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1. Motivation and objectives
The generation of micro-bubbles upon the collision of two bodies of liquid in a gaseous
environment is an ubiquitous process in two-phase flows. Upon collision, small amounts
of gas become entrapped in thin films between the liquid surfaces. Due to flow instabilities that are currently under investigation, the gas films break up into smaller tiny
bubbles that are later dispersed. For example, in ships, air bubbles of a broad range of
sizes are often entrained due to boundary layers and stern waves, forming an elongated
wake that lasts for several kilometers downstream. The bubbly wake can be detected
acoustically (Trevorrow et al. 1994) or by aerial imaging (Reed & Milgram 2002), which
may undesirably reveal the presence and position of the ship. The generation of microbubbles has been previously studied in breaking waves (Deane & Stokes 2002; Melville
1996) and falling rain droplets on the ocean (Blanchard & Woodcock 1957; Prosperetti
& Og̃uz 1993). Micro-bubbles are important for aerosol generation (Knelman et al. 1954;
Lhuissier & Villermaux 2012), sound generation (Pumphrey & Crum 1988) and enhanced
albedo (Seitz 2011; Crook et al. 2016), along with other interfacial mass, momentum and
energy transfer processes in the ocean (Thorpe 1992). A better understanding of microbubbles would shed light on the fundamental mechanisms behind these processes and
allow a more accurate evaluation of their impact. The process at the core of these phenomena – splashing – has been well documented for decades (Worthington 1908; Edgerton
& Killian 1939), but the fundamental physics behind the various regimes of splashing, including the dynamics of the entrapped gas films, remain an active area of research (Rein
1993; Yarin 2006; Josserand & Thoroddsen 2016).
Many recent computational studies have been devoted to the accurate resolution of airwater interfaces, including 3D simulations on structured grids for hydraulic jumps (Mortazavi et al. 2016) and breaking waves (Wang et al. 2016; Deike et al. 2016). These
simulations resolve the Hinze scale (Hinze 1955) of the system using grids such that the
subgrid-scale (SGS) Weber number
ρl u2∆ ∆
(1.1)
σ
is of order 0.1 − 1. In this formulation, ρl is the liquid density, σ is the surface tension, ∆
is the grid spacing and u∆ is the corresponding characteristic velocity fluctuation. Deane
& Stokes (2002) proposed that bubble formation in the early stages of wave breaking
takes place via two processes: for macro-bubbles larger than the Hinze scale, turbulent
eddies and shear flows cause large bubbles to fragment into smaller bubbles whose radii
obey a −10/3 power law distribution (Garrett et al. 2000); conversely, micro-bubbles
smaller than the Hinze scale are directly formed by jet and drop impact on the bulk
liquid surface. This suggests that the aforementioned simulations are able to resolve
We∆ =
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some of the larger micro-bubbles in the system. The smallest micro-bubbles, however,
are out of reach of these simulations and would be prohibitively expensive to resolve with
today’s computational resources. Because of the large separation of scales involved, an
SGS model is necessary from a practical standpoint to accurately predict the generation
and describe the evolution of these micro-bubbles.
In this report, a preliminary formulation of an SGS model for the generation of microbubbles from gas-mediated collisions between liquid surfaces is presented. As described
in Section 2, the first step in the development of such a model necessarily involves the
detection of collisions between liquid surfaces. Section 3 introduces an impact-detection
algorithm that can be implemented in tandem with a generic multi-phase flow solver, and
specifically a geometric volume-of-fluid (VoF) unstructured node-centered flow solver.
Simple test cases for the algorithm involving drops impacting a planar liquid surface
are described in Section 4. Concluding remarks and a description of ongoing work are
provided in Section 5.

2. Development of an SGS model for the generation of micro-bubbles
In this section, the basic components of an SGS model are outlined. A preliminary
model problem that characterizes the colliding interfaces is highlighted. The section concludes with a discussion of the length scales involved in a typical computation.
2.1. Basic requirements
The abstraction of a simple canonical problem from the collision of liquid bodies in complex turbulent flows in multi-phase environments, such as ship wakes, is not a straightforward task due to the wide variation in the scales of the participating flow structures.
However, the elementary micro-scale process of these collisions almost always involves
two curved liquid surfaces approaching each other, as depicted in the upper and center
panels of Figure 1. As mentioned earlier, the details of the flow physics that occur during
the approach of two such liquid surfaces are typically not resolvable in most numerical
simulations, or even experiments, attempting to obtain meso-scale and macro-scale statistics of the collisions. A micro-scale model problem that resembles the subgrid dynamics
of collision may be ascribed to two arbitrarily curved surfaces whose local curvature and
approach velocities are provided by the meso-scale simulation. Based on these two inputs, the solution of the micro-scale model problem should return a spatial distribution
of micro-bubbles and their velocities to the meso-scale computation.
The formulation of an appropriate SGS model for this problem requires the resolution
of sequential subproblems, namely: i) detection of collisions by exhaustive search throughout the simulation domain, ii) characterization of surface geometry and impact velocity,
iii) calculation of film breakup dynamics, and iv) insertion and transport of Lagrangian
micro-bubbles in the meso-scale numerical solver. By employing an exhaustive search
throughout the simulation domain, the locations of all colliding interface pairs have to
be identified at every time step. For each pair of colliding interfaces that produces microbubbles, the following steps have to be performed: first, the geometric parameters of the
gaseous film trapped between the interfaces just before its physical breakup, such as its
thickness, velocity and curvatures, are modeled as functions of the interface and impact
parameters. The size distribution, location and velocities of the resulting micro-bubbles
must then be computed based on a full-scale numerical resolution of the micro-scale model
problem (which would be computationally expensive) or on a hydrodynamic-instability
theory of the gaseous film. Since the micro-bubbles are much smaller than any of the
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Figure 1. Schematics of an SGS model for the generation of micro-bubbles upon the impact
of two liquid surfaces.

hydrodynamic structures solved by the meso-scale solver, a Lagrangian treatment of the
micro-bubbles is used for their transport. Lastly, the corresponding gaseous mass and
momentum entrapped in the micro-bubble phase have to be removed from the relevant
Eulerian fields to ensure conservation.
Accurate modeling of the trapped gaseous film between the interfaces and its subsequent dynamics requires robust characterization of the interfaces that can be readily
compared with existing simulations and/or experiments. More precisely, an unambiguous criterion without tuning parameters needs to be developed to allow the flow solver
to consistently determine if a particular pair of colliding interfaces will produce microbubbles. This need for systematic surface characterization motivated the search for a
canonical model problem. It was hypothesized by Deane & Stokes (2002) that impacting
jets and drops are primarily responsible for the formation of micro-bubbles, and it has
been demonstrated (Andreas et al. 1995; Veron 2015) that these drops do indeed occur in
large quantities in breaking waves. For this reason, the proposed SGS model will use drop
impingement on a liquid surface as its model problem for surface characterization. Consequently, the incoming interface is modeled as a section of the drop interface, while the
receiving interface is modeled as a section of the bulk liquid interface. Note that plunging
jets have also been considered as the prototype flow for these interface collisions (Kiger &
Duncan 2012). However, because of their higher complexity, and also because it has been
observed that breaking waves in oceans tend to spill rather than plunge (Deane & Stokes
2002), suggesting the greater relevance of drops in these situations, the consideration of
jets will be deferred to later works.
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2.2. Drop impact on a liquid surface:
A preliminary model problem for impact characterization

The treatment of the problem of collision between two arbitrarily curved liquid surfaces
is deferred to future work since it requires generalizations of some of the methods described here. Instead, a preliminary and simpler model problem that serves to test the
algorithm is adopted in this report. This problem consists of a droplet impinging on a
liquid surface, where the drop curvature and approach velocity are derived from mesoscale inputs generated by the flow solver. A schematic of this model problem is shown in
the lower panel of Figure 1.
As mentioned in Section 1, drop impact on surfaces has been the focus of numerous
studies, even though the relative importance of various forces in the drop-surface system
at very small interface separations remains a topic of scholarly discussion (Thoroddsen
et al. 2005; Mani et al. 2010; Hicks & Purvis 2011; Duchemin & Josserand 2011; Mandre
& Brenner 2012). Nevertheless, the basic physics of the problem are relatively well understood. Non-dimensionalization of the Navier-Stokes equations describing the motion
of the drop, as well as the motion of the gas separating the drop and the liquid surface,
yields the following dimensionless quantities for a drop with speed U and diameter D
and a liquid-gas interface with surface tension σ, namely, the density ratio
liquid density
ρl
,
=
ρg
gas density

