
Center for Turbulence Research

Annual Research Briefs 2017

405

Treatment of point-to-point numerical oscillations
via local grid refinement

By H. H. A. Xu AND X. I. A. Yang

1. Motivation and objectives

Unphysical numerical oscillations are undesirable artifacts in computational fluid dy-
namics (CFD) simulations, and they occur when a central di↵erence scheme is used to
discretize fluid equations on a coarse grid (Gresho & Lee 1981). For example, let us
consider a detached eddy simulation of laminar incoming flow passing a two-dimensional
(2D) airfoil, where the near-wall boundary layer is not resolved by the grid. Unphysical
oscillations occur at the leading edge when using a coarse grid and a non-dissipative
scheme, and the presence of the airfoil directly a↵ects the flow within the oscillation
boundary layer, whose wall-normal extent is significantly larger than the boundary-layer
thickness of the physical boundary layer. In order to remove such unphysical numerical
oscillations, the most straight-forward approach is to increase grid resolution (until all
relevant scales are resolved). However, relying solely on grid refinement for dealing with
numerical oscillations is often impractical because of the related computational cost.
Other commonly used oscillation-suppressing strategies include upwind schemes, artifi-
cial viscosity and digital filtering, which, in one way or another, alter the discretized
governing equations.
The use of upwind schemes such as the Godunov scheme (Godunov 1959) and the

MUSCL scheme (Colella 1985) dates back to the 1960s (Mendu 1959; Guillou et al. 1970;
Roache & Mueller 1970). However, because of the overly dissipative nature of upwind
schemes (Franke & Rodi 1993; Mittal & Moin 1997; Spyropoulos & Blaisdell 1998), in
the recent literature, upwinding is used either in confined regions (e.g., near a shock
wave (Anderson & Wendt 1995; Laney 1998; Ducros et al. 1999)) or with procedures
that limit the related numerical dissipation (Bui 2000; Tajallipour et al. 2009). The use
of artificial viscosity to remove unphysical numerical oscillations has the same pros and
cons with upwind schemes (although artificial viscosity can be localized in spectrum
space). On one hand, introducing artificial viscosity smooths numerical solutions and
stabilizes otherwise-unstable calculations (Tadmor 1989; Russell & Binning 2004; Mani
et al. 2009); on the other hand, the small-scale features are often destroyed because of the
overly dissipative nature of applying artificial viscosity (Turkel & Vatsa 1994; Caramana
et al. 1998; Cook & Cabot 2004). Yet another strategy to deal with unphysical numerical
oscillations is filtering, where solutions at each time step are low-pass filtered to damp
high-wave-number oscilelatory modes (Goldstein et al. 1993; Tseng et al. 2006; Mariano
et al. 2010). Similar to upwind schemes and artificial viscosity, digital filters also alter
the discretized governing equation.
Whenever possible, it is preferable to obtain smooth numerical solutions using non-

dissipative schemes without any filtering procedure attached. This consideration leads
directly to grid refinement. Unphysical numerical oscillations occur in regions where flow
accelerates or decelerates rapidly, and may be removed by refining the mesh within these
regions before a calculation (Sabau & Raad 1999) or during a calculation (Yeh 1990; Yeh
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Figure 1. A sketch of laminar incoming flow passing a two-dimensional airfoil. Unphysical

numerical oscillations occur near the leading edge. A boundary layer may be defined based on

the oscillation magnitude, whose height is indicated as oscil-BL. The real boundary layer is

indicated as phys-BL.

et al. 1992). The idea is as follows. A coarse grid calculation is conducted first. Then
one selectively refines the mesh in regions where numerical oscillations are found. The
two steps are repeated until the solution becomes non-oscillatory. Here, the coarse grid
calculation may be a good guess of the flow field, in which case, this two-step procedure
will need to be applied only once, and the mesh deployment is determined before a real
CFD calculation. Alternatively, this procedure can be carried out dynamically during a
calculation, in which case mesh refinement is automated. The latter approach is known as
adaptive mesh refinement (AMR) (Plewa et al. 2005). Compared with upwind schemes,
artificial viscosity and digital filters, refining mesh until unphysical oscillations are re-
moved typically leads to more accurate results (Mittal & Moin 1997). However, relying
solely on mesh refinement (e.g., AMR) for removing unphysical numerical oscillations can
be impractical because of the following two reasons. First, unphysical numerical oscilla-
tions are not confined within a small region, but are usually found throughout the entire
computational domain. As a result, the entire mesh must be refined, which can be very
expensive. Second, because the local grid stretching ratio typically does not exceed two
(Iwatsu et al. 1989; Johnson & Patel 1999; Beaudan & Moin 1994; Rai & Moin 1991),
refining the mesh within one region requires the mesh in the surrounding regions to be
refined as well, leading to additional computational cost. In this report, we attempt to
resolve these two issues. We will show that once we refine grid at locations where flow de-
celerates, unphysical numerical oscillations in other regions are automatically removed.
We will also show that we may stretch the grid by a factor of O(10) for suppressing
unphysical oscillations.
The discussion will focus on numerical oscillations due to rapid flow deceleration in the

context of finite-di↵erence/finite-volume methods, and in this work we mainly consider
flow acceleration/deceleration in space. Discrete Galerkin methods naturally admit solu-
tions with discontinuities (Bourgeat & Cockburn 1987; Cockburn & Shu 1989; Cockburn
et al. 1989, 1990; Cockburn & Shu 1998) and therefore are not relevant here. Whether
a change in fluid velocity is a deceleration or an acceleration depends on the frame of
reference, and therefore we will use flow acceleration and flow deceleration interchange-
ably. We will also use grid stretching and grid compression interchangeably for the same
reason.
The rest of the report is organized as follows. In Section 2, a modal problem is used

to motivate our approach. The present grid refinement strategy is further motivated in
Section 3. Details of the computational setup are included in Section 4, followed by results
in Section 5. Finally, conclusions are given in Section 6.
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2. Modal problem

We motivate our approach by considering the following (1D) advection-di↵usion equa-
tion,

c

du

dx

= ⌫

du

2

dx

2
, (2.1)

where u is a generic flow quantity (e.g., the velocity), c is a specified convective velocity
and ⌫ is the kinematic viscosity. We consider a 1D domain of unit length with Dirichlet
boundary conditions on both ends

u(x = 0) = 1, u(x = 1) = 0. (2.2)

A central di↵erence scheme is used for discretization, where the discretization of both
the convective term and the di↵usion term attains second-order accuracy on a uniform
grid. For a conservative scheme and at a su�ciently high Reynolds number (Re= L

x

c/⌫,
where L

x

is the extent of the domain), integrating the discretized energy equation leads
to

1

2

c · u2
(x = 0)� 1

2

c · u2
(x = 1) = ��x, (2.3)

where �x is the grid spacing (assuming uniform grid spacing), � is the volume-integrated
dissipation rate, which is

� = ⌫

(u1 � u0)
2
+ (u2 � u1)

2
+ ...+ (u

n

� u

n�1)
2

�x

2
, (2.4)

where u
i

is the solution on the ith grid point, u
0

is at x = 0 and u
n

is at x = 1. The
exact solution of this modal problem is monotonic and non-oscillatory. If a monotonic,
non-oscillatory numerical solution of u is to be obtained, the following inequality holds

�  ⌫
(u

0

� u
n

)2

�x2

. (2.5)

Combining Eqs. (2.3) and (2.5), we obtain a necessary condition for a non-oscillatory
solution

c

2
 ⌫

1

�x
, (2.6)

which then leads to the well-known condition

Pe
�

=
c�x

⌫
 2. (2.7)

For this 1D advection-di↵usion equation, it is well known that using a uniform grid with
Pe

�

> 2 leads to unphysical numerical oscillations near x = 1 (see Figure 2 and Roache
(1972); Hirsch (2007)). This conclusion may also be obtained through simple numerical
analysis. Here, instead of taking a numerical perspective, we provide a physics-based
interpretation for the criterion in Eq. (2.7). According to Eq. (2.3), the convective flux is
fixed by boundary conditions, and is balanced by the volume-integrated dissipation rate.
For a given grid, the maximum dissipation admitted by a non-oscillatory solution is given
by Eq. (2.5), where the equality is attained when all the changes in u are concentrated
within one grid cell. Numerical oscillation occurs when this maximum dissipation is not
large enough to balance the convective flux.
Following the above arguments, to prevent unphysical oscillations, we must allow a non-

oscillatory solution to generate su�cient dissipation, which may be done by introducing
additional numerical dissipation, or simply by adding one refined grid at the location
where flow decelerates, i.e., by decreasing �x in Eq. (2.5). This is the grid refinement
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Figure 2. (a) Numerical solution obtained on a nonuniform grid with the cell Peclet num-

ber Pe� = 2 near the right boundary (case Pe� = 2.00), and results on a uniform grid

with the same number of grid points (denoted as Pe� = 6.25). The analytical solution

exp (Re x)/[1�exp (Re)]+exp(Re)/[exp(Re)� 1] is included for comparison, where Re = L

x

c/⌫.

(b) Numerical solution obtained through refining the grid from Pe� = 2 case in (a) (correspond-

ing to N

x

= 17) three times by inserting mid points between any two nodes from previous grid

and analytical solution is also plotted for comparison.

strategy proposed here: if the sole purpose is to obtain a non-oscillatory solution (to
remove the unphysical numerical oscillations), one only needs to add one refined layer
of grid at locations where flow velocity changes rapidly—the numerical solution would
then concentrate all the velocity gradients within that refined cell. Whether the solution
would follow our expectation and concentrate most of its gradients into the one refined
grid cell is not guaranteed.
To test the usefulness of this grid refinement strategy, we solve Eq. (2.1) numerically

on a non-uniform grid with 16 grid points. ⌫ = 0.01, c = 1 and �x = 0.0653 for i = 1 to
15. For the last grid point near x = 1, �x

16

= 0.02 is used, and Pe
�

= 2 at that last grid.
The results are shown in Figure 2(a). The solution is non-oscillatory, and all the gradients
are indeed within the last computational cell, leading to just enough dissipation within
the domain to balance the convective flux. The exact solution and the numerical solution
obtained on a uniform mesh are also included for comparison. A few observations can
be made. First, unphysical numerical oscillations are found when a uniform grid with
Pe

�

> 2 is used (as expected), and oscillations are found to be approximately nine grid
points upstream of x = 1. Second, the dominant wavelength of the oscillatory modes
spans two grid points. Therefore, unphysical numerical oscillations are not admissible to
standard large-eddy simulation (LES) subgrid models (Germano et al. 1991; Meneveau
et al. 1996). Hence unphysical oscillations may be present also in Reynolds-averaged
Navier-Stokes calculations and LES. Third, adding one refined grid at the location where
flow decelerates removes oscillations within the entire domain. Fourth, although it is
trivial, it is worth noting that a solution with no unphysical numerical oscillations is
not necessarily an accurate solution. Consider again the case sketched in Figure 1. The
present strategy is only meant to remove the unphysical oscillation boundary layer. If
the physical boundary layer near the airfoil and the related momentum loss at the wall
are to be captured, more grid points must be used in the near-wall region (for direct
computation), or a near-wall closure must be employed. This point is also clear from
Figure 2(b), where the solution of Eq. 2.1 is obtained only when more grid points are
used near x = 1 (i.e., refining beyond Pe

�

= 2). High-order schemes are advantageous
over low-order schemes only when the oscillations are removed.
The results are encouraging (as long as we focus on removing the unphysical numer-
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ical oscillations). However, the usefulness of this grid refinement strategy in real-world
problems has yet to be tested. In addition, even this grid refinement strategy applies
equally e↵ectively to real-world engineering problems, knowing a priori where flow ve-
locity changes rapidly is not always straight-forward. Below, we will show the usefulness
of this mesh refinement strategy for a few simple flows. It is also clear that for many
cases, it is in fact not di�cult to guess where flow decelerates.

