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Low-order modeling of non-premixed flames
subjected to a transverse acoustic mode

By D. Brouzet AND M. IThme

1. Motivation and objectives

Combustion instabilities (CIs) are one of the major challenges for the design and
operation of gas turbines and rocket engines (Lieuwen & Yang 2005). These instabilities
are characterized by large self-sustaining oscillations in pressure and heat release, arising
from the coupling between combustion, acoustics, and unsteady flow field. While some
papers examined ClIs in annular combustors to study the nature of transverse modes
(Wolf et al. 2012; Prieur et al. 2017; Rouwenhorst et al. 2017), more fundamental studies
have used acoustic forcing to mimic the acoustic field with either longitudinal (Rocha
et al. 2008; Juniper et al. 2009) or transverse (O’Connor 2015; Worth et al. 2017) forcing.
Acoustic excitation enables the thorough investigation of the flame and flow behavior and
has helped in understanding the mechanisms leading to Cls.

When transverse Cls occur, the acoustic field introduces transverse velocity fluctua-
tions inside the combustion chamber and a fluctuating pressure difference between the
chamber and the plenum. O’Connor et al. (2015) and Urbano & Selle (2017) noted that
transverse fluctuations do not directly affect the heat release rate in gas turbine and
liquid rocket engine configurations. However, pressure fluctuations induce longitudinal
waves in burners, nozzles, and injectors, which in turn cause heat release fluctuations
(Groning et al. 2016; Armbruster et al. 2019). The acoustic response from different com-
bustor elements is then necessary for the accurate prediction of the injector flow rate
and the combustor stability. Several studies computed the injector or burner velocity
fluctuations using linear acoustic models. This enabled the prediction of the combustor
stability by describing the flame response with a time-lag model (Krebs et al. 1999) or
with a numerically computed and frequency-dependent function (Kriiger et al. 2001).
The aforementioned studies, however, focused on premixed configurations. The response
of non-premixed injectors to transverse acoustic waves has not been examined yet.

While there is significant literature studying the response of non-premixed flames to
longitudinal acoustic forcing (e. g. Baillot & Demare 2007; Juniper et al. 2009; Magina
et al. 2019), studies on non-premixed flames under transverse acoustic excitation are
sparser. Plascencia et al. (2020) considered two forcing conditions, in which either the
pressure node (PN) or the pressure anti-node (PAN) aligns with the centerplane of a
non-premixed jet flame. For PN conditions, they found that the flame becomes more
wrinkled but remains anchored even for a large forcing amplitude. In contrast, under
a PAN mode, the flame would periodically or completely lift off and exhibit puff-like
structures. By performing a large-eddy simulation (LES) of this configuration, Brouzet
et al. (2022) showed that the acoustic response of the injectors was significant in the PAN
case, resulting in large fluctuations in the mass flow rates of the fuel and oxidizer streams.
This longitudinal forcing resulted in a periodically increased mixing at the stoichiometric
surface, leading to significant heat release rate oscillations near the inflow. This study
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focused on the physical mechanisms leading to heat release rate fluctuations but did not
attempt to model the flame response.

The flame response can be modeled through Crocco’s n-7 model (Crocco 1951, 1952),
which correlates the integrated heat release rate to the inlet velocity fluctuations through
a delayed time. This model has been applied to various premixed systems and is a simple
tool to understand the main flame response characteristics. However, there are inherent
limitations to this global model. For instance, the flame can be convectively non-compact,
meaning that the characteristic Strouhal number based on the flame length Ly, St =
fLy/u, can be much greater than unity for the frequencies of interest. This typically
leads to some regions in the flame that are in phase with the acoustic field while others
are out of phase, especially for a non-premixed flame with large L (Varoquie et al. 2002;
Truffin 2005). This behavior weakens the thermo-acoustic coupling and contributes to the
difficulties in applying the n-7 model to non-premixed flames. More complex approaches
have been developed, such as flame transfer functions (Ducruix et al. 2000) or non-
linear flame describing functions (Noiray et al. 2008), which can include distributed time
delays (Polifke 2020). It is still unclear whether simple models like the n-7 framework
can accurately describe the response of non-premixed flames and, if so, under which
conditions.

