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Abstract

Numerical simulations of high-Reynolds-number flows present significant challenges,
particularly in predicting separated flows induced by mild adverse pressure gradients.
Both equilibrium and nonequilibrium wall models can accurately predict small separa-
tion bubbles, but they have required resolving (or nearly resolving) a viscous sublayer
induced by the finite pressure gradient near the separation point. Generally, both equilib-
rium and nonequilibrium wall models impose no-penetration conditions. Lighthill (1958)
demonstrated that a wall-normal transpiration velocity naturally arises when matching
the viscous boundary layer with the inviscid outer flow at high Reynolds numbers. Build-
ing on this result, we present an alternative derivation of the large-eddy simulation wall
boundary condition that shows the necessity of wall transpiration in the limit of coarse
resolution. Specifically, we show that this formulation satisfies the no-slip limit (∆+ ≪ 1)
and recover Lighthill’s viscous correction to the inviscid equations when ∆ ≫ δ. Under
certain assumptions, it is then possible to show that this boundary condition is equivalent
to a slip wall model formulation, first introduced by Bose & Moin (2014). Preliminary
simulations of the NASA/Boeing Gaussian bump show favorable comparisons of the
surface pressure and skin friction with available direct numerical simulations and exper-
imental measurements.

1. Introduction

Turbulent flows subjected to pressure gradients are common in many engineering ap-
plications, such as the flow over an airplane wing, the design of turbomachinery, and the
performance of diffusers and nozzles. These flows are of particular interest because of the
presence of acceleration regions (associated with peak pressure coefficients) and flow sep-
aration, both of which must be accurately captured. Predicting high-Reynolds-number
flows under the influence of pressure gradients remains a major challenge for current nu-
merical methods, largely because of the high computational cost involved. Most of this
cost is associated with resolving the inner portion of the boundary layer, whose resolution
requirements grow rapidly with Reynolds number (Choi & Moin 2012; Yang & Griffin
2021). Recent studies have demonstrated that, in flows with separation or curvature, the
grid density required to recover the correct pressure scaling increases locally as Re4/3

(Agrawal et al. 2024a). As a result, direct numerical simulation (DNS) and wall-resolved
large-eddy simulation (WRLES) are feasible only at low to moderate Reynolds numbers.
Wall-modeled large-eddy simulation (WMLES), by contrast, circumvents this limitation
by modeling the near-wall region, making simulations at high Reynolds numbers more
tractable.

In most WMLES, the wall is treated with a no-penetration condition (v = 0), and
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the viscous wall shear stress (τw) is specified. This stress is typically computed from the
resolved outer-layer flow quantities, allowing the coarse LES grid to represent the correct
momentum exchange at the wall without resolving the viscous sublayer. The most widely
used wall models, such as the equilibrium wall-stress model (EQWM), assume a steady,
attached boundary layer in a local equilibrium state either through the assumption of
a reduced stress balance equation or directly through a velocity distribution (Cabot &
Moin 1999). These EQWMs perform well in zero-pressure-gradient boundary layers, but
they lose accuracy in nonequilibrium conditions, where curvature or pressure gradients
strongly affect the near-wall dynamics (Whitmore et al. 2021, 2022; Agrawal et al. 2024a).

Nonequilibrium wall models have also been developed to improve the prediction of
wall stress under strong pressure gradients (Balaras et al. 1996; Park & Moin 2014;
Fowler et al. 2022, 2023; Agrawal et al. 2024b). However, these approaches often increase
methodological complexity—for example, by requiring separate treatments for the wall
and outer regions (Balaras et al. 1996), by solving additional evolution equations for the
wall stress (Fowler et al. 2022, 2023), or by introducing special treatments for the eddy
viscosity (Park & Moin 2014; Agrawal et al. 2024b). Moreover, their performance at high
Reynolds numbers has not yet been shown to scale favorably.

An alternative approach is provided by the slip wall model, which derives a wall bound-
ary condition directly from the Navier–Stokes equations under the assumption of a differ-
ential filter (Bose & Moin 2014; Bae et al. 2019). This boundary condition admits a finite
Reynolds shear stress at the wall due to the presence of instantaneous wall transpiration.
This formulation has been successfully applied to smooth-body separation and pressure-
gradient flows (Whitmore et al. 2021, 2022, 2024). Although there are sensitivities in the
solutions thus obtained with respect to the prescription of the slip lengths, it is possible
to robustly obtain separated flow solutions at coarse grid resolutions in a variety of test
cases.

Unlike the nonequilibrium models described above, slip wall models allow for a finite,
nonzero wall-normal velocity (transpiration) at the wall, although its expression is typi-
cally prescribed rather than derived. In this study, we examine wall transpiration derived
from Lighthill’s (1958) analysis as a means to predict separated solutions at coarse resolu-
tions. The advantage of this transpiration framework over existing methodologies is that
it provides a conceptually simpler formulation, introducing a physically consistent wall-
normal velocity that enables a Reynolds-number-independent mechanism for predicting
separation.

The rest of this brief is organized as follows. Section 2 introduces an alternative deriva-
tion of the LES wall boundary condition as given by Lighthill (1958). Section 3 presents
some preliminary solutions of the flow over the NASA/Boeing Gaussian bump. Conclud-
ing remarks are offered in Section 4.

2. Methodology

Most asymptotic analyses of boundary conditions used for WMLES consider the limit
of infinite (or DNS) resolution; specifically, the boundary conditions reduce to no pene-
tration (v = 0) and no-slip limits (τw = µ(du/dn)). However, we are also concerned with
the behavior of the WMLES at coarse grid resolutions when the grid resolution is compa-
rable to the thickness of the boundary layer (∆ ∼ δ). The limit of this coarse grid LES is
when the boundary layer thickness becomes subgrid to the interior LES (∆ > δ). In this
limit, there is nothing that distinguishes the WMLES from an inviscid solution in the
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vicinity of the wall, and the effects of the viscous boundary layer are encapsulated in the
boundary condition of the wall. Lighthill (1958) derived the structure of the boundary
condition necessary for the solution to capture the viscous effects on the outer, inviscid
flow regimes. We repeat his derivation below and then extend it in the LES limit where
the grid can resolve the boundary layer.

Consider a flow developing over a surface, where (u, v) denotes the viscous solution of
the Navier–Stokes equations and (Ue, Ve) is the corresponding (inviscid) outer solution
in the mean. For simplicity, we present the derivation in the context of flows that are
two-dimensional in the mean, but the analysis can be extended to three-dimensional
base flows as well. We impose the constraint that the two solutions are matched for all
locations outside of the boundary layer,

Ue(xi) = u(xi), Ve(xi) = v(xi), ∀xi /∈ Xδ, (2.1)

where Xδ is the region of space within the boundary layer. There is no requirement that
the two solutions match within the boundary layer, x ∈ Xδ. Both u, v and Ue, Ve satisfy
the mean continuity equation

∂Ue

∂x
+

∂Ve

∂y
= 0, (2.2)

∂u

∂x
+

∂v

∂y
= 0. (2.3)

By subtracting Eq. (2.3) from Eq. (2.2) and integrating from the wall (y = 0) to the
boundary layer edge (y = δ), we obtain

∫ δ

0

∂(Ue − u)

∂x
dy + [Ve − v]y=δ = Ve(x, y = 0)− v(x, y = 0). (2.4)

Using the matching conditions at y = δ and the no-penetration condition for the viscous
solution v(x, 0) = 0, we then obtain

∫ δ

0

∂(Ue − u)

∂x
dy = Ve(x, y = 0). (2.5)

Applying Leibniz’s rule to the first term yields

d

dx

∫ δ

0

(Ue − u) dy =

∫ δ

0

∂(Ue − u)

∂x
dy + (Ue − u)

∣∣∣
y=δ

dδ

dx
. (2.6)

Since Ue = u at y = δ, the second term on the right-hand side is identically zero, yielding

d

dx

∫ δ

0

(Ue − u) dy = Ve(x, y = 0). (2.7)

Defining the displacement thickness as

δ∗(x) =
∫ δ

0

(
1− u

Ue

)
dy, (2.8)

we recover Lighthill’s classic result:

d (Ueδ
∗)

dx
= Ve(x, y = 0). (2.9)

The result in Eq. (2.9) shows that in the limit when the boundary layer is subgrid, wall
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transpiration is necessary for the outer flow to capture the impact of viscous effects. We
now consider the case when the LES filter width (or grid resolution) can capture the
boundary layer thickness (∆ < δ). We define the mean LES velocity components as U∆

and V∆. We now apply a similar constraint to Eq. (2.1) to obtain

U∆(xi) = u(xi), V∆(xi) = v(xi), ∀xi /∈ X∆, (2.10)

where X∆ denotes the subgrid region adjacent to the wall, namely the portion of the flow
below the LES filter width ∆ that is not explicitly resolved. We can now map δ 7→ ∆ in
the Lighthill derivation above to yield

d

dx

∫ ∆

0

(U∆ − u) dy = V∆(x, y = 0). (2.11)

We can see that the mean transpiration in Eq. (2.11) satisfies both asymptotic limits of
infinite (DNS) and no (inviscid) resolution. If ∆ → 0, then V∆ = 0 as the limit of the
integral collapses. If ∆ ≥ δ, then V∆ = Ve, as defined in Eq. (2.9).

Equation (2.11) still does not comprise a closed model form: u = u(x, y) (the DNS
solution) is unknown, and the wall-normal integral of the LES solution, U∆, requires
knowledge of the boundary condition on the tangential velocity field and its associated
wall-normal profile. Nonetheless, it establishes that V∆ may need to be finite. We can
now show that Eq. (2.11) is equivalent to a slip wall model boundary condition if we
admit the following approximations. Suppose that the LES filter width is constant along
a particular surface. Then,

V∆(x, y = 0) =
d

dx

∫ ∆

0

(U∆ − u) dy = ∆
d

dx

∫ 1

0

[U∆ − u] d
( y

∆

)
,

≈ −C∆
dU∆

dx
= C∆

dV∆

dy
, (2.12)

where C is a dimensionless prefactor that encapsulates the subgrid displacement thick-
ness relative to the local grid scale ∆. In the implementation, the tangential velocity
components (U∆ and W∆) are set to zero at the wall, while the wall-normal component
is prescribed according to Eq. (2.11). The resulting formulation is referred to as the
transpiration model (TM).

2.1. Flow solver

All simulations are performed using charLES, an explicit unstructured finite-volume
solver for the compressible Navier–Stokes equation (Brès et al. 2022). The solver employs
Voronoi-based meshes and is formally second-order accurate in space and third-order ac-
curate in time. Formally skew-symmetric spatial operators are used to ensure kinetic
energy conservation, and the discrete formulation approximately preserves entropy in
the inviscid, adiabatic limit. The unresolved turbulent scales are represented using the
dynamic Smagorinsky model, where the model coefficient is locally averaged in time to
ensure numerical stability (Germano et al. 1991; Lilly 1992).

This study employs an algebraic form of the EQWM to provide the tangential stress
closure based on the Spalding (1961) law. We employ a first-point matching procedure,
which has been shown to avoid log-layer mismatch in turbulent channel flows within the
range 1000 ≤ Reτ ≤ 4200 for standard LES grid resolutions.
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Figure 1. Two-dimensional Gaussian bump profile defined by Eq. (3.1), showing the
streamwise (x) and wall-normal (y) coordinates and the normalized height h/L.

3. Simulations of the NASA/Boeing bump

3.1. NASA/Boeing Gaussian bump

Initial investigations into the validity of the assumptions underlying Lighthill’s approx-
imation are conducted on the two-dimensional Boeing Gaussian bump configuration, a
canonical smooth-body separation problem introduced by Williams et al. (2020), further
characterized experimentally by Gray et al. (2021, 2022), and subsequently used in sev-
eral DNS (Uzun & Malik 2022) and WMLES studies (Whitmore et al. 2021, 2022, 2024;
Agrawal et al. 2022, 2024a). The geometry represents a smooth surface that induces both
favorable and adverse pressure gradients, resulting in separation and reattachment of the
turbulent boundary layer.

The bump profile is defined analytically as

h(x) = h0 exp

[
−
(

x

x0

)2
]
, (3.1)

where x is the streamwise coordinate, h0 = 0.085L is the maximum height, x0 = 0.195L
controls the Gaussian decay, and L denotes the bump width. The geometry of the bump
is illustrated in Figure 1. This configuration generates strong acceleration followed by
an adverse pressure gradient downstream of the crest, leading to flow separation that
becomes insensitive to Reynolds number at high ReL (Williams et al. 2020).

The flow conditions follow Agrawal et al. (2024a) for the spanwise-periodic configura-
tion at a reference Reynolds number,

ReL ≡ U∞L

ν
= 2× 106, (3.2)

based on the bump width L, the freestream velocity U∞, and the kinematic viscosity ν.
The quantities of interest are the skin-friction and pressure coefficients,

Cf =
τw

1
2ρ∞U2∞

, Cp =
p− pref
1
2ρ∞U2∞

, (3.3)

where pref is taken in the upstream zero-pressure-gradient region.
Three simulations using the standard algebraic wall model (AWM) (Spalding 1961)

were first performed to examine the grid-resolution requirements for accurately predicting
smooth-body separation. The grid configurations follow Agrawal et al. (2024a, Table I)
and include a coarse, a medium, and a fine mesh with approximately Ncv ≈ 3 × 106,
1.2×107, and 5.2×107 control volumes, respectively. All grids have a maximum cell size
of max(∆grid/L) = 0.01, while the minimum wall-normal spacings are

min(∆grid/L) = 1.3× 10−3 (coarse), 6.3× 10−4 (medium), and 3.1× 10−4 (fine).

Here, ∆grid denotes the local grid resolution, which is distinct from the symbol ∆ used
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below to represent the distance from the wall to the first cell center in the transpiration
formulation. At the inlet (x/L = −1), a uniform plug profile is prescribed. A nonreflecting
freestream condition is applied at the top boundary, and a Navier–Stokes characteristic
boundary condition is used at the outlet located at x/L = 2.5.

Various modeling approaches have been applied to this configuration, but reproducing
the correct separation bubble size on the coarsest grid remains challenging (see Arranz
et al. 2024 for a machine-learning-based wall-modeling paradigm that achieves reason-
able predictions of flow separation on similarly coarse grids). In this study, simulations
including wall transpiration are likewise restricted to this coarse grid to assess whether a
transpiration velocity distribution can yield an accurate solution.The quasi-DNS data of
Uzun & Malik (2022) were used to help evaluate the transpiration velocity in Eq. (2.11).
The integral term in the equation was decomposed into two components: one computed
a priori from the mean quasi-DNS data, denoted as gDNS, and one evaluated during the
LES, denoted as gLES. These lead to the expression

d

dx

∫ ∆

0

(U∆ − u) dy =
d

dx

∫ ∆

0

U∆ dy − d

dx

∫ ∆

0

u dy = gLES − gDNS. (3.4)

The gDNS term was obtained prior to the LES using the quasi-DNS velocity fields and
smoothed with a one-dimensional Gaussian filter to remove small-scale oscillations. As
mentioned above, gLES is itself unclosed, so for this investigation, we attempt a closure
of the form

V∆ = ∆
dU∆

ds
− gDNS, (3.5)

where ∆ is the distance from the wall to the first cell center. To define the local wall-
aligned (s, n) coordinate system, the wall-normal unit vector n̂ is obtained from the
face normal. The streamwise reference direction ex is projected onto the wall plane by
removing its wall-normal component, yielding

t = ex − (ex ·n̂) n̂, t̂ =
t

‖t‖ , (3.6)

where t̂ defines the local tangential (streamwise) direction within the wall plane.

3.2. Results

Figure 2(a,b) shows the distributions of pressure and skin-friction coefficients, Cp and
Cf , respectively, obtained using the AWM. The model does not predict the flattening of
Cp, a symptom of flow separation, on either the coarse or the medium grid. Furthermore,
the results exhibit nonmonotonic grid convergence, as the coarse grid performs slightly
better than the medium one—particularly in Cf , where a small region of negative skin
friction appears downstream of the bump crest. Separation is captured only on the finest
grid, where the viscous pressure-gradient-induced sublayer is marginally resolved (see
Agrawal et al. 2024a for details).

The results obtained with wall transpiration are compared with those from the AWM
at the coarsest resolution in Figure 3(a,b) for Cp and Cf , respectively. The inclusion
of wall transpiration yields a clear improvement over the AWM in both pressure and
skin-friction distributions, enabling the recovery of a separated flow and a more realistic
overall behavior. However, the detailed shape of the separation region is not captured
exactly—the Cp distribution exhibits a reduced plateau, and the Cf shows a milder dip
compared with the DNS. In addition, the reattachment point occurs somewhat earlier
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Figure 2. Time-averaged (a) pressure coefficient and (b) skin-friction coefficient obtained using
the AWM for grid-convergence assessment versus quasi-DNS for coarse, medium, and fine grids.
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Figure 3. Time-averaged (a) pressure coefficient and (b) skin-friction coefficient comparing
the AWM (coarse grid) with the TM (coarse grid) against quasi-DNS.

than in the reference data, although the overall agreement remains better than that
obtained with the AWM.

Figure 4 shows the streamwise distribution of the transpiration velocity. The velocity
is negative (suction) in the region of favorable pressure gradient and positive (blowing)
in the region of adverse pressure gradient. Results at this juncture are not yet predictive,
but they demonstrate that a reasonable solution can be obtained from the introduction
of wall transpiration.

4. Conclusions

The prediction of separation and reattachment in turbulