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1. Motivation and objectives
Wall-bounded flows are often encountered in engineering and geophysical applications.
A robust feature of wall-bounded flows is the presence of the logarithmic region, where
neither the viscous effects nor the large-scale boundary effects are dynamically important
(Marusic et al. 2013). At low speeds (for constant property flows), the mean flow follows
the logarithmic law of the wall in the logarithmic region
U + = 1/κ log(y + ) + B,

(1.1)

where U is the mean streamwise velocity, y is the distance from the wall, + indicates
normalization by wall units, κ is the von Kármán constant and B is an additive constant.
The size of the smallest eddies
in wall-bounded flows scale with ν/uτ , where ν is the
p
kinematic viscosity, uτ = τw /ρ is the friction velocity, τw is the mean wall-shear stress
and ρ is the fluid density. Unless otherwise noted all quantities in this paper are ensemble
averaged mean quantities. At high Reynolds numbers, directly resolving such small-scale
eddies is computationally costly (Choi & Moin 2012), and a common practice is to model
the near-wall turbulence using a wall model (Piomelli & Balaras 2002; Piomelli 2008;
Park 2017). In the context of large-eddy simulations (LES), the most commonly used
wall model is the so-called equilibrium wall model (Kawai & Larsson 2012; Larsson et al.
2016)


du||
d
(µ + µt,wm )
= 0,
(1.2)
dy
dy
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µ
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(µ + µt,wm ) u||
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+
= 0,
(1.3)
dy
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Pr Prt,wm dy
where the two Reynolds-Averaged-Navier-Stokes-type equations are numerically integrated on a one-dimensional grid in the near-wall region (to a wall-normal distance hwm
from the wall, where the solution matches with the LES), and the resulting wall-shear
stress and wall heat transfer rate are fed to LES as boundary conditions (see Figure 1).
Here u|| is the instantaneous wall-parallel velocity, T is the instantaneous temperature,
µ is the instantaneous dynamic viscosity, Pr is the Prandtl number, cp is the specific
heat, µt is the instantaneous eddy viscosity, Prt is the turbulent Prandtl number and the
subscript wm denotes quantities used in a wall model (as opposed to LES quantities).
We use x, y and z for the streamwise, wall-normal and spanwise directions, respectively.
u, v, w and U , V , W are used for the instantaneous and the mean velocity in the three
Cartesian directions. The eddy viscosity µt,wm may be specified using the mixing length
model (Pope 2001)
√
(1.4)
µt,wm = ρρw κuτ y · D,
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Figure 1. Schematics of wall-modeled large-eddy simulation (WMLES). The LES grid cannot
resolve all near-wall eddies. Equations (1.2), (1.3) are solved on the embedded wall model grid,
with the instantaneous LES temperature TLES and LES velocity ULES as matching conditions
at a distance hwm from the wall. The resulting wall-shear stress τw and wall heat transfer rate
qw are fed to LES as boundary conditions for integrating the LES equations. Here, b.c. is short
for boundary condition.

where D is the van Driest damping function

2
D = 1 − exp −y + /A+
.

(1.5)

Here A+ = 17 is a model constant and subscript w indicates quantities at the wall. This
work focuses on the functional behavior of the eddy viscosity, which is not necessarily used
in an LES wall model, hereafter, we will refer to µt,wm (generally) as µt . The turbulent
Prandtl number is Prt = 0.9. The non-equilibrium terms including the unsteady term,
the wall-parallel convective terms u∂u/∂x and w∂u/∂z and the pressure gradient term
are dropped in Eqs. (1.2), (1.3) (the reader is directed to Yang et al. (2015); Yang &
Bose (2017); Park & Moin (2014) for wall models that account for these non-equilibrium
effects explicitly). Despite this apparent shortfall, the model has been quite useful for
capturing wall-shear stresses and wall heat transfer rates in practically relevant flows
both at low speeds (see, e.g., Yang & Meneveau 2016; Kawai & Asada 2013) and at high
speeds (see, e.g., Bermejo-Moreno et al. 2014, 2011).
In this work, we focus on the specification of the damping function D for WMLES of high-speed flows. We show that the conventional viscous scaling for y, i.e.,
√
y + = y ρw τw /µw , is inappropriate for flows at high speeds (variable property flows),
√
and instead, the semi-local scaling, i.e., ySL = y ρτw /µ, must be used in the damping
function D. Since D is part of the eddy viscosity µt , we will also investigate the behavior
of µt .
By definition, the eddy viscosity µt is
τw
(1.6)
µt =
dU/dy
in the logarithmic range, where we have neglected the molecular viscosity. At low speeds,
dU/dy may be evaluated according to Eq. (1.1). At high speeds, the mean flow no longer
follows the incompressible law of the wall, unless a velocity transformation is applied. The
most commonly used velocity transformation is the so-called van Driest transformation
(van Driest 2003)
r
dYV+D
dUV+D
ρw
=
,
= 1,
(1.7)
dU +
ρ
dy +
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where V D indicates van Driest transformed quantities, and the mean density ρ is a
function of the wall-normal distance. Equation (1.7) works quite well for boundary-layer
flows above adiabatic walls (where dµ/dy ≈ 0 in the viscous sublayer) (see, e.g., Pirozzoli
& Bernardini 2013; Guarini et al. 2000; Martı́n 2007). For non-adiabatic walls, the van
Driest transformation fails (Coleman et al. 1995; Foysi et al. 2004), and the velocity
transformation by Trettel & Larsson (2016) must be used
√
ρτw
µ
dUT L dy
+
=
, yT L =
y,
(1.8)
dU dyT L
µw
µ
where T L indicates transformed quantities, and both µ and ρ are functions of the wallnormal distance. dU/dy in Eq. (1.6) can be evaluated according to
dU dYT dUT
dU dYT uτ
dU
=
=
,
dy
dUT dy dYT
dUT dy κYT

(1.9)

in the logarithmic region, where UT and YT are the transformed velocity and wall-normal
coordinate, UT (YT ) follows the logarithmic law of the wall and dUT /dYT = uτ /(κYT ),
dU/dUT and dYT /dy are known when given a velocity transformation (Eq. (1.7) or Eq.
(1.8)). Using Eqs. (1.6), (1.9), both the van Driest transformation (Eq. (1.7)) and the
Trettel-Larsson transformation (Eq. (1.8)) lead to the same eddy viscosity
√
µt = ρρw κuτ y,
(1.10)
in the logarithmic region (where the damping function is D ≈ 1).
Following the van Driest transformation, y + measures the viscous distance from the
wall, and the damping function Eq. (1.5) must be used. However, according to the TrettelLarsson transformation, the viscous distance from the wall is measured using yT+L =
√
y ρτw /µ and the damping function must be

2
D = 1 − exp(−yT+L /A+ ) .
(1.11)
We use ySL and yT+L interchangeably. The subscript SL is short for “semi-local” (Huang
et al. 1995; Patel et al. 2015, 2016).
The usefulness of Eq. (1.5) and Eq. (1.11) may be tested by solving directly Eqs.
(1.2), (1.3) and comparing the transformed velocities with the incompressible law of the
wall. Consistency requires that the transformed velocity follow the incompressible law
of the wall. The results are shown in Figures 2 and 3. The ideal gas law P = ρRT
is invoked, where R is the ideal gas constant. The specific heat is cp = γ/(γ − 1) · R,
where the adiabatic index γ = 1.4. The molecular Prandtl number is Pr= 0.72, and
κ = 0.4. The molecular dynamic viscosity is only a function of the temperature µ/µref =
(T /Tref )0.7 , where Tref is a reference temperature. Tw = 1 is kept constant. The pressure
is y-independent, and we set PLES = 1. As a result, the sound speed at the wall is
aw = 1. The one-dimensional domain extends [0, 1], i.e., hwm = 1. We use hwm , aw
and Tw for normalization. The dynamic viscosity at the wall is µw = 1.0 × 10−4 . The
velocity at y = hwm is kept constant at ULES = 2, and we vary the fluid temperature
at y = hwm : TLES = 0.2 [Figure 2(a), Figure 3(a)], TLES = 1 [Figure 2(b), Figure
3(b)], and TLES = 5 [Figure 2(c), Figure 3(c)] for different levels of wall heating. For
the results shown in Figure 2, the conventional damping function Eq. (1.5) is used, and
for the results in Figure 3, we have used Eq. (1.11). Using Eq. (1.5) (consistent with
the van Driest transformation), UV D do not collapse with the law of the wall. On the
other hand, when Eq. (1.11) is used (following the Trettel-Larsson transformation), the
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Figure 2. Solutions to Eqs. (1.2) and (1.3). Transformed and untransformed velocities as functions of the transformed and untransformed wall-normal distance. The damping function is
specified according to Eq. (1.5). Tw = 1 and µw = 1 × 10−4 . (a) TLES = 0.2. (b) TLES = 1. (c)
TLES = 5.
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Figure 3. Same as Figure 2, but using Eq. (1.11) as the damping function. LoW stands for
law of the wall, which comprises of a linear region and a logarithmic region.

transformed velocities follow closely the law of the wall. The latter is not surprising
considering the fact that the Trettel-Larsson transformation was derived by equating the
turbulent momentum flux and the viscous stress with their incompressible counterparts
(see detailed discussion in Trettel & Larsson 2016). In all, this exercise brings to our
attention the internal inconsistency of the van Driest transformation and the resulting
eddy viscosity. In addition, the results in figures 2 and 3 favor (albeit by construction)
Eq. (1.11).
We use direct numerical simulation (DNS) of supersonic Couette flow to test the usefulness of the eddy viscosity formulation Eq. (1.10) in the context of high speed flows.
Since a mean pressure gradient is absent in Couette flow, Eqs. (1.2), (1.3) are good approximations of the flow near the wall, providing a good ground for testing the eddy
viscosity formulation. As will be shown, the eddy viscosity does follow Eq. (1.10) in the
logarithmic range. We will also test the usefulness of Eq. (1.5) and Eq. (1.11). The rest
of the paper is organized as follows. The computational setup is briefly summarized in
Section 2. The results are presented in Section 3, followed by conclusions in Section 4.

2. Computational setup
We use the unstructured, finite-volume compressible solver CharLES (Khalighi et al.
2011; Bermejo-Moreno et al. 2014). This code has been extensively used and validated for
wall-bounded flow calculations (see, e.g., Larsson et al. 2015; Joo et al. 2014; Park 2017;
Bermejo-Moreno et al. 2014). The code solves the Favre-filtered compressible NavierStokes equations for the conserved flow quantities of mass, momentum and total energy.
We use the same constitutive equations as for the wall model equation; these have already
been summarized in Section 1. For LES calculations, the eddy viscosity is modeled using
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Figure 4. Schematics of the computational setup. x, y and z are the streamwise, wall-normal
and spanwise directions, respectively. The two walls move at the same speed but in opposite
directions. Both walls are isothermal and are kept at the same temperature. Periodic boundary
conditions are imposed in both the x and z directions, and the no-slip condition is imposed on
both walls.