(2.1)

µl
liquid viscosity
,
=
µg
gas viscosity

(2.2)

ρl U 2 D
inertial forces
=
,
σ
capillary forces

(2.3)

ρl U D
drop relaxation time
.
=
µg
flow time

(2.4)

the viscosity ratio

the Weber number (We)

and the Stokes number (St)

In a typical simulation, the gas and liquid materials are usually predetermined (e.g.,
air and water in oceans), thereby fixing the density and viscosity ratios of the system
throughout the computation. One then expects the occurrence of micro-bubbles in a
given simulation to be solely a function of We and St. To support this hypothesis, a
survey was conducted of various experiments of water drops impinging on sufficiently
deep water pools with planar surfaces under atmospheric conditions, and some of these
data are plotted in Figure 2. Over the range of We and St surveyed, the drops exhibit
a wide variety of behavior, from bouncing to coalescence with generation of a variable
number of bubbles. From the plot, it is evident that micro-bubbles are formed due to
the impingement of drops of specific ranges of We and St. The region 10 < We < 100
and 6 × 104 < St < 3 × 105 describes micro-bubbles formed from the rupturing of a
hemispherical air film trapped between the drop and the surface. The second region of
closed symbols in the top right of Figure 2 where We > 500 describes micro-bubbles
formed from the rupturing of a toroidal air film trapped by the ejecta sheet from the
falling drop. In this work, the former is investigated, and the latter is deferred to future
work. An analytic description of the precise demarcation of these regimes is still under
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Figure 2. Experimental data of St and We associated with water drops impinging on deep water
pools under atmospheric conditions at various collision regimes. The solid symbols indicate drops
that produce micro-bubbles, while the open symbols indicate drops that produce only a handful
of macro-bubbles and the crosses indicate drops that bounce without producing micro-bubbles.

study, but the data suggest that the formation of micro-bubbles can be predicted solely
based on the dimensionless parameters associated with the interacting interfaces, allowing
us to apply the SGS model to generic interfaces.
2.3. Grid resolution requirements:
Considerations for film-breakup modeling
Before introducing the impact-detection algorithm in full, a brief discussion on the length
scales and grid resolutions involved in the problem is timely and may offer additional
insight into the utility of the SGS model. Experiments such as those of Esmailizadeh &
Mesler (1986) and Sigler & Mesler (1990), indicated in Figure 2, have shown that microbubbles formed by drop impact on a liquid surface are at least 20 to 50 times smaller
than their parent drops, indicating a separation of scales inherent in the problem; since
Figure 2 demonstrates that drops of relevant sizes have We ∼ 10−100, these experiments
suggest the Weber number of the corresponding micro-bubbles is of order 0.1 or less. This
separation of scales is illustrated in Figure 3 with reference to the grid turbulent Weber
number We∆ necessary to resolve the Hinze scale in a turbulent flow.
Figure 3 also proposes ranges of We∆ that may be feasible for direct numerical simulations (DNS) and large eddy simulations (LES) in the future. With greater improvements
in infrastructure and algorithms, smaller We∆ could be achieved for DNS in the coming
years. Here, both the drop and the gaseous film trapped by the drop are resolved, as well
as the larger micro-bubbles, but it is unlikely these advancements will lead to resolution
of all the smallest micro-bubbles. Conversely, with the successful development of SGS
models that capture the micro-bubbles, larger We∆ could be achieved for LES in the
future, leading to savings in computational costs.
Depending on the grid resolution, the relevant drops could either be resolved or modeled, but the lower resolution implies that the trapped gas film has to be modeled as well.
A robust model for the geometric parameterization of the gas film just before its physical
breakup is crucial for the successful development of an SGS model. This parameterization
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Figure 3. Potentially feasible ranges of We∆ for DNS and LES.

should be agnostic to the origin of the film; even though the originating characteristics
of the film were derived from a drop-surface impact, the film-breakup model should be
formulated independently.

3. Impact-detection algorithm
The impact-detection algorithm will now be formally introduced. As the algorithm is
an adaptation of previous work on collision detection of surfaces (Bridson et al. 2002;
Mortazavi 2016), this report will focus on the modifications made to enable the algorithm
to function in tandem with unstructured flow solvers in a fashion compatible with various
interface-capturing methods and parallel-computing architectures.
The developed algorithm, which is designed for 3D simulations, comprises three main
components. First, the interfaces are triangulated using linear interpolation of scalar
fields. Then, the triangles are tested pairwise for collisions within a predetermined time
interval. Finally, collisions adjacent in space are bundled and duplicate collisions over time
are eliminated. The subsequent subsections will introduce these components individually.
3.1. Interface triangulation
In the original algorithm proposed by Bridson et al. (2002), triangles are used as the
basic geometrical unit for collision testing. In order to generate triangles from the numerical interfaces, Mortazavi (2016) used the marching cubes method (Lorensen & Cline
1987) and linearly interpolated the level set field centered at the cells of a structured
grid. In order to extend the algorithm to unstructured meshes, the marching tetrahedra
method (Doi & Koide 1991) is instead employed using the implementation by Bourke
(1997). A schematic of the marching tetrahedra method is illustrated in Figure 4(a).
In both marching methods, the velocities at the vertices are also interpolated. Since a
generic control volume in an unstructured mesh can be decomposed into sub-tetrahedra
comprising the cell center, a face center, an edge midpoint and a node as vertices (Ham
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Figure 4. (a) Schematic illustrating the triangulation process using the marching tetrahedra
method (Doi & Koide 1991). (b) Modification of the coplanarity test to circumvent numerical
coalescence. The arrows indicate the advection velocities used.

et al. 2006), the marching tetrahedra method can be applied to generic meshes after the
requisite interior edges (e.g. cell center – face center) are reconstructed (here, ‘center’
refers to the center of mass of the constituent nodes of the entity).
The marching tetrahedra method has the additional advantage of compatibility with
node-based VoF scalar fields: instead of interpolating the level set field, the method could
instead interpolate the distances from the planar interfaces computed using the piecewise
linear interface calculation (PLIC) procedure commonly used in VoF methods. While the
triangles generated in this manner do not form a manifold (‘air-tight’) surface, they are
consistent with the total volume of the respective phases in the system and satisfy the
conservation of mass. Furthermore, this approach does not require a global level set and
can be used in VoF-based codes that do not reconstruct one (Ivey & Moin 2015). To
prevent self-collisions in the non-manifold surface, triangles generated from the same
mesh nodes and vertices generated from the same mesh edges are not tested.
3.2. Collision tests for triangles
Next, the triangles are tested pairwise for collisions. For each pair of triangles, a collision
occurs if a vertex of one of the triangles is coplanar with the other triangle and is enclosed
by the triangle, or if an edge of one triangle is coplanar with an edge of the other and
intersects the edge. To test for collisions, the vertex velocities are used to construct
and solve a cubic equation for the time taken for the vertices to achieve coplanarity,
assuming the velocities remain constant. If this time falls within a preset time interval
and the triangles are close to each other, a collision is deemed to have occurred. The
reader is referred to Bridson et al. (2002) for full details of the algorithm.
In order to enable the algorithm to function in real time, two changes are made to the
coplanarity test. In the original algorithm by Mortazavi (2016), the time interval selected
for testing was a postprocessing time difference between two snapshots. Here, the time
interval necessarily has to be the computational time step for tandem operation with
the flow solver. In addition, interface-capturing methods do not permit two interfaces to
reside in the same cell (or dual cell). A collision test that adheres strictly to coplanarity
runs the risk of missing collisions due to numerical coalescence, since the collision algorithm only looks for collisions within a computational time step. In this algorithm, the
coplanarity test is relaxed such that a collision is registered if two triangles are at most
one grid cell apart, ensuring a collision is detected before numerical coalescence occurs.
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Figure 5. (a) Schematics illustrating triangle-alignment tests. (b) Illustration of alternating
digital tree construction in 2D for the bounding boxes labeled 1 to 5. At each level, the tree is
always subdivided by the dimension with the largest range. At levels 1 (boxes A and B) and 3
(boxes 1 and 2), the subdivision is in the horizontal direction. At level 2, the subdivision is in
the vertical direction.

