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1. Motivation and objectives

A contact line is formed when an interface between two phases intersects a solid wall.
Flows with contact lines are found in various applications, such as printing, microfluidics
and flow in porous media, to name a few (Sui et al. 2014). A significant amount of work,
spanning theory, experiment and simulation, has been done over the past several decades
on this subject, and it continues to be an active research area. In particular, the proper
method to simulate contact lines using computational fluid dynamics has not yet been
fully resolved, though significant developments have been achieved in recent years (Sui
et al. 2014; Snoeijer & Andreotti 2013; Mohammad Karim 2022).
This report focuses on the simulation of contact lines using the phase-field (diffuse-

interface) method, which is a particular framework for modeling multiphase flows. Phase-
field models involve a smooth diffused representation of the interface with an order param-
eter φ, which can be computationally resolved. The central idea is that in the asymptotic
limit of the interfacial thickness of the diffuse interface going to zero, one recovers the
sharp interface behavior. The sharp interface limit is reached for an interface thickness
parameter that can be resolved by a mesh and leads to a smooth Eulerian description
of the two-phase mixture. Despite the computationally thickened interface, phase-field
models can produce physically accurate results at the sharp-interface limit(Jacqmin 1999;
Mirjalili et al. 2017, 2019; Magaletti et al. 2013; Khanwale et al. 2020).
A popular phase-field model is the fourth-order Cahn-Hilliard equation coupled with

the Navier-Stokes equations (CH-NS) (Jacqmin 1999; Abels et al. 2012; Khanwale et al.
2020). This model has been successfully used to model contact lines. After discovering
that slip near moving contact lines is governed by the Generalized Navier Boundary
Condition (GNBC), Qian et al. (2003) formulated the CH-NS model with the GNBC
and found good agreement between results from the continuum CH-NS simulations and
results from molecular dynamics simulations. The GNBC is a slip boundary condition in
which slip is proportional to shear stress and an uncompensated Young’s stress due to
deviation of the contact angle from its equilibrium value (Qian et al. 2003). This CH-NS
model with the GNBC has been further developed to accurately and efficiently model
contact lines over complex geometries (Shahmardi et al. 2021). More recently, Yue &
Feng (2011) showed that moving contact lines can be accurately simulated even with the
no-slip boundary condition for mixture velocity; contact line motion occurs via the right-
hand-side (RHS) flux in the Cahn-Hilliard equation. Owing to its greater popularity,
much work has been done on the CH-NS model in the context of moving contact lines
compared to other phase-field models. One distinguishing feature of the CH-NS model
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for modeling contact lines is that it allows for direct enforcement of the contact angle
in addition to the no-flux condition because the Cahn-Hilliard equation is fourth-order
in space (Jacqmin 1999; Shahmardi et al. 2021). In contrast, in this brief, we consider a
second-order phase-field model, meaning that direct enforcement of the contact angle in
the phase-field equation is not possible if the no-flux condition is also required.
The second-order model studied in this report is a conservative phase-field model,

denoted as the conservative diffuse interface, or CDI (Chiu & Lin 2011; Mirjalili & Mani
2021), for which we formulate a variation of the GNBC to model contact lines. CDI offers
several advantages compared to models based on the Cahn-Hilliard equation and is of
significant interest in the context of incompressible and compressible multiphase flows
(Mirjalili & Mani 2021; Jain et al. 2020; Chiu & Lin 2011). To broaden its application,
its important to develop treatments that allow it to model flows with contact lines.
CDI provides a second-order governing PDE for φ as

∂φ

∂t
+∇ · (~uφ) = Γ∇ · [ǫ∇φ− φ(1− φ)n̂φ] , (1.1)

where Γ is a mobility parameter, ǫ is a parameter related to the interface thickness, and
n̂φ = ∇φ

|∇φ| . The first term within the parentheses on the RHS is a diffusive flux, and the

second is a sharpening flux. Note that pure phase 1 exists where φ = 1 and pure phase
2 exists where φ = 0. The phase-field equation is coupled with the continuity equation
and the incompressible Navier-Stokes equation,

∇ · ~u = 0, (1.2)

∂(ρ~u)

∂t
+∇ ·

[
(ρ~u− ~S)⊗ ~u

]
= −∇P +∇ ·

[
µ(∇~u +∇T~u)

]
+ ~FST , (1.3)

where ~S = Γ(ρ1 − ρ2)[ǫ∇φ − φ(1 − φ)~nφ] with ρ1 and ρ2 being the densities of the

two phases and ~FST is the surface tension force, modeled using the continuum surface
force (CSF) formulation: ~FST = γκ∇φ, where the curvature is κ = ∇ · n̂φ and γ is the
surface tension coefficient between the two phases. Both the density, ρ, and viscosity, µ,
are typically linear functions of φ [see Mirjalili et al. (2019); Mirjalili & Mani (2021)].
To focus on the contact line dynamics, in this work, we choose the same values for the
density and viscosity of the two phases, and as a result, we have ~S = 0.
In addition to these governing PDEs, this system requires boundary conditions, which

are the focus of this brief. To motivate the discussion on boundary conditions, let’s
consider the case illustrated in Figure 1. A drop of phase 1, surrounded by phase 2, is
touching the wall: A contact line is present. Let’s now define the contact angle θ, the
angle the interface makes with the wall boundary as measured through phase 1. What
are the appropriate boundary conditions when a contact line is present? The condition
∂φ/∂nw = 0, where nw is the coordinate in the wall-normal direction, directly enforces
that θ = 90◦. This results in the desirable property of no diffusive or sharpening flux
through the wall, but the equilibrium contact angle for an arbitrary combination of phases
and a solid is not 90◦. Rather, for a static drop, the equilibrium contact angle, θeq, is
determined by Young’s equation,

γ2s − γ1s − γ12cos(θeq) = 0, (1.4)

where γ1s is the surface tension coefficient of the interface between the solid and phase
1, γ2s is of solid and phase 2, and γ12 is of phases 1 and 2. Enforcing the contact angle
to be 90◦ is unphysical and undesirable. Therefore, the boundary condition ∂φ/∂nw = 0
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Figure 1. Schematic of a drop in the CDI model on a wall. Three-phase contact lines are present.
The associated contact angle θ is the angle between the interface and the wall, measured through
phase 1.

should be modified when contact lines are present. This condition enforces the diffusive
and sharpening fluxes through the wall to be individually equal to zero. Alternatively, the
no-flux condition can be achieved by setting their sum equal to zero. Namely, projecting
the artificial flux onto nw and setting it equal to zero gives

[
ǫ− φ(1 − φ)

|∇φ|

]
∂φ

∂nw
= 0, (1.5)

which can be satisfied by either setting ∂φ/∂nw = 0 or by enforcing ǫ|∇φ| = φ(1 −
φ). In this report, we choose the latter condition. Since the diffusive and sharpening
fluxes are antiparallel, this condition requires that their magnitudes be equal at the wall.
Furthermore, since this is a requirement on the magnitudes of the fluxes and not their
direction, this condition can be satisfied with any contact angle θ.

The no-flux condition on φ is therefore amenable to a non-90◦ contact angle, but how
can a particular contact angle be enforced? What changes are required so that θ attains
the prescribed θeq at static equilibrium? Since CDI is second-order in space, there is
only one boundary condition on the phase-field variable to apply at each wall. After
enforcing the no-flux condition, there are no more degrees of freedom on the phase-field
equation to restrict the contact angle. However, there is another degree of freedom in the
boundary conditions on the Navier-Stokes equation. Rather than setting the typical no-
slip condition, in this report, we use a slip boundary condition. This boundary condition is
derived for CDI based on the Generalized Navier Boundary Condition (Qian et al. 2003),
and we use numerical tests to demonstrate that it results in physical and desired behavior
for static and moving contact lines. Note that this approach preserves local conservation
of mass (i.e., φ), in contrast to treatments for second-order phase-field equations based
on Lagrange multipliers, which only achieve global conservation of mass (Huang et al.
2022).
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Figure 2. Schematic of the desired slip boundary condition. A slip velocity localized around
the contact line advects the contact line to change the contact angle θ toward the equilibrium
contact angle θeq.