the dynamic Vreman model (You & Moin 2007). A fourth-order central scheme is used
for flux reconstruction in regions away from shocks. Shocks are detected using a Ducros
shock sensor (Ducros et al. 1999; Bhagatwala & Lele 2009). Near shocks (at high speeds,
shocklets form within the channel), an essentially non-oscillatory (ENO) scheme is used.
A third-order explicit Runge-Kutta scheme is used for time integration.
The computational domain is sketched in Figure 4. Periodic boundary conditions are
imposed in the streamwise and spanwise directions. The two walls are isothermal and are
kept at the same temperature Tw = 1. The sound speed at the two walls is aw = 1. The
computational domain has dimensions Lx × Ly × Lz = 2πδ × 2δ × 2πδ in the streamwise,
wall-normal and spanwise directions, respectively, where δ = 1 is the half channel height.
We use the sound speed at the wall, the half channel height and the wall temperature
for normalization purposes.
A structured Cartesian grid with uniform grid spacing in the streamwise and spanwise
directions is used for all calculations. Details of the DNS and WMLES are summarized in
table 1. DNS of Couette flows at two wall Mach numbers, Mw = 3 and 6, are conducted.
WMLES of the same flows are conducted using both damping functions formulations
[i.e., Eq. (1.5) and Eq. (1.11)]. Grid convergence is shown for WMLES. For WMLES, the
grid spacings ∆x , ∆y and ∆z and the LES/wall-model matching height hwm are such
that ∆x /hwm = ∆z /hwm = 0.63 and ∆y /hwm = 0.4, following Larsson et al. (2016).
Table 1 shows grid spacing in wall units. The typical grid resolution requirement for a
+
+
channel flow is ∆+
x ≈ 10, ∆y,w ≈ 0.5, ∆y,c ≈ 6, ∆z ≈ 6 (see, e.g., Hoyas & Jiménez 2006;
Lozano-Durán & Jiménez 2014; Lee & Moser 2015), where w and c indicate quantities
evaluated at the wall and at the channel center line. According to the above criterion,
D-M3 is well resolved, but D-M6 is poorly resolved. However, viscous scaling defined at
the wall is not very useful for examining the grid resolution at high speeds, and it is more
meaningful to use local quantities (Huang et al. 1995)
p
uτ,SL = τw /ρ, δν,SL = µ/uτ,SL ,
(2.1)
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Case

D

Mw

D-M3
D-M6
W-M3VD,c
W-M3SL,c
W-M3VD,f
W-M3SL,f
W-M6VD
W-M6SL
W-hReVD
W-hReSL

N/A
N/A
Eq. (1.5)
Eq. (1.11)
Eq. (1.5)
Eq. (1.11)
Eq. (1.5)
Eq. (1.11)
Eq. (1.5)
Eq. (1.11)

3.0
6.0
3.0
3.0
3.0
3.0
6.0
6.0
3.0
3.0

µw

Nx × Ny × Nz

+
+
∆+
x × ∆y × ∆z

5.0e-4 256 × 185 × 384 11 × (0.19, 7.8) × 7.6
1.0e-3 256 × 185 × 384 17 × (0.3, 12) × 12
5.0e-4 48 × 24 × 48
78 × 50 × 78
5.0e-4 48 × 24 × 48
63 × 40 × 63
5.0e-4 72 × 36 × 72
52 × 33 × 52
5.0e-4 72 × 36 × 72
43 × 27 × 43
1.0e-3 72 × 36 × 72
93 × 60 × 93
1.0e-3 72 × 36 × 72
73 × 47 × 73
1.0e-5 72 × 36 × 72 1.8e3 × 1.1e3 × 1.8e3
1.0e-5 72 × 36 × 72 1.5e3 × 9.6e2 × 1.5e3

τw

Re∗τ

0.024 160
0.11
100
0.039 207
0.025 170
0.038 205
0.025 170
0.22
109
0.11
88
0.017 6.74e3
0.012 5.95e3

Table 1. Details of the DNS and WMLES cases. Entries beginning with “D” are DNS cases,
and Entries beginning with “W” are WMLES cases. c and f indicate coarse grid and fine grid.
D is the wall damping. VD and SL refers to Eq. (1.5) and Eq. (1.11). Mw is the wall Mach
number. τw is the wall-shear stress. µw is the wall dynamic viscosity. eX is ×10X . We have
listed the smallest and the largest ∆+
y for the case D-M3 and the case D-M6, which
√correspond
to the near-wall resolution and the resolution at the channel center line. Re∗τ = δ ρc τw /µc is
the friction Reynolds number defined using local quantities. Here c indicates quantities at the
channel center line.