This paper considers two aspects crucial to the understanding of transverse Cls in
non-premixed systems: the response of the injector flow to transverse acoustic excitation
and the flame response modeling. To this extent, numerical simulations of the configura-
tion considered by Plascencia et al. (2020) and Brouzet et al. (2022) are conducted and
compared against low-order models. First, the methodology of the LES is described in
Section 2. Then, an analytical acoustic model for the acoustic response of the injectors
is developed and compared to numerical results in Section 3. Flame response modeling
is tackled in Section 4, and conclusions are presented in Section 5.

2. Methodology
2.1. Governing equations

To analyze how the acoustic field couples to the flame dynamics, LES are conducted
in this work. A fully compressible finite-volume solver (Khalighi et al. 2011; Ma et al.
2017) is used to conduct the simulations. It solves the following Favre-filtered governing
equations for conservation of mass, momentum, and energy,
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with density p, gas velocity vector u = [u,v,w]T, pressure p, specific total energy e;o,
stress tensor 7, and heat flux q. Overbars and tildes denote Reynolds and Favre filtering,
respectively. Subscripts v and ¢ denote viscous and turbulent contributions, respectively.
Turbulent subgrid scales (SGS) are modeled using the Vreman model (Vreman et al.
2009).

The flamelet /progress-variable (FPV) approach (Pierce & Moin 2004; Thme et al. 2005)
is used to model the combustion process, in which the thermochemical properties are
a function of the mixture fraction Z, the progress variable C'; and the mixture fraction
variance Z'’2. The pressure fluctuations considered in this study do not exceed 0.5% of the
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mean pressure, meaning that pressure effects on kinetics are negligible, at least compared
to the other effects discussed in the paper. This is the reason why the combustion process
is considered independent of pressure in the FPV approach. The solved LES equations
for the quantities of interest are as follows

(pZ)+V - (PuZ) ==V Gz, 11 (24)
0(pC) + V- (puC) = —V - + e (2.5)
0 (pZ"2) +V - (PaZ") = =V -G gia sy - (2.6)

The progress variable is defined as C' = Yco, + Yoo + Yi,0 + Ya, (Thme et al. 2012), and
the stoichiometric mixture fraction is Zy; = 0.098. An assumed beta probability density
function is used to model the subgrid fluctuations in Z and C'so that the progress variable
source term wg = wC(Z .C, Z'"?). The diffusive and turbulent fluxes for the scalar ¥ are
computed as jg , = —pDyVV and jg , = —p/Sc; VY, respectively, where Dy is the
diffusion coefficient, p; is the SGS viscosity, and Se¢; is the turbulent Schmidt number.
The system is closed with the ideal gas equation of state. The chemistry model for the
methane/air combustion process is described by the GRI3.0 mechanism, which consists
of 53 species and 325 reactions. Constant turbulent Prandtl and Schmidt numbers of 0.7
are assumed for the scalar SGS model.

The governing equations are discretized using a hybrid scheme that combines a fourth-
order accurate central spatial scheme with a second-order essentially non-oscillatory
(ENO) reconstruction scheme in regions of high-density gradients (Ma et al. 2017). A
strong stability-preserving third-order Runge-Kutta scheme is employed for time ad-
vancement with a maximum Courant-Friedrichs-Lewy number of 1.5.

2.2. Numerical setup

In the following, quantities associated with the fuel tube and the coflow annulus are
denoted by subscripts f and ¢, respectively. The injector consists of a center tube (inner
diameter Dy = 4.0 mm, length L; = 305 mm, post thickness w, = 0.36 mm) that
supplies the fuel (methane). Surrounding the fuel tube is an oxidizer coflow section (outer
diameter D, = 88.9 mm, length L. = 168.4 mm) to shield the jet from entrainment and
to suppress recirculation. The oxidizer stream consists of enriched air with 40% O by
mass. The flow rates of the fuel and coflow streams are equal to m; = 0.164 g/s and
. = 7.34 g/s, respectively. Both streams are injected at a temperature of 293 K and
at atmospheric pressure. The Reynolds number in this study (Re = 5,300) is evaluated
at the fuel injection condition and is based on the tube exit diameter, the bulk velocity
(Up = 25 m/s), and the fluid properties of methane calculated at atmospheric chamber
conditions.