This relaxation is done in the following manner: First, the coplanarity test is performed
as above and the two triangles are advected by one time step. Then, one triangle is held
stationary and the other triangle is assigned a velocity equivalent to the relative velocity
of the centers of mass of the two triangles. Finally, the second triangle is advected by
the time needed for it to traverse the bounding box of the dual cell containing the first
triangle, and the coplanarity test is again performed. This process is illustrated in Figure
4(b).
In addition, steps were taken to improve the accuracy and efficiency of the algorithm.
The original algorithm by Mortazavi (2016) includes a vector dot product test to check
for the alignment of the triangles, which is refined here as follows: First, if the dot product
of the outward normal vectors associated with the two triangles is less than −0.5, then
the normals are pointing in approximately opposite directions, thus signalling a possible
collision. (Here, an outward normal vector points from the liquid to the gas. For the level
set method, the normal vectors are obtained by interpolation; for the node-based VoF
method, the normal vector associated with the originating mesh node is used directly.)
Second, if the dot product of one normal vector and the relative velocity vector between
the centers of mass of the two triangles is more than 0.5, then the triangles are facing and
moving towards each other, and a collision is possible. All triangle pairs that satisfy the
augmented coplanarity test must also satisfy these two tests to be registered as collisions.
A schematic of these tests is found in Figure 5(a). The original algorithm by Bridson et
al. (2002) also includes an axis-aligned bounding box (AABB) test to quickly eliminate
triangle pairs that will not collide within the given time interval. An AABB is generated
for each triangle containing its vertex positions at the start and end of the interval. If two
AABBs do not intersect, then a collision cannot occur between the two corresponding
triangles. In a code written for parallel processors, it is not straightforward to test AABB
pairs individually. In this algorithm, an alternating digital tree (illustrated in Figure 5(b)
for 2 dimensions) is generated for the AABBs of each processor. Each AABB is then tested
against all the AABBs of a particular level in the tree to eliminate impossible collisions.
In this work, the 64 children (i.e., level 6) of the parent AABB are used for tests to strike
a balance between culling of redundant tests and message passing between processors.
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Figure 6. Performance of the collision detection algorithm for the setup in Section 4.1. The
view angle in the top row is a close-up of the bottom of the drop from the side and above the
liquid surface. The view angle in the bottom row is a bottom-up view under the drop center.

3.3. Detecting unique collisions
For accurate implementation of the SGS model, identified collision events need to be
unique. The one-grid-cell threshold used in this algorithm may result in duplicate collisions in time if the identified interfaces move slowly and numerical coalescence does
not occur within a single time step. To circumvent this, node pairs tagged for collision events (in node-based codes), as well as all other nodes situated between these two
nodes, are prohibited from registering collisions in future time steps until their triangles
no longer undergo collisions. It is also likely that neighboring nodes register collisions for
what physically may be considered the same collision. To handle these, neighboring collisions are bundled at two levels. Within a single processor, neighbors are bundled using
a flood-fill algorithm, and across processors, neighbors are bundled using a union-find
algorithm, with the necessary modifications to ensure that the interface parity of each
node is maintained; since each physical collision involves two interfaces, each colliding
node must be associated with only one of the two interfaces. These algorithms are similar
to the ‘agglomerate’ and ‘connect’ algorithms discussed in Le Chenadec et al. (2014).

4. Algorithm test cases: Performance at various grid resolutions
In this work, the algorithm was implemented in an unstructured node-based geometric
unsplit VoF code developed by CTR and Cascade Technologies (Kim et al. 2014), which
performs a level set reconstruction every time step to obtain the normal vectors of the
interface, and has demonstrated second-order accuracy in several test cases. The main
test setup employed is a water drop released onto a planar water surface at atmospheric
conditions. The algorithm was tested for 4 grid resolutions h = D/8, D/16, D/24 and
D/32, where h is the grid spacing and D is the droplet diameter. In Figures 6 and 7, the
test cases will be depicted in increasing resolution from left to right. A cubic Cartesian
grid with side length 5D was used, and the drop was released in the middle of the domain.
Most of the tests conducted indicate that the computational cost of the algorithm is on
the same order of magnitude as that of the flow solver every time step with an appropriate
choice of the number of processors.
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Figure 7. Performance of the collision detection algorithm for the setup in Section 4.2. The
view angles are identical to those in Figure 6.

Figure 8. Performance of the collision detection algorithm for the setup in Section 4.3 with
view angles identical to those in Figure 6. The two figures on the left depict results using the
one-grid-cell threshold, while those on the right involve the two-grid-cell threshold.

4.1. Algorithm without fluid advection
First, the algorithm is tested without fluid advection by releasing the drop one grid
cell above the liquid surface. Collisions are then detected immediately in the first time
step. Figure 6 depicts the triangulated interface and the mesh nodes corresponding to
colliding triangles, which are highlighted with small spheres. The general axisymmetry
of the collision points provides confidence that the algorithm is functioning as intended.
4.2. Algorithm with fluid advection at realistic We and St
Next, the algorithm is tested with fluid advection by releasing the drop one radius above
the liquid surface at We = 5.7 and St = 4.0 × 105 . Figure 7 depicts the triangulated
interface and mesh nodes with collisions at the first instance collisions are detected. As
the Reynolds number of the system is more than 1, axisymmetry is not expected, but the
asymmetry in the points also reflects errors inherent in the level-set reconstruction. Additional subcycles for the geometric VoF advection are expected to improve the symmetry
of the results.
4.3. Modifying the threshold for collision detection
Since the algorithm appears to be sensitive to small errors in the level-set reconstruction, including inaccuracies in the normal vector computation at locations close to both
interfaces, an investigation into a better threshold for collision detection was conducted.
In particular, the one-grid-cell threshold earlier described in the algorithm was further
relaxed to two grid cells so that the interfaces do not excessively distort each other. In
Figure 8, snapshots of the first instance of collision are depicted for both thresholds for
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Figure 9. Proof of concept of the full implementation of the SGS model: (top left) before a
collision is detected, (top right) soon after a collision is detected, and (bottom) after the flow
solver has advanced several time steps. In each subfigure, an inset is also located on the top
right corner to zoom in on the generated micro-bubbles.

a grid resolution of h = D/24, repeating the test conditions of Section 4.2. Greater symmetry is observed in the snapshots generated from a preliminary implementation of the
two-grid-cell threshold scenario.

5. Conclusions and ongoing work
The resolution of micro-bubbles near air-water interfaces is expensive. Hence, in this
work, it is proposed that an SGS model is necessary to accurately predict micro-bubbles.
Experiments demonstrate that these micro-bubbles are generated when droplets impinge
on liquid surfaces at specific ranges of We and St, allowing the model to be applied
to generic interacting interfaces. This work also develops the first step of the model: a
collision detection algorithm between interfaces that is suitable for implementation in
unstructured multi-phase flow solvers using interface capturing methods. The algorithm
can be implemented in tandem with the flow solver and is suitable for parallel computing architectures. This work implements the algorithm in a node-based geometric unsplit
VoF routine, and test cases are provided to demonstrate the performance of the algorithm. As an illustration of the final objective of this work, a proof of concept of the full
implementation of the SGS model is also provided in Figure 9.
Work is ongoing to test the algorithm with a larger variety of drop impact scenarios,
and with the hydraulic jump discussed in Mortazavi et al. (2016). In order to reduce
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the computational cost associated with generating and storing the triangles, a collision
detection method that only involves the VoF scalar field without further reconstruction is
being explored. Finally, the relevant instability mechanisms of the gaseous film are under
study, both to provide rigorous bounds for the We and St associated with micro-bubble
production, and to obtain a realistic micro-bubble distribution for Lagrangian injection.
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