2. Formulation of the slip boundary condition

The idea of a slip boundary condition to enforce static contact angles is illustrated in
Figure 2. When θ 6= θeq, there should be advection of φ on the wall due to a slip velocity,
such that θ → θeq. When θ = θeq, this slip velocity should be zero. In addition, the slip
velocity should be localized around the contact line so that this slip mechanism does not
affect the flow where it is not needed.
Given this desired qualitative behavior of the slip velocity us, the question moves to

its precise form. For this, we rely on the observations of extensive molecular dynamics
simulations made by Qian et al. (2003). They found that the slip velocity near a moving
contact line is given by

us = ls
∂uτ

∂nw
− βσST . (2.1)

The first term on the RHS is the classic Navier boundary condition, where ls is the
slip length and uτ is the wall-tangential velocity component. For this report, we have
chosen to set ls = 0 in order to reduce the number of free parameters and isolate the
effect of the second term, which we expect to be capable of modeling contact lines on its
own. That second term consists of a tunable parameter β and a net surface tension stress
(uncompensated Young’s stress) σST due to the deviation of the contact angle from its
equilibrium value, which is given by

σST = γ12[cos(θeq)− cos(θ)]f(φ). (2.2)

The function f(φ) should be a smoothed Dirac delta function that peaks at the contact
line and integrates to 1 across the interface. In addition, it should give us the correct sign
depending on whether the contact line is advancing or receding. The following function
for f(φ) satisfies these properties,

f(φ) = 6φ(1− φ)
∂φ

∂τ
, (2.3)

where τ denotes the wall-tangential coordinate. Substituting this into Eq. (2.1) and using
the equilibrium profile for φ gives

us = ls
∂uτ

∂nw
− βγ12

[
ǫ
∂φ

∂nw
+ φ(1 − φ)cos(θeq)

]
∂φ

∂τ
. (2.4)

For completeness, the Navier boundary condition term is included in Eq. (2.4).
The choice of f(φ) is inspired by the sharpening term in Eq. (1.1), specifically the

φ(1 − φ) factor. In their CH-NS results, Qian et al. (2003) note that the choice of the
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peaked function has little effect on the final result, so other choices of f(φ) may work,
but they have not been studied in this work.

3. Results

The slip boundary condition presented in Eq. (2.4) has been implemented within an in-
house CDI solver (Mirjalili & Mani 2021). The calculations were made on a uniform stag-
gered finite difference mesh with second-order central difference approximations in space.
A third-order Runge-Kutta time-stepping scheme is used (Le & Moin 1991). Boundary
conditions are implemented using the ghost cell method. In the calculations, the RHS
flux is represented by a separate field, and the no-flux condition Eq. (1.5) is implemented
by explicitly setting the RHS flux to be zero on the wall. In this section, we present two
two-dimensional test cases.

3.1. Test case 1: drop evolving to static equilibrium

With the first test case, we seek to verify that the static contact angle of a drop on a
solid wall equals the specified equilibrium contact angle θeq (Huang et al. 2022). Three
different values of θeq were tested: 45

◦, 90◦ and 135◦. For each value, a drop was initialized
with a 90◦ contact angle in a zero velocity field and was allowed to evolve to a steady
state. The horizontal and vertical directions are x and y, respectively, and the velocity
components in those directions are u and v. The domain is given by Lx = 1 and Ly = 0.5,
and the number of mesh points in each direction are Nx = 200 and Ny = 100. This gives
the mesh size hx = hy = h = 0.005. The bottom boundary is a wall, with the no-flux
boundary condition given by Eq. (1.5) and the slip boundary condition given by Eq.
(2.4) applied. The slip boundary condition is applied for u, while the no-penetration
condition is enforced on v. At the top boundary, no slip is applied. In addition, the
Neumann boundary condition is applied to pressure at the top and bottom boundaries.
All fields are periodic in the x direction. Finally, the parameter Γ appearing in Eq. (1.1)
is set to be equal to 2.5 times the maximum velocity at a given time step (Mirjalili et al.
2020), and the following other parameters were used: ǫ = 0.0056, γ = 1, ρ1 = ρ2 = 0.01,
µ1 = µ2 = 0.01 and β = 10. The results are shown in Figure 3. The dashed red lines
denote the exact solutions, set uniquely by conservation of mass and the desired contact
angle of θeq. As the snapshots show, the drops evolve to the exact solution, thus providing
evidence that the slip boundary condition given in Eq. (2.4) results in correct behavior
for a static contact line.
Furthermore, a mesh refinement study has been conducted. Three measures of error

at steady state are shown: i) the relative error in the length of the drop, ii) the relative
error in the height of the drop and iii) the relative shape error. The relative shape
error is defined as

∫
|Hnum(x, y)−Hexact(x, y)|/

∫
Hexact(x, y). H(x, y) is the Heaviside

function that is 1 within the drop and 0 outside. For the numerical solution, Hnum = 1 if
φ > 0.5. Figure 4 shows that there is mesh convergence in all three quantities and that
the convergence is around first order.