3. Present grid refinement strategy

In the preceding section, we used a 1D advection di↵usion equation to motivate
the present approach of grid refinement for removing unphysical numerical oscillations.
Following the discussion in the preceding section, here we estimate the grid stretch-
ing/compression ratio that one would typically encounter when applying this strategy.
Without loss of generality, we consider rapid flow deceleration. Within the refined cell, we
also write the energy equation Eq. (2.3). The dissipation is given by �

�

�x = ⌫�u2/�x,
where �

�

is the dissipation within that refined cell, �u is the deceleration, and �x is
the size of the cell. The advection is given by ⇧ = 0.5�u3 (here we choose a frame of
reference according to which flow decelerates to zero). �

�

�x � ⇧ for a non-oscillatory
solution, which gives

�x
r

 2⌫

�u
. (3.1)

Elsewhere we will use coarse grids, where a characteristic length L is resolved by N grid
points. Hence the grid stretching/compression ratio near the refined grid is

r =
L/N

�x
r

� Re

2N

�u

U
=

�u

2U
Pe

�

, (3.2)

where U is the characteristic velocity of the flow and Re= LU/⌫ is the bulk Reynolds
number. We make two observations. First Eq. (3.2) indicates that to e↵ectively suppress
numerical oscillations, r increases as the cell Peclet number increases. This is expected
because for a better resolved calculation, a less aggressive local mesh refinement would
be needed to suppress the oscillations. Second, Eq. (3.2) indicates that r decreases as
a function of �u/U . This ratio is O(0.01) for a well-resolved calculation. This ratio
will be much larger for a coarse calculation, indicating, again, that for a better-resolved
calculation, a less aggressive local refinement is needed. In anticipation of the results
below (flow configuration A1), �u/U ⇡ 0.15, Re= 4000, N = 64, and Eq. (3.2) gives
r > 4.7 for an e↵ective suppression of unphysical numerical oscillations. This prediction
is in fact not very far from the empirically observed value. For typical CFD calculations
where Pe

�

⇡ 100 and �u/U ⇡ 0.1, a local refinement of approximately r & 5 would be
needed at locations where flow velocity changes rapidly. Thus the present grid refinement
strategy may require r � 1, while the commonly used stretching ratio r does not exceed
two. Last, we note that Eq. (3.2) is but a rough estimate.

4. Tests

The usefulness of the proposed grid refinement strategy is tested in this section. The
in-house incompressible Navier-Stoke solver ViCar3D is used for the cases in this section.
This code has been extensively used for fluid flow problems (Luo et al. 2008; Yang et al.
2016; Sadique et al. 2017; Yang & Meneveau 2017). Here we briefly summarize the main
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features of the code. A sharp-interface immersed boundary method (Mittal & Iaccarino
2005; Mittal et al. 2008) is used to resolve solid bodies within the flow field. Spatial
discretization is based on a second-order central finite di↵erence scheme, and the pro-
jection method is employed for time discretization. Flow configurations are detailed in
Section 4.1, and the results are presented in Section 4.2. We will mainly consider steady
and quasi-steady flows. It is worth noting that unphysical oscillations appear also in
turbulent flows (e.g., atmospheric boundary layers over urban canopies, where unphysi-
cal oscillations are found upstream of urban buildings). However, unphysical oscillations
in turbulent flows are most visible in the mean flow, where time averaging would have
already removed the unsteady turbulence. In other words, studying the problem of un-
physical oscillations in a turbulent context means studying a numerical solution that is
composed of unphysical mean oscillations, physical mean flow and unsteady turbulence,
where turbulence itself does not play an important role.

4.1. Setup

The first flow configuration we use for testing is the 2D lid-driven cavity. The flow config-
uration is sketched in Figure 3(a). The flow is driven by the top lid, which is at a constant
velocity U

l

. The cavity is of size L
l

⇥L
l

. Flow accelerates and decelerates rapidly near the
left (x = 0) and the right (x = L

l

) boundaries. Therefore, a refined grid is added to each
side (see Figure 3(b) for a sketch of the mesh). The e↵ects of Reynolds number and grid
resolution will be investigated. The proposed grid refinement strategy is found to be ro-
bust and provides non-oscillatory solutions for all Reynolds numbers and all resolutions.
A three dimensional (3D) lid-driven cavity is included as the second test flow configura-
tion, where a uniform grid is used in the spanwise direction. For brevity, results at only
one Reynolds number are shown in this section, and we refer to this case as B1. The
third and fourth test flow configurations are flow passing a wall-mounted cube (Figure
4(a)) and uniform incoming flow passing a cube (Figure 5(a)), which we refer to as C1
and D1, respectively. In both cases, the cube is of size L3