both of which are functions of the wall-normal distance. Figure 5(a) shows the grid
resolution as functions of ySL . At ySL = 5 (i.e., within the viscous sublayer), the grid
resolution of D-M3 is ∆x /δν,SL ≈ 7.0, ∆y /δν,SL ≈ 0.8 and ∆z /δν,SL ≈ 4.7, whereas the
grid resolution of D-M6 is ∆x /δν,SL ≈ 4.6, ∆y /δν,SL ≈ 0.7 and ∆z /δν,SL ≈ 3.1. We
therefore conclude that both DNS are well resolved. Figure 5 (b) shows ySL = y/δν,SL as
√
√
a function of y + . For both DNS, Re∗τ = δ τw ρc /µc < Reτ = δ τw ρw /µw . In addition,
D-M6 is at a lower Reynolds number than D-M3 using Re∗τ (this is also clear from Figure
6).

3. Results
Figure 6 shows the instantaneous contours of the streamwise velocity on a spanwisewall-normal plane at an arbitrarily chosen x location from D-M3 and D-M6. D-M3 is
at a friction Reynolds number Re∗τ = 160 and D-M6 is at a friction Reynolds number
Re∗τ = 100. As a result, the flow in D-M3 appears to contain more scales than the flow
in D-M6.
Equation (1.10), i.e., the eddy viscosity used in wall models, is derived by assuming
that the transformed velocity (using the van Driest transformation or the Trettel-Larsson
transformation) collapses with the incompressible law of the wall. Here, we first test the
usefulness of the two velocity transformations. Figure 7(a) shows the untransformed and
transformed mean velocity profiles as functions of y + and ySL . The transformed velocity
using the Trettel-Larsson transformation follows closely the law of the wall, and the van
Driest transformation fails to collapse the transformed velocity with Eq. (1.1). Because
the eddy viscosity Eq. (1.10) may be derived using both the van Driest transformation
and the Trettel-Larsson transformation, the results in Figure 7 at least shows that Eq.
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Figure 5. (a) Grid resolution ∆ ρτw /µ as functions of ySL . Resolutions in different Cartesian
directions are gray-level-coded. We have used solid lines for D-M3 and dashed lines for D-M6.
(b) ySL = y/δν,SL as a function of y + for the two DNS cases. The thin solid line corresponds
to the incompressible limit ySL = y + (strictly speaking, the constant-property limit). The two
dashed lines are at y + = 5 and ySL = 30.

Figure 6. Instantaneous streamwise velocity on a spanwise-wall-normal plane from (a) D-M3
and (b) D-M6.

(1.10) is a good model for the eddy viscosity in the logarithmic region. Next we measure
the damping function in the near-wall region according to


 √
τw
D=
−µ
( ρρw κuτ y) .
(3.1)
dU/dy
The results are shown in Figure 7(b) as functions of ySL . The measured D is approximately 1 in the wall-normal distance range 40 < ySL < 100 in D-M3. This is consistent
with Figure 7(a) and shows that Eq. (1.10) is a good approximation of the eddy viscosity
in the logarithmic region. A logarithmic region is absent in case D-M6 because of the
limited Reynolds number. Equation (1.5) under-estimates the wall damping effects, and
conventional viscous scaling leads to an overly large damping function D. By contrast,
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Figure 7. (a) The untransformed (U + ) and transformed (UT+L,V D ) mean velocity profiles as
functions of y + and ySL on a log-linear scale. The incompressible law of the wall is indicated
using thin lines, which consists of a linear region and a logarithmic region (κ = 0.4). Results
of case D-M3 are shown using bold solid lines and results of case D-M3 are shown using bold
dashed lines. (b) Damping function against ySL on a log-log scale. The bold lines are DNS
results. The thin lines correspond to Eq. (1.5) and the line in gray corresponds to Eq. (1.11).