3.2. Test case 2: Couette flow

While the first test case shows that static contact lines are correctly modeled with the
proposed slip boundary condition, the Couette flow test case provides a means of testing
the behavior of moving contact lines. In this geometry, a square drop initialized in a zero
velocity field is sheared by the top and bottom walls, which move in opposite directions
and at the same speed. Again, tests were conducted at θeq = 45◦, 90◦ and 135◦. Here,
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Figure 3. Snapshots of the evolution of a drop with a 90◦ initial contact angle and (a) a 45◦

equilibrium contact angle, (b) a 90◦ equilibrium contact angle and (c) a 135◦ equilibrium contact
angle, shown against the exact steady-state solution represented with dashed red lines.

we have the capillary number Ca = µUw/γ = 1 × 10−2, where Uw is the wall speed. All
other simulation details are the same as in the first test case, except that the top and
bottom boundaries are now walls and β = 1 in this test case. Snapshots of the results
are shown in Figure 5. These snapshots illustrate the qualitative behavior of this slip
boundary condition for moving contact lines. The initially square drop evolves to attain
a contact angle that’s close to θeq, but slightly different due to the shearing action of the
walls, which tends to rotate the interfaces clockwise to be more horizontal. At steady
state, the advancing contact lines (top left and bottom right of each drop) have θ > θeq
and the receding contact lines (top right and bottom left of each drop) have θ < θeq. This
evolution agrees with previous results in the literature (Yue & Feng 2011; Qian et al.
2003).

In addition to simulations with various θeq at fixed Ca, we have also conducted sim-
ulations with various Ca at fixed θeq = 45◦. Ca is varied by varying Uw, while µ and γ
are held constant. The steady-state results are shown in Figure 6. It is clear that as Ca
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Figure 4. Relative error between the numerical and exact solutions as a function of the mesh
size h, for the three different values of θeq tested: (a) 45◦, (b) 90◦ and (c) 135◦. The solid red,
dotted blue and dash-dotted green lines are the length, height and shape error, respectively. The
dashed line marks a slope of 1 corresponding to first-order convergence.

increases, the steady-state deformed configuration is more sheared. This trend is qualita-
tively in agreement with our expectations and previous results in literature (Yue & Feng
2011; Qian et al. 2003).
At this point, these Couette flow results are only qualitatively correct in that they

capture the correct trends in interface position as θeq and Ca are varied. However, there
is quantitative disagreement with previous results in literature (Qian et al. 2003). In
particular, there is error in predicting the contact angle. In this work, the parameter
β was chosen somewhat arbitrarily, and clearly, β must be tuned to provide quantita-
tive agreement. This is reserved for future work. In addition, there are several possible
improvements to the numerical implementation that will be explored in future work.

4. Conclusion

Defining the proper boundary conditions to capture contact-line physics is challenging
when using a second-order phase-field method. In order to conserve mass, the no-flux
condition on walls is applied to the phase field variable, but this prevents direct impo-
sition of a contact angle. The contact angle can be restricted, however, by imposing a
slip boundary condition on the Navier-Stokes equation. Such a boundary condition ad-
vects the phase-field variable on the wall in order to evolve the contact angle toward a
prescribed equilibrium contact angle. By examining the static equilibrium of drops for
various equilibrium contact angles, it has been shown that this slip boundary condition
results in the correct static contact angle. Furthermore, the Couette flow test case demon-
strates qualitatively correct behavior, while allowing us to calibrate the model in future
work. Future work will be dedicated to formal derivation of the presented slip bound-
ary condition, in addition to calibration of the free parameters and rigorous testing on
canonical and realistic problems.
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Figure 5. Snapshots of the evolution of an initially square drop subject to shear from the top
and bottom walls, moving to the right and left, respectively, at Uwall = 1. This corresponds to
a capillary number of Ca = 1× 10−2. Three different values of θeq are shown: (a) 45◦, (b) 90◦

and (c) 135◦.

Figure 6. Couette flow at steady state, for θeq = 45◦ and various Ca.
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