c

and locates at the center of the
spanwise and the streamwise dimension. The computational domain is 8L

c

⇥4L
c

⇥4L
c

in
the streamwise, wall-normal and the spanwise directions. A periodic boundary condition
is imposed in the spanwise direction, and a standard outflow condition is used at the
outlet. For the wall-mounted cube case, a no-slip condition is used for both the bottom
and the top boundaries. As for the other case, a Dirichlet condition, u = U

o

, is imposed
on the top and bottom boundaries. The flow is expected to decelerate rapidly upstream
of the cube and a refined grid is added just upstream of the cube [see sketches of the grid
deployment in Figures 4(b), 5(b)].
Other details of the test cases are summarized in Table 4.1. The grid spacing is uni-

form in all directions except for one refined layer as mentioned above. The local grid
stretching/compression ratio is

r =
�

uniform

�
thin

, (4.1)

where �
uniform

is the grid spacing in the streamwise direction in the regions where the
grid is uniformly spaced, and �

thin

is the size of the refined layer. For two runs of the
same flow configuration but with two di↵erent values of r, the grid spacing in regions
where the mesh is uniform is slightly di↵erent so that the total number of grid points
can be kept unchanged. We will show first that, at the listed Reynolds numbers with the
listed grid points, the solutions are plagued with unphysical numerical oscillations when
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Figure 3. (a) A sketch of the 2D lid-driven cavity. (b) A sketch of the mesh in the x� y plane

with N

x

= N

y

= 16 and r = 2.5. r is the local grid refinement ratio and is defined in Eq. (4.1).

The refined layer is highlighted using thicker lines.
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Figure 4. (a) A sketch of flow passing a wall-mounted cube. U0 is the velocity of the incoming

flow. (b) A sketch of the x � y plane mesh through the center of the spanwise dimension. For

the sketch shown here N

x

= 32, N

y

= N

z

= 16 and r = 2.5. The refined layer is highlighted

using thicker lines. The mesh is uniform in the spanwise (z) direction.
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Figure 5. (a)A sketch of flow passing a cube. (b)Same as Figure 4(b) but for flow passing a

cube.

a uniform mesh is used, and, second, that the oscillations can be removed by refining one
grid at regions where flow decelerates.

4.2. Oscillation quantification

For the test cases considered, unphysical numerical oscillations are most prominent in the
streamwise velocity component. We thus start by considering streamwise velocity as a
function x, i.e., u(x), which contains both the desired solution and unphysical numerical
oscillations. Instead of the entire streamwise (x) extent, we focus on the streamwise extent
where numerical oscillations are prominent. For cases A1, A2 and B1, this extent is from
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Case Re N

x

N

y

N

z

A1 4000 64 64 -

A2 8000 128 128 -

B1 4000 64 64 64

C1 500 64 32 32

D1 500 64 32 32

Table 1. Simulation details. N

i

is the number of grid points in ith Cartesian direction. The

Reynolds number is defined as Re= L

l

U

l

/⌫ for lid-driven cavity flows (A1, A2, B1), and is

Re= L

c

U0/⌫ for flow passing a cube (C1, D1).
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Figure 6. (a) A sample of an oscillatory solution u and the desired solution ũ. (b) Numerical

oscillation S(x) = u(x)� ũ(x).