Eq. (1.11) (i.e., using semi-local scaling in the damping function) seems to be a good
model for the near-wall damping on the eddy viscosity. The DNS results are in favor of
Eq. (1.11). This is consistent with the results in figures 2 and 3. The near-wall scaling of
eddy viscosity was also investigated in Patel et al. (2016), but the focus was on the data
collapsing using the semi-local scaling, and the effective Reynolds number was so limited
in this work that a logarithmic region (a region where D = 1) can barely be found.
Equation (1.11) is supported by the DNS. Its usefulness in the context of WMLES
is yet to be consolidated. Next, we compare WMLES with DNS. First, by comparing
W-M3VD,c and W-M3VD,f , W-M3SL,c and W-M3SL,f , we conclude that WMLES results
are grid converged (at least for typical WMLES grids). Second, the WMLES predicted
wall-shear stresses are off by 63% and 127% for the wall Mach number Mw = 3 case and
the Mw = 6 case, respectively, when using Eq. (1.5) as the damping function. Errors in
wall-shear stress are often found in incompressible flow calculations, and are known as
log layer mismatch (Kawai & Larsson 2012; Yang et al. 2017a). Log-layer mismatch, as
discussed by Yang et al. (2017a); Kawai & Larsson (2012), if present, can only lead to a
15% error, but the error here is > 50%. Hence we conclude that the problem identified
here is new. Third, the error in wall-shear stress decreases to less than 5% when Eq.
(1.11) is used. In addition to the zero-th order quantity (i.e., wall shear stress), a first
order quantity, mean velocity profile, is examined in Figure 8. Because of the symmetry
with respect to the channel center line, the mean velocity near the top wall is not shown
for brevity. It is clear from Figure 8 that the disagreement between the WMLES and the
DNS decreases when using Eq. (1.11) (as opposed to Eq. (1.5)). The disagreement in the
bulk region may be due to deficiencies of the sub-grid model (see discussion in Yang &
Bose 2017).
Because of the limited Reynolds number, the wall-model/LES matching locations are
at distances fairly close to the wall: ySL = 14 and ySL = 23 in cases W-M3SL,f and
W-M6SL (which correspond to y + = 94 and y + = 61), where the difference between the
two damping functions is exaggerated (purposefully): at h+
wm = 94, 61, D ≈ 1 according
to Eq. (1.5), whereas hwm Eq. (1.11) leads to D < 1. Because the damping function is
only non-unit in ySL . 40, one might expect that any error due to the damping function

279

On the eddy viscosity formulation in LES wall models

4
W-M3VD,c
W-M3SL,c
W-M3VD,f
W-M3SL,f
DNS

1

0

(a)

U/aw

2

U/aw

3

6

0

0.25

0.5

0.75

2

0

1

W-M6VD
W-M6SL
DNS

0

0.25

0.5

(b)

y/δ

0.75

1

y/δ

Figure 8. (a) Mean velocity as functions of the wall-normal coordinate. A frame of reference
is chosen such that the wall is at rest. The wall Mach number is 3. The nomenclature of the
WMLES cases are the same as in table 1. (b) Same as (a) but for Mw = 6.
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Figure 9. (a) Mean velocity profiles as functions of the wall-normal coordinate. A frame of
reference is chosen such that the wall is at rest. The wall Mach number is 3. The nomenclature
of the WMLES cases are the same as in Table 1.

will vanish at sufficiently high Reynolds numbers. Although it can be computationally
costly to quantify this error as a function of Re∗τ by comparing WMLES with DNS, we
may still compare two WMLES, which use Eq. (1.5) and Eq. (1.11). By comparing WhReVD and W-hReSL , a 35% error in wall-shear stress is found at Re∗τ ≈ 6000. The wallmodel/LES matching locations are at ySL = 9.9×102 , y + = 2.8×103 and ySL = 8.6×102 ,
y + = 2.4 × 103 for W-hReVD and W-hReSL , where the damping function D is already
unit according to both Eq. (1.5) and Eq. (1.11). The error does decrease as a function of
the Reynolds number, from 63% at Re∗τ = 160 to 35% at Re∗τ ≈ 6000, but the decrease
with Reynolds number is at most moderate. Figure 9 shows the mean velocity profiles
as functions of the wall-normal coordinate. There is still notable difference between the
two WMLES in the near-wall region.
Repeating this exercise at different Reynolds numbers is computationally costly even
using the comparably cost-efficient WMLES. Here we solve Eqs. (1.2) and (1.3) using Eq. (1.5) and Eq. (1.11) for supersonic Couette flow at different Reynolds numbers and wall Mach numbers. Figure 10(a) shows the computed drag coefficient (Cf =
τw /(0.5ρc Mw2 a2w )) as functions of Re∗τ for Mw = 1.5, 3 and 6. Results of D-M3, D-M6,
W-M3SL,c , W-M3SLf , W-M6SL and W-hReSL are included for comparison. The thin
boundary layer equations appear to be a good model for the supersonic Couette flow
(even without including a wake region correction (Yang et al. 2016; Sadique et al. 2017)).
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Figure 10. (a) Mean velocity profiles as functions of the wall-normal coordinate. A frame of
reference is chosen such that the wall is at rest. The wall Mach number is 3. The nomenclature
of the WMLES cases are the same as in table 1. (b) error in wall-shear stress when using Eq.
(1.5) with respect to wall-shear stress predicted using Eq. (1.11).

Using Eq. (1.11) for the near-wall damping, the computed drag coefficient is only a weak
function of the wall Mach number (this is expected), but using Eq. (1.5), the computed
drag coefficient depends sensitively on the wall Mach number. The computed drag coefficients are less different at high Reynolds numbers when using Eq. (1.5) and Eq. (1.11).
The difference between the wall-shear stresses is shown as functions of Re = aw Mw ρo /µw
in Figure 10 (b). The difference increases as a function of the wall Mach number (this is
expected as the difference between the two damping functions are only notably different
at high Mach numbers). For practically relevant Reynolds numbers (Re ≈ 107 ) and flows
at Mach number > 2, it is probably safe to conclude that Eq. (1.11) must be used in
wall-modeled calculations, otherwise, a 30% error in wall-shear stress is to be expected.

4. Conclusions

√
The eddy viscosity in the logarithmic region is approximately µt = ρρw κuτ y, which
may be derived using the incompressible law of the wall and the van Driest transformation/the Trettel-Larsson transformation. Although the van Driest transformation fails
for flows above non-adiabatic walls, the Trettel-Larsson transformation is found to work
quite well at high speeds and for non-adiabatic walls. In the near-wall viscosity-affected
region, a damping function needs to be used to account for the wall damping effects on the
2
eddy viscosity. The empirically-determined damping function is D = [1 − exp(y/lν /A+ )]
+
for low-speed flows, where lν = µw /(uτ ρw ) and A = 17. In the context of high speed
√
flows, lν is µw /(uτ ρw ) according to the van Driest transformation, and lν is µ/ ρτw according to the Trettel-Larsson transformation. Results in this work favors the semi-local
√
scaling lν = µ/ ρτw . The WMLES predicted wall-shear stress will be off by ≈ 100% at
low Reynolds numbers and ≈ 30% at high Reynolds numbers if the conventional viscous
scaling is used for normalizing the wall-normal distance y in the damping function at high
speeds. The error decreases to less than 5% when Eq. (1.11) is used. While the discussion
of this work has focused on momentum transport, the usefulness of the semi-local scaling
probably extends to energy transport (Patel et al. 2017). Compared to momentum transport, much less modeling work has been devoted to the turbulent energy transport in the
near-wall region. In fact, the common practice is to simply invoke the Reynolds analogy
and to take Prt = 0.9 in the wall model, irrespective of the flow under consideration.
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Although near-wall heat-transfer modeling is beyond the scope of this work, it would
be useful to document formally the usefulness of the semi-local scaling for heat transfer
problems at high speeds (Yang et al. 2017b).
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