.8) (dotted green line) at different values of ω and Φ. R-M
predictions are outside of the depicted range in (a) and (b) and are not shown.

In the worst-case scenario |ǫ1 | ≈ |ǫ2 | ≈ · · · ≈ |ǫn | and the asymptotic form in Eq. (2.12)
does not converge.
The S-L prediction of λ, which is a linear function of Φ and a nonlinear function of ω,
is completely invalid for |Φ| /ω ≫ 1. In general, S-L provides a good prediction for ω ≫ 1
or |Φ| ≪ 1. The R-M prediction, on the other hand, which is a linear function of Φ and
independent of ω, is valid only for ω ≪ 1 and |Φ| ≪ 1. These two relations fail to predict
main characteristics of real(λ) (Figure 4) such as min(real(λ)) ≥ −0.5, real(λ) > 0 for
1/4
Φ ≪ −ω 4 , and real(λ) ∝ |Φ|
for |Φ| ≫ 1. To highlight these differences, predictions of
R-M and S-L relations along with the present analysis are compared against the reference
numerical results in Figure 5.
Figure 5(c) confirms R-M and S-L predictions are invalid at small ω, except for Φ ≪ 1.
These two relations predict real(λ) = −5 at ω = 0 and Φ = −5, while real(λ) = 0.3 and
0.29 from the numerical calculations and the present analysis, respectively. At higher ω,
the S-L prediction approaches the numerical solution, whereas R-M remains inaccurate
(Figure 5(e)). The present analysis provides a reasonable approximation at all ω and Φ.

5. Conclusions
An asymptotic solution (Eq. (2.18)) is derived for the expansion-rate of particle clouds.
The expansion-rate can be interpreted as the divergence of particle velocity along its
trajectory or the sum of Lyapunov exponents associated with particle pairs. We showed
that our solution is more general than the expressions provided by Maxey (1987) and
Esmaily & Mani (2016), which are valid only under restrictive sets of conditions. Similar
to the other two expressions, our solution is related to the underlying flow through the
autocovariance of Q-criterion in the Fourier space. We tested these expressions via a case
in which the autocovariance function is excited at a single mode. The results showed that
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clouds always experience expansion in a rotation-dominated flow, while they may expand
or contract in a strain-dominated flow. Our numerical calculations showed that expansion
can occur when the strain-rate has a sufficiently large amplitude |Φ| and sufficiently low
frequency ω. These results also showed that the contraction-rate is bounded to −1/2.
These two major observations, which are a direct consequence of the nonlinear behavior
of λ(Φ, ω), while not captured by the other analyses, are fully predicted by the present
analysis. While the previous analyses are valid only in regimes with small Φ or large
ω, the present analysis is in good agreement with the numerical results in the entire
parameter space. Applying our analysis to complex multi-dimensional flows, in which a
continuous range of frequencies are present, remains a subject of future studies.
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