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Scaling of an optimal slip wall model for LES of
nonequilibrium turbulent boundary layers

By M. P. Whitmore, S. T. Bose AND P. Moin

Previous efforts in slip wall modeling for large-eddy simulation (LES) demonstrated
the effectiveness of determining the scaling behavior of an optimal slip length model for
turbulent channels at a wide range of friction Reynolds numbers. The scaling behavior
of ideal slip length models for flows with pressure gradients and nonequilibrium effects
is comparatively less well understood. Simulations of five adverse pressure gradient cases
are performed, first using wall-resolved LES (WRLES) to determine reference quantities,
then using the optimal slip wall modeling approach (Whitmore et al. 2023). The scaling
of the optimal slip lengths is then investigated with respect to quantities of interest for
pressure gradient boundary layers.

1. Introduction

Slip wall models for large-eddy simulation (LES), introduced by Bose & Moin (2014),
present an alternative approach to modeling the effects of the unresolved near-wall flow
on the outer LES solution. As opposed to wall-stress models, which typically rely on
the assumption of an attached thin boundary layer and an equilibrium stress or velocity
distribution, the slip wall model imposes a Robin boundary condition that is formally
derived from the application of a low-pass filter to the Navier—Stokes equations, making
no assumptions about the underlying flow. Because the slip wall model does not make the
same assumptions as traditional wall-stress models, it has the potential for higher-fidelity
representation of complex flows with pressure gradients and nonequilibrium effects, where
the assumptions of traditional wall-stress models are violated.

Slip wall models for wall-modeled large-eddy simulation (WMLES) relate the filtered
velocity components at the wall to their wall-normal gradients by a length scale called
the slip length and, therefore, require the prescription of a slip length model. Earlier
studies demonstrated the possibility of dynamic slip wall models, which adjust the slip
length according to the characteristics of the LES solution at two different filter scales
(Bose & Moin 2014; Bae et al. 2019). While these dynamic models have a strong poten-
tial for predictive WMLES because they require no prior knowledge of the flow state,
they encounter difficulties arising from sensitivities to test filtering operations as well as
subgrid-scale models. An alternative approach to the development of slip length mod-
els involves leveraging physical information from a simple flow configuration in order to
determine an appropriate model.

The physics-based approach to developing an optimal slip length model has been inves-
tigated by Pradhan & Duraisamy (2022) through the use of an optimal Galerkin projec-
tion of direct numerical simulation data from a turbulent channel onto a coarse-grained
finite-element basis (although the form of the slip boundary condition used therein differs
from that of the present work). Similarly, Whitmore et al. (2023) presented an optimal
slip wall model approach that specifies an objective function based on the error in the
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skin friction predicted by a WMLES relative to a reference data set, which then mini-
mizes this objective function by adjusting the slip length through the use of a posteriori
simulations. This approach was applied to the flow through a turbulent channel at vari-
ous Reynolds numbers and grid resolutions, yielding a data set of optimal slip lengths in
each case. The authors observed a collapse of the data when scaling in viscous inner units
and found a parameterization of the data. This parameterization was subsequently used
as a slip length model for the slip length in equilibrium wall-bounded turbulent flows. In
conjunction with a nonequilibrium flow sensor, Whitmore et al. (2024a,b) developed a
sensor-based slip length model that demonstrated good prediction of complex flows over
aircraft geometries at various Reynolds numbers and angles of attack.

While the sensor-based slip wall model has been demonstrated to perform well in a
number of complex external aerodynamics cases, the aspects of the model used to capture
nonequilibrium flow were not developed rigorously (i.e., they were not based on any
specific physical or mathematical assumptions). In order to have greater confidence in the
generalizability of a slip wall model for nonequilibrium flow, this study applies the optimal
slip wall model approach to a suite of adverse pressure gradient boundary layers to collect
a data set expressing the behavior of an ideal slip length model in a nonequilibrium flow.
The resulting optimal slip length data are then analyzed to determine their scaling with
varying nonequilibrium effects.

Section 2 of this brief discusses the mathematical framework of the optimal slip length
model as well as the setup of the adverse pressure gradient boundary layer simulations.
Sections 3 and 4 present the results of the WRLES and the optimal slip WMLES for the
adverse pressure gradient boundary layer cases, respectively. Conclusions are offered in
Section 5.

2. Mathematical framework

Following Bose & Moin (2014), the slip wall boundary condition for the LES filtered
velocity field, w;, is written as

on |’

w

ﬂilw = (CslipAw) Vi € {1,2,3}, (21)
where A,, is the distance of the first off-wall grid cell center to the wall, n is the wall-
normal coordinate, and Cy;p, is the nondimensional slip length coefficient. In general, the
slip length may be a function of space. Here, the slip length is assumed to vary in one
dimension as a function of the streamwise coordinate.

All of the simulations in this brief are performed using the code charLES (distributed by
Cadence Design Systems), which is a second-order finite-volume solver for the compress-
ible Navier—Stokes equations based on polyhedral meshes formed by centroidal Voronoi
tessellations with GPU acceleration (Bres et al. 2022). The code is used for both WRLES
and WMLES. The subgrid-scale model used in this study is the dynamic Smagorinsky

model (Germano et al. 1991).

2.1. Optimization problem

We desire an objective function that is minimized when error in the skin-friction coeffi-
cient, Cy = 27, /pUZ2,, of the WMLES is minimized with respect to reference data. The
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objective function J is defined according to Whitmore et al. (2023) such that
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k

where k is the index of the boundary element that is used to discretize the slip length in
space over the boundary surface, wy is the weight function of the element, and Ay, is the
weighted area of the element. The reference skin-friction coefficient C;ef is assumed to be
known as a function of space and typically comes from some higher-fidelity data source,
like an experiment, reference simulation, or analytical solution. Therefore, we seek the
values of Cg?p that minimize the objective function. This optimization problem is solved
by performing coordinate descent on the discretized slip length coefficient in space, where
gradients are evaluated as finite differences from a posteriori WMLES calculations. The
optimization steps are performed concurrently with the WMLES solution.

2.2. Adverse pressure gradient boundary layers

The adverse pressure gradient cases of interest follow those of Bobke et al. (2017), in
which the freestream velocity Uy, follows a power law

Uso (2 —x0)™, (2.3)

where xg is the virtual origin and m is a constant exponent. The strength of the pressure

gradient cases can be measured by the nondimensional Clauser parameter 3, defined as
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Five cases from Bobke et al. (2017) are investigated: two approximately constant Clauser
parameter cases, 8 =~ 1 and § ~ 2, and three constant exponent cases, m = —0.13, —0.16,
and —0.18. These cases exhibit a range of adverse pressure gradient strengths.

3. Wall-resolved LES of adverse pressure gradient boundary layers

Reference skin-friction coefficient profiles are required in order to perform the optimal
slip WMLES of the adverse pressure gradient boundary layer cases. To obtain these refer-
ence skin-friction coefficient profiles, WRLES of the adverse pressure gradient boundary
layers are performed using charLES. While it is possible to use the skin-friction coeffi-
cient data of Bobke et al. (2017) directly to solve for the optimal slip lengths, the use of
this approach quickly encounters the challenge of matching domain setups between the
present simulations and those of the reference data. The simulations performed by Bobke
et al. (2017) used a fully spectral code for the incompressible Navier-Stokes equations,
including full simulation of the transition to turbulence from a laminar Blasius boundary
layer state. In comparison, the present simulations use a code that solves the compressible
Navier—Stokes equations, leading to differences in the ways that boundary conditions are
enforced. Additionally, for a WMLES it is not practical to simulate the entire transition-
to-turbulence process from a laminar state. Instead, a recycling and rescaling boundary
condition is employed at z/0g = 200 to shorten the domain and start the boundary
layer simulation in a turbulent state (Whitmore et al. 2022). Because of the inevitable
uncertainties arising from the differences in setup between the present WMLES and the
simulations by Bobke et al. (2017), we elect to perform a suite of WRLES for the five
adverse pressure gradient cases using the domain setup that the WMLES will use. These
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Case | L, | L. | max % | min ?{f min %é‘ Ncv (Mcev)
B~1 140|140 2 0.5 0.054 90
6~2 180 | 180 2 0.5 0.054 121