x = 0 to x = L
l

, and for cases C1 and D1, this extent is from the inlet to the front surface
of the cube, i.e., from x = 0 to x = 3.5L

c

(see Figures 4 and 5). The desired solution can
be obtained by filtering the numerical solution u(x) (which is also the starting point of
approaches that rely on digital filtering for removing oscillations).
Because the wavelength of the dominant oscillatory mode spans two grid points, the

filter used here is a weighted digital filter in physical space with the weight [1/4, 1/2, 1/4]
(i.e., ũ

i

= 1/4u
i�1

+ 1/2u
i

+ 1/4u
i+1

). We define ũ(x) to be the physical solution, and
it follows that S(x) = u(x)� ũ(x), which is a signal of unphysical numerical oscillations.
A sample of u(x), ũ(x) and S(x) is sketched in Figure 6, where the three signals are
shown as functions of the spatial coordinate x. This decomposition procedure is used
only to quantify the strength of unphysical oscillations, and is not used for removing the
oscillations within a calculation.
The strength of unphysical oscillations is quantified using the volume-averaged total

variation of S(x). The total variation of a discretized signal S
i

can be computed as follows

T
v

=
1

U
n

i=n

x2X

i=n

x1

|S
i+1

� S
i

| , (4.2)

where U
n

is a normalizing velocity and indexes n
x1 and n

x2 depend on the streamwise
extent of interest. The normalizing velocity is U

n

= C[max(ũ)�min(ũ)]. We set C = 2 for
lid-driven cavity flow and C = 1 for flow passing a cube (considering the flow in a cavity
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Figure 7. (a) Region of interest for case C1, highlighted in thick lines. (b) Same as (a) but for

case D1.

is at rest at x = 0, finite within the domain and then at rest again at x = 1, but the flow
in cases C1 and D1 is U

0

at the inlet and monotonically decreases to zero at the cube
front surface). The volume-averaged total variation of S(x) is obtained by integrating T

v

for y and z locations of interest and then normalizing by the y � z integrated area. We
will denote this volume-averaged quantity as follows,

⇣ =
1

S
yz

Z Z
T
v

dydz. (4.3)

The y, z locations of interest are comprised of the top four layers of the grids for cases
A1, A2, B1, and comprise of the regions indicated in Figure 7 for cases C1 and D1.

5. Results

It follows from Section 3 that the present grid refinement strategy leads to r � 1. To
quantify the e↵ects of grid stretching on numerical oscillations, for each flow configuration
in Section 4.1, a series of calculations are performed where we vary r from 1 to ⇡ 10.
Since it is unlikely that grid stretching r > 10 would be of any practical use, r > 10 is
not considered. r = 1 corresponds to a uniform coarse grid, where the solution is plagued
with unphysical numerical oscillations. Results of the lid-driven cavity flow are shown in
Section 5.1, and results of flow passing a cube are shown in Section 5.2.

5.1. Lid-driven cavity

Figure 8 shows ⇣ as functions of the grid stretching ratio for configurations A1 and A2
(2D lid-driven cavity). We have kept the mean cell Peclet number unchanged between
cases for configurations A1 and A2. The di↵erence between the measured ⇣ functions
therefore arises solely because of the Reynolds number. A steady-state solution cannot
be obtained for 1 < r < 2 for configuration A2 (see Ghia et al. (1982); Erturk (2009)
for detailed discussion on the e↵ect of grid deployment on 2D lid-driven cavity flow).
We make a few observations. First, the grid refinement strategy e↵ectively suppresses
unphysical numerical oscillations. ⇣ decreases as r increases until some optimal value
and then increases slightly. Second, ⇣ > 0 and is never 0. Hence, 2-�x waves are never
completely removed from the simulation. This is probably a desirable feature because a
typical flow admits modes at all wave numbers and it is only when the energy within
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Figure 8. The strength of unphysical numerical oscillations ⇣ as functions the grid stretching

ratio r for a 2D lid-driven cavity with Re= 4000 and Re= 8000. N = N
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in one of the Cartesian directions. Each data point represents a calculation.
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Figure 9. (a) Streamwise velocity profile along x for configuration A1 at two y locations.

r = 4.4. (b) Streamwise velocity profile along x for configuration A1. r = 1. (c) Same as (a) but

for configuration A2 (d) Same as (b) but for configuration A2.

the 2-�x mode is excessively large can this mode be considered as unphysical numerical
oscillations. Third, for two flows that are equally resolved (with the same mean cell
Peclet number), unphysical numerical oscillations are more prominent for flows at a
higher Reynolds number.
Figure 9(a-d) shows the streamwise velocity as functions of x/L

l

for cases A1 and A2.
The unphysical numerical oscillations are e↵ectively suppressed through the addition of
a refined layer next to the two vertical walls.
Figure 10(a-f) shows the streamwise velocity along x/L

l

at three spanwise locations
z/L

l

= 0.01, 0.24, and 0.49 (results are symmetric with respect to z/L
l

= 0.5) for con-
figuration B1 with r = 3.5 and r = 1. Again, for 3D lid-driven cavity flow, unphysical
numerical oscillations are also suppressed through the addition of one refined layer to
the two vertical walls in the x direction.
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Figure 10. (a) Streamwise velocity profile along x at the spanwise location z/L

l

= 0.01 and

two y locations for case B1, r = 3.5. (b) Same as (a) but for r = 1. (c) Same as (a) but at

the spanwise location z/L

l

= 0.24. (d) Same as (c) but for r = 1. (e) Same as (a) but at the

spanwise location z/L

l

= 0.49. (f) Same as (e) but for r = 1.

5.2. Flow passing a cube

Figure 11(a, b) shows ⇣ as functions of r for configurations C1 and D1. Cases C1 and
D1 give very similar results (the exact magnitude of ⇣ is not very relevant here). The
strength of unphysical numerical oscillations decreases as a function of r for r & 2.
Numerical oscillations are e↵ectively suppressed for r & 6. Again, ⇣ is not zero for any
r. Figure 12(a-d) shows the streamwise velocity as functions of x/L

c

at a few y and z
locations. We compare results at r > 6 and at r = 1. Again, the results of cases C1
and D1 are very similar. We make a few observations. First, the numerical solution on
a uniform grid is plagued with unphysical numerical oscillations. The oscillations are so
strong that the acceleration of fluid around the cube is not even discernible. Second,
numerical oscillations are present not only near the cube (the front surface of the cube
is at x/L

c

= 3.5), but also at the inlet. Third, the oscillations are greatly suppressed
when a refined layer is added in front of the cube, but they are not completely removed.
Fourth, while not shown here, refining the grid near the other cube surfaces leads to
slightly improved results (⇣ drops from ⇡ 3 to ⇡ 2). Given that such geometries are quite
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Figure 11. (a) Strength of unphysical numerical oscillation ⇣ as a function of r for flow

passing a wall mounted cube (case C1). (b) Same as (a) but for case D1.
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Figure 12. (a) Streamwise velocity profiles along x at y/L

c

= 0.56 and z/L

c

= 1.44 for two

grid stretching ratios r = 1 and r = 9. Results of case C1 are shown. (b) Same as (a) but

at y/L

c

= 0.81 and z/L

c

= 2.56. (c) Streamwise velocity profile along x at y/L

c

= 1.69 and

z/L

c

= 1.44 for two grid stretching ratios r = 1 and r = 7.8. Results of case D1 are shown. (d)

Same as (c) but at y/L

c

= 2.31 and z/L

c

= 2.56.

common in urban canopies (Tseng et al. 2006; Coceal et al. 2007; Xie & Castro 2006),
the discussion in this subsection may be quite relevant for CFD calculations of urban
boundary layers.

6. Conclusions

In this work, we have proposed a local mesh refinement strategy for removing un-
physical numerical oscillations. We have shown that these unphysical oscillations are
e↵ectively suppressed by adding a single refined grid at locations where flow velocity
changes rapidly, without the aid of artificial/numerical viscosities within the computa-
tional domain. The present strategy leads to a grid stretching/compression ratio r � 1,
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and we have shown such an aggressive mesh refinement is in fact not problematic. The
proposed method is tested for a few 2D and 3D steady and quasi-steady flows. As numer-
ical oscillations also persist in a turbulent environment (which can be found in the mean
flow), the discussion is also relevant for turbulent flows. The results improve as Reynolds
number increases and from 2D cases to 3D cases, showing much promise for real-world
engineering problems (although those problems do not provide a clean environment for
testing the present strategy). However, we note that introducing a refined grid restricts
the size of time stepping and therefore leads to computational over-head. Nonetheless,
this would probably be less of a problem if one uses implicit time stepping (Mansour &
Hamed 1990; Luo et al. 1994).
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