The combustion chamber is a box of dimensions 914.4 x 355.6 x 108.0 mm?. The
domain considered in the LES is shown in Figure 1. A block-structured mesh with 3.9
million hexahedral elements is used, with 40 and 8 elements across the fuel tube and
post-thickness wall, respectively. Boundary conditions for the speakers and the injector
inlet are prescribed using a Navier-Stokes characteristic boundary condition (NSCBC)
method for the injection of acoustic and vortical waves (Brouzet et al. 2022). While
the former boundary features only incoming acoustic waves, turbulent inflow conditions
are prescribed in the fuel tube. To this end, a synthetic turbulent flow is computed
following the method proposed by Xie & Castro (2008) with the modifications of Touber
& Sandham (2009). The mean and root mean square profiles at an equivalent Reynolds
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Figure 1: Two-dimensional schematic of the domain considered in the LES.

number are used to define the fully developed pipe flow characteristics using an integral
length scale of 0.3Dy. The outlet is modeled by a non-reflecting NSCBC with a relaxation
timescale of the order of 15 ms. A damping region, which relaxes the solution to a target,
fully combusted, equilibrium state, is used in the exhaust section of the domain. This
damping region prevents any thermodynamic or chemical inhomogeneities at the outlet
that would lead to a spurious behavior with the non-reflecting locally one-dimensional
and inviscid boundary conditions. To this end, the formulation developed by Bogey et al.
(2000) is used, combined with a linear relaxation factor in the streamwise direction.

Two simulations were conducted in this work. The first one was performed to study the
acoustic response of the injectors to a transverse acoustic mode by considering the whole
injector length. The mixture is not ignited in this case, and the results are compared to
a low-order theoretical acoustic model. The second simulation is an LES of the flame,
where the injector’s boundary conditions were specified using the derived acoustic model
with a reduced injector length, as shown in Figure 1. In both simulations, the acoustic
waves are prescribed from the two transverse boundaries, which model the speakers. For
both simulations, a transverse acoustic forcing is performed for the first PAN mode (i.e.,
at f = 360 Hz); therefore the waves injected at both ends are in phase, leading to a zero
transverse velocity amplitude at the injector exit.

3. Acoustic response of the injector

In this section, we develop an analytical model to describe the acoustic response of
the coaxial injector to transverse acoustic waves in the chamber. The following analysis
assumes that the acoustic wavelength, A, is large compared to the injector diameters, so
that only planar waves are present. The most restrictive condition is therefore imposed by
the coflow diameter D./\ < 0.61 (Levine & Schwinger 1947), providing a constraint for
the frequency of f < 0.61¢/D, ~ 2350 Hz, with ¢ being the speed of sound in the injector.
Then, the pressure and streamwise velocity fluctuations in the injector can be written as
a function of the upstream and downstream propagating acoustic wave amplitudes A~
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Figure 2: Schematic of the acoustic waves in the coaxial injector. The blue and red dashed
arrows represent the waves in the coflow annulus and jet tube, respectively.

and AT, respectively,
p'(x,t) = R{[Atexp (jkz) + A exp (—jkz)| exp (—jwi)} | (3.1a)
u(z,t) = i?R {[ATexp (jkz) — A”exp (—jkz)] exp (—jwt)} , (3.1b)
pc

where j represents the imaginary unit, k = 27 f/c is the wavenumber, w = 27 f is the
angular frequency, and R {-} means that only the real part is considered.

We first consider the response of the coflow. The transverse waves generated by the
speakers will diffract in the coflow annulus, leading to an upstream propagating wave of
amplitude A7 = Ap, equal to the combined amplitudes of the two transverse waves in
the chamber. As the boundary condition at the bottom of the annulus x = — L. is fully
reflective, an upstream propagating wave of amplitude A} will be created. A schematic of
the waves is shown in Figure 2. Solving Eq. (3.1) by applying the wall boundary condition
ul(—L.,t) = 0 leads to the following solution at the coflow exit

PL0,8) = ApR {fexp (27kL) + 1] exp (—juot)} (320)
ul(0,t) = %%{[exp (2jkL.) — 1] exp (—jwt)} . (3.2b)

Equations (3.2a)-(3.2b) show that the pressure and velocity at the coflow annulus exit
have an amplitude and phase difference relative to the incoming transverse waves, which
is a function of the annulus length L..

The downstream propagating wave will then diffract into the combustion chamber, with
negligible reflection back into the coflow annulus. Considering our model, this means that
the pressure at the fuel nozzle is imposed by Eq. (3.2a), which can be written as

P(0,t) = ApsR {exp (—jwt + ¢)} (3.3)

where Apy = max[pL(0,¢)] and ¢ are the amplitude and phase of the pressure fluc-
tuations. The condition of zero pressure differential across the nozzle is a well-known
result for sharp-edge open pipes with small diameters (Van Wijngaarden 1968). While
the coflow outlet is large compared to the acoustic wavelength, the fuel tube diameter
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is much smaller, explaining the non-reflective and fully reflective behavior of the coflow
and fuel tube outlets, respectively. In the fuel tube, we have an acoustic problem with
the two following boundary conditions: The upstream propagating wave with amplitude
AJI is reflected at x = — L by the upstream choked flow condition, and the downstream

propagating wave with amplitude AJT is reflected by the imposed harmonic pressure con-
dition at the fuel tube outlet (Eq. (3.3)). To analytically solve this problem of reflected
waves both at the bottom and at the top of the fuel tube, the method of characteristics
is used (Rienstra & Hirschberg 2004). This method leads to the following solution for the
downstream and upstream propagating waves

N1
A = AppR {Z(—l)”exp (2jkan)} : (3.4a)

n=0

N3
A}' =—ApsR {Z(—l)”exp (ij:an)} , (3.4b)

n=1

where the integers N1 = | (¢t + x)/2Ls| and Ny = |(ct — x)/2L;| act as counters for the
reflected waves. Knowing the analytical form of the geometric series, one can combine
Egs. (3.1b)-(3.4) to express the velocity fluctuations at the fuel tube outlet

Apf%{ {1 + (—=1)Nexp [2jk(N + 1) Ly]

pe 1+exp(2jkLy)

—1+ (=1)exp (2jkNLy)
1+ exp(2jkLy)

uy (0,t) =

exp (2jkLy) ]exp (—jwt + @) } , (3.5a)
where N = N; = N3 and the pressure fluctuations at this location are computed from
Eq. (3.3).

To assess this analytical model, Figure 3 shows comparisons of the pressure fluctuations
inside the fuel tube and the coflow between the simulation and the model. Substantial
pressure fluctuations are observed inside the injector, and the interaction of the acoustic
waves within the injector leads to pressure fluctuations that are much higher at the
bottom of the fuel tube than inside the chamber. The good agreement between the
simulation and analytical model suggests that the behavior of the acoustic waves is
physical.

Velocity fluctuations obtained at the exits of the coflow annulus and the fuel tube are
shown in Figure 4, as a function of the normalized time ¢y = ft. The fuel tube velocity
signal features an acoustic beating mode, resulting from the superposition of the forcing
frequency and the first resonant frequency of the fuel tube f1 = ¢/(4Ly) ~ 280 Hz. This
result confirms that the exit of the tube acts as a reflecting interface for the acoustic
waves and that losses are negligible, as assumed in the model and supported by the
theory of Levine & Schwinger (1947) that predicts a near-unity reflection coefficient
for the frequency and tube diameter considered. In contrast, the coflow signal is quasi-
harmonic at the forcing frequency of f = 360 Hz, showing that the open end of the
annulus is nearly non-reflecting.

To further assess the analytical model, Eqgs. (3.2b)-(3.5a) are compared to the simula-
tion results in Figure 4. Amplitude and phase are in good agreement for the coflow. In
addition, the beating behavior in the fuel tube is well captured by the analytical model,
especially when the velocity fluctuations are maximum. Overall, these results show that
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Figure 3: Pressure fluctuations inside the injector obtained with the acoustic simulations
and the analytical model.
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Figure 4: Velocity fluctuations at the exit of (a) the fuel tube and (b) the coflow obtained
with the acoustic simulations and the analytical model.

the acoustic behavior in the fuel tube is well represented by linear acoustics with a
perfectly reflecting open end and negligible losses.

4. Flame response modeling

We proceed by briefly explaining the flame dynamics resulting from the acoustic forc-
ing. Figure 5 shows an instantaneous snapshot of the flame. The temperature field at the
x-y centerplane displays pufl-like characteristics. The horizontal streaks identified around
x/Ds =9 in the coflow region arise from the initialization process, and are slowly con-
vected downstream. While clearly identifiable, they are not significantly contributing to
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Figure 5: Instantaneous snapshot of the flame. The color plot represents the temperature
field, the isolines show Zs = 0.098, and the isosurfaces show @@ = 5 GW/m?>.

the heat released by the flame. The isoline indicates the stoichiometric contour with
Zs = 0.098, which is substantially corrugated by the surrounding flow field in the first
ten jet diameters downstream of the inlet. The regions with heat release rate larger than
Q=5 GW/m? are shown by the white isosurfaces and tend to be located in the lower
part of the flame. Brouzet et al. (2022) performed an in-depth study of the flow, mixing
and flame dynamics. To summarize their findings, vortices in the outer shear layer arising
from the coflow forcing corrugate the flame in the near-nozzle region. Simultaneously, the
jet longitudinal forcing enhances the mixing at greater radial locations. The combination
of these two mechanisms periodically increases the heat release rate where the flame is
close enough to the centerline. Hence, the longitudinal fluctuations in the coflow and the
jet play complementary roles, leading to substantial heat release rate oscillations in the
near-inflow region.

In order to examine the coupling between the inlet fluctuations and the heat release,
we proceed by analyzing the associated heat release rate fluctuations. Figure 6(a) shows
the inlet mass flow rate and integrated heat release rate fluctuations in the flame region
up to x/Dy = 25. Strong mass flow and heat release rate oscillations, of the order of 40%
and 5% of their nominal values, respectively, are observed. The amount of fuel burned,
i.e., the heat release rate average, remained the same whether the flame was excited
or not. The relative lower fluctuations of the heat release rate compared to the mass
flow fluctuations are only an indication of the flame response strength. The coupling
between the pressure at the flame location and €' is shown in Figure 6(b). Both signals
are almost in phase even though some low-frequency behavior can be seen for Y and can
be attributed to the slow flame convection in the shear layer.

Figure 6 implies a coupling between the jet forcing and the flame response. To quantify
this response and to evaluate the utility of a simple model in describing the observed
dynamics, we employ Crocco’s n-7 model (Crocco 1951, 1952). This model expresses
the global heat release rate fluctuations €'(t) as a function of the inlet mass flow rate
fluctuation m’ at a delayed time T,

76_2 Loy = (b — (4.1)
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Figure 6: Time signals of the integrated heat release rate fluctuations QY compared to (a)
the inlet mass flow rate 7h and (b) the pressure fluctuations p’ in the flame region.

where n represents the interaction coefficient (i.e., the strength of the flame response)
and 7 is a measure of the time required by the flame to respond to forcing. The thermo-
dynamic properties are taken at the fuel inlet. Equation (4.1) implies that all reactants
are consumed at a specific time 7 after their injection, suggesting that the flame is con-
vectively compact. This can be a strong assumption for non-premixed flames given that
mixing and diffusion play a dominant role in the combustion process. A convectively
non-compact version of Crocco’s model can be written by considering a streamwise de-
pendence of the model parameters (Varoquie et al. 2002; Truffin 2005)

z+Az/2

70_2 ! Ql(xa t) dr = ml(t - Tw)nx , (4.2)

r—Ax/2

where 7, and n, are dependent on the streamwise position. The streamwise interval Az
over which the integral is performed is set to 4D in this study, which was found to give
converged results.

To compute the n-7 parameters, a methodology analogous to the one described by Frez-

zotti et al. (2018) is used. To this end, the normalized cross-correlation R . ¢, . between

m’ and € is computed for a range of time delays. The time delay at which R0 norm 18
maximum is then defined as the optimum 7 in Crocco’s model. The interaction coefficient
n is then evaluated by minimizing the function |(y — 1)€Y (¢)/c® — i/ (t — 7)n|. Results
from this methodology are shown in Figure 7(a), which shows the cross-correlation and
interaction parameters for a range of time delays. The cross-correlation is quasi-periodic
given the oscillatory nature of the flow. The vertical dashed lines represent the time
delays 71 = 0.16/f and 72 = 1.18/f associated with the first two peaks of R ¢, ..,
which have comparable amplitudes. The corresponding interaction coefficients are n ~ 15.
Figure 7(b) shows results for the non-compact model. To remove the low-frequency os-
cillations, a high-pass filter with a cutoff frequency of 270 Hz was applied to the heat
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Figure 7: Estimation of n-7 parameters for (a) the compact model (Eq. (4.1)) and (b)
the non-compact model (Eq. (4.2)).

release rate signals. The time delay follows an almost linear behavior. The interaction
coefficient peaks at /Dy ~ 5, which corresponds to the delay time 7 in the compact
model. In the region x/Dy > 15, n, gradually decreases, which is consistent with the
weaker mixing interaction observed in that region (Brouzet & Ihme 2021; Brouzet et al.
2022). For x/Dy > 20, the cross-correlation is so low that the methodology fails to find
a physically meaningful time delay.

At this point, it is interesting to note that the interaction coefficients identified with
the compact and non-compact models are up to two orders of magnitude larger than
those of previous non-premixed flame studies for propane flames in a coaxial slot injector
at comparable operating conditions (Varoquie et al. 2002; Truffin 2005). The difference
might be explained by the sole forcing of the air inlet in these studies, which was found
to weakly alter the heat release rate and only at large downstream locations. In contrast,
the highest values of n, are identified close to the inflow in our case. For comparison
with previous flame transfer function studies, it is useful to rewrite Eq. (4.1) as

/ !/
Q_(t) :Fnu(t T) 7
0 Up

(4.3)

where Q = 12 kW and U, = 25 m/s, which yields a value F,, ~ 0.15. This value is on par
with the ones obtained for similar chamber and fuel conditions for premixed laminar lean
Bunsen-type flames (Duchaine et al. 2011; Silva et al. 2015) at the frequency studied in
this paper. Interestingly, these laminar flames were subjected to intrinsic thermo-acoustic
instabilities at lower frequencies.

To conclude, we construct a global model for the flame response by estimating the fuel
flow rate fluctuations from the acoustic model defined in Section 3 and computing the
flame response from Crocco’s model. Both the convectively compact and non-compact
formulations of Crocco’s model are considered to estimate the effect of the compactness
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Figure 8: Comparison of the integrated heat release rate fluctuations €’ between the LES
results, the compact n-7 model (Eq. (4.1)), and the non-compact n-7 model (Eq. 4.2)).

assumption. A comparison between the LES and model results is shown in Figure 8. Ef-
fects due to turbulence or flame corrugation are not taken into account and contribute to
the discrepancies observed between the LES and the models. Even so, the maximum am-
plitude and frequency of the heat release rate fluctuations are reasonably well predicted.
The convectively compact model performs at least as well as the non-compact one, il-
lustrating that the former is well suited for the non-premixed system studied. Because
the strong heat release rate oscillations are limited to a region close to the inflow, the
underlying assumptions that the combustion is correlated to the fuel flow rate and that
it occurs at a specific delayed time are both satisfied. Overall, these results show that a
modeling strategy combining the acoustic response of the injector and Crocco’s model for
the flame response can lead to a reasonable prediction of non-premixed flame dynamics.
The strength of the global model which combines the acoustic response of the injector
and Crocco’s approach is that, for a given flame response (i.e., 7 and n values), one
can investigate the effect of different injector parameters (e.g., injector length, upstream
boundary conditions, presence of a coflow annulus) on the overall flame response.

5. Conclusions

A turbulent non-premixed methane/air flame under a transverse acoustic mode was
studied to assess low-order models. The flame was subjected to a standing PAN wave,
where pressure oscillations are maximum at the centerline. Using this configuration, we
studied two important aspects related to transverse Cls: the acoustic response of the
injector and the flame response modeling.

Acoustic simulations revealed that transverse acoustic modes introduce strong longi-
tudinal velocity perturbations in the injector, both in the coflow and in the fuel jet. An
analytical model was developed to predict the acoustic fluctuations in the injector, show-
ing good agreement with simulation results and implying that the acoustic behavior in
the fuel tube is well represented by linear acoustics with a perfectly reflecting open end
and negligible losses.

Substantial heat release rate oscillations in the near-inflow region were observed in the
LES. Modeling using both convectively compact and non-compact n-7 models showed
that the flame response was strong for a non-premixed configuration. A global model
combining the acoustic and compact n-7 models showed good agreement with LES re-
sults. Because the large heat release rate fluctuations were limited to a region close to
the inflow, the underlying assumptions that the combustion is correlated to the fuel flow
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rate and that it occurs at a specific delayed time were both satisfied. This study showed
that a modeling strategy combining the acoustic response of the injector and Crocco’s
model for the flame response can lead to a reasonable prediction of non-premixed flame
dynamics.
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