m = —0.13 120|120 2 0.5 0.054 79

m = —0.16 | 180 | 180 2 0.5 0.054 121

m = —0.18 | 250 | 250 2 0.5 0.054 175

TABLE 1. Details of the WRLES meshes for the adverse pressure gradient cases.
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FIGURE 1. Friction velocity as a function of streamwise coordinate for the five adverse pressure
gradient WRLES compared with the reference simulation.

WRLES are employed to obtain the reference data for the WMLES, which reduces the
uncertainties related to differences in numerics and domain setup. Table 1 presents the
details of the meshes used for the WRLES of the five adverse pressure gradient boundary
layer cases. The freestream pressure gradients in these simulations are imposed through
characteristic boundary conditions that prescribe the desired freestream velocity profiles.
The domains are periodic in the spanwise direction. The domain outflow includes a free
slip extension from x/§y = 2500 to 2700 where a Navier—Stokes characteristic boundary
condition is imposed to enforce a constant mass flux.

Figure 1 plots the average friction velocity as a function of the streamwise coordinate.
The figure shows that stronger adverse pressure gradients, corresponding to higher 8 and
more negative m values, lead to a larger drop in the friction velocity in the downstream
portion of the domain. The results of the present WRLES cases also agree qualitatively
well with the friction velocity found by Bobke et al. (2017). One area where the present
WRLES disagree with the reference is upstream, near x/dy = 200. The dip in the present
results is caused by a short development region behind the recycling and rescaling inlet
boundary condition. The data here are not expected to match those of Bobke et al.
(2017) because the upstream transitional boundary layer is not resolved. Additionally,
there is a discrepancy near the flow outlet, which is caused by the use of a Navier—Stokes
characteristic boundary condition for the outflow compared with the fringe method used
by Bobke et al. (2017).

Figure 2 plots the first grid cell half-height in inner units, yl+ . The values range from
approximately 0.65 in the upstream portion of the domain to 0.2 further downstream,
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FIGURE 2. First cell wall-normal resolution in inner units as a function of the streamwise
coordinate for the five adverse pressure gradient WRLES.
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Fi1cURE 3. Clauser parameter of the five adverse pressure gradient boundary layer WRLES.

suggesting that the grid resolution is adequate in the wall-normal direction to capture
the sharp velocity gradients arising from the no-slip boundary condition. Figure 3 plots
the Clauser parameters from these five WRLES cases. The Clauser parameter profiles
for the 8 ~ 1 and 8 ~ 2 cases are shown to be relatively flat for most of the domain at
the expected values. The values for the constant m cases show an increasingly positive
Clauser parameter for the larger negative m values, indicating a stronger adverse pressure
gradient.

4. Optimal slip wall-modeled LES of adverse pressure gradient boundary layers

The five adverse pressure gradient boundary layer cases are now simulated using WM-
LES while applying the optimal slip length approach. The domain setup of the cases
is the same as in the WRLES cases. In order to distribute the grid points in a cost-
effective manner while also avoiding excessive grid refinement of the boundary layer in
the downstream region of the domain, the meshes for the WMLES are designed to be
boundary layer conforming, such that the number of grid cells that fit inside the local
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FIGURE 4. (a) Skin-friction coefficients from the five optimal slip WMLES cases compared with
the reference skin-friction coefficient profiles. The local error in the skin-friction coefficient is
also plotted and shows qualitative convergence. (b) Optimal slip length coefficients as a function
of the streamwise coordinate.

boundary layer thickness is held constant. The isotropic grid length scale, A, varies as a
function of the streamwise coordinate such that dgg(x)/A(z) ~ 8 for the WMLES pre-
sented. Figure 4(a) plots the resulting skin-friction profiles from the WMLES for the five
cases and compares them with the reference skin-friction coefficient values, along with a
plot of the local error in the skin-friction coefficient from the five cases. The cases have
converged qualitatively well. Figure 4(b) shows the profiles of the slip length coefficient
as a function of the streamwise coordinate. Most of the cases use five uniform discrete
control points to represent the slip length coefficient as a function of space, while the
[ = 1 case uses nine uniform control points. While more control points could be used to
improve the local accuracy of the skin-friction coefficient profiles of the WMLES, doing
so would also result in a more difficult optimization problem. Future work could look into
improved representations of the slip length coefficient profiles in space, through either
more control points or more judicious placement of those control points.

To investigate the scaling behavior of the optimal slip length data, we hypothesize that
the slip length coefficient can be expressed as a function

Cslip(y;rv Q) = Cselqip(yf_)f(Q)v (41)

where C:zqu(yf ) denotes the parameterization of the equilibrium optimal slip length co-
efficients, as previously identified in the turbulent channel (Whitmore et al. 2023), and
f(g) denotes some function of ¢, which is an as-yet-undetermined parameter to quantify
nonequilibrium effects. This hypothesis is restrictive in that it assumes the modulation
of the slip length coefficient with nonequilibrium effects can be represented by a mul-
tiplicative factor and can also be represented as a function of only one nonequilibrium
flow parameter. The use of a multiplicative factor is justified because it naturally retains
the proper convergence to the no-slip condition in the limit of fine grid resolution. The
choice of a single parameter to quantify nonequilibrium effects is practical because of the
limited data in the present work and could be relaxed in the future given more data for
flows with different pressure gradients or a better understanding of the physical scalings
that govern nonequilibrium flows.

To test this hypothesis, we first investigate whether the equilibrium parameterization
of the optimal slip length coefficients from the turbulent channel can capture the present
data. Figure 5 plots the optimal slip length coefficients as a function of yf. It is clear that
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FIGURE 5. Optimal slip length coefficient data from the adverse pressure gradient boundary
layers, plotted as a function of the local wall-normal grid resolution in inner units, y;". These data
are compared with the equilibrium parameterization from the turbulent channel data obtained
by Whitmore et al. (2023).
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FIGURE 6. (a) Optimal slip length coefficients from the adverse pressure gradient boundary
layer cases, normalized by the equilibrium parameterization, plotted against a nonequilibrium
flow parameter. In this case, the chosen nonequilibrium flow parameter is a cumulative Clauser
parameter, integrated in the streamwise direction. (b) The same plot in semilog coordinates
demonstrates consistent early decay behavior across different pressure gradient cases.

the present data from the adverse pressure gradient boundary layers is not well captured
by the parameterization from Whitmore et al. (2023). Upstream, where the boundary
layer is in a zero pressure gradient state, the slip length coefficients agree with the equi-
librium parameterization; however, moving downstream as the adverse pressure gradient
effects accumulate, the data move further away from the equilibrium parameterization.
This behavior of moving away from the equilibrium slip length scaling is what we seek
to characterize in terms of a nonequilibrium flow parameter.

As a first attempt to characterize the behavior of the optimal slip length coefficients
with pressure gradient effects, Figure 6 plots the slip length coefficient data, normalized
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by the local equilibrium slip length, as a function of a cumulative Clauser parameter,

q= /OI B(x")dx', (4.2)

which is integrated along the streamwise coordinate beginning in the zero pressure gra-
dient region. Notably, the slip length coefficient data show some initial collapse for the
lower cumulative 8 values. Figure 6(b) shows this initial collapse in semilog coordinates,
where the five cases appear to exhibit an approximately exponential decay of the ideal
slip length coefficients from their equilibrium value in the upstream zero pressure gradient
region. Ultimately, this collapse does not continue through the entire domain, suggesting
that the choice of the cumulative 8 parameter does not fully capture the influence of the
pressure gradient effects on the optimal slip length coefficients. The figure shows that all
five pressure gradient cases begin to trend upward at some value of cumulative 3, which
is different for each case. This upward trend appears at higher values of cumulative [ for
the cases with increasing adverse pressure gradient strength. It is important to note that
the cumulative Clauser parameter includes an implicit length scale that is presently not
normalized by a physically relevant length scale. It is possible that the appropriate length
scale to normalize this quantity is associated with the upstream distance over which the
pressure gradient history is still influencing the local flow. Agrawal et al. (2024) showed
that the local flow becomes insensitive to its pressure gradient history after evolving over
some streamwise length but that this length can vary significantly between different pres-
sure gradient cases. The normalization by such a length scale that captures the relevant
pressure gradient history may help to address the downstream behavior where the data
from the five cases begin to diverge at different points.

While this attempt at parameterization of the data with cumulative g is not sufficient
for modeling purposes, the similar qualitative trends for all five adverse pressure gradient
cases suggest that a data collapse may be found either by using a different nonequilibrium
flow parameter, by identifying an appropriate length scale normalization for the pressure
gradient history, or by introducing a secondary parameterization that can account for the
behavior at a later region in the domain. Ultimately, further investigation and more data
are needed to adequately characterize the behavior of these optimal slip length coefficients
with nonequilibrium effects such that they can be used to inform a slip length model.

5. Conclusions

Physics-based modeling of slip length coefficients can effectively capture complex flows
including applications in external aerodynamics. Previous models used a parameteriza-
tion for slip length coefficients informed by an optimal slip length model approach applied
to turbulent channels (Whitmore et al. 2023); however, these models did not incorporate
any information about the scaling of optimal slip length coefficients with nonequilibrium
effects. To inform more robust slip wall models for capturing nonequilibrium flows, we
applied the optimal slip length model approach to a suite of five adverse pressure gradient
boundary layers to investigate the optimal slip length scaling behavior.

In order to obtain high-quality reference data that are also obtainable with coarser
WMLES calculations, the WRLES of the five adverse pressure gradient cases was per-
formed following the simulations by Bobke et al. (2017). The WRLES calculations show
overall qualitative agreement with those of Bobke et al. (2017) but also demonstrate
discrepancies arising from differences in the domain setup, such as the use of a recycling
and rescaling inflow boundary condition. The present WRLES skin-friction coefficient
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data are used as a high-quality reference data set, which employs a domain setup that
exactly matches the one used in the WMLES calculations. As a result, the optimal slip
length approach can be used more effectively than if the skin-friction data from Bobke
et al. (2017) were used directly as reference data.

The optimal slip length model approach was applied to the five adverse pressure gra-
dient boundary layer cases for one WMLES grid resolution, specifically the case of a
boundary layer conforming mesh with a constant eight grid cells inside the boundary
layer thickness over the length of the domain. The WMLES using the optimal slip length
approach exhibited good convergence with the skin-friction coefficient data. The result-
ing optimal slip length data were analyzed to determine whether the nonequilibrium
effects could be characterized. An initial attempt showed some collapse of the optimal
slip length data using a cumulative Clauser parameter, integrated in the streamwise direc-
tion. Specifically, an initial exponential decay of the slip length coefficient was observed
across cases with increasing cumulative Clauser parameter. While a modest collapse of
the data was observed in the upstream half of the domain where the pressure gradient
effects begin, further downstream in the domain, the data began to diverge. More work
is needed both to collect more optimal slip length data and to better characterize the
effect of pressure gradients on the optimal slip length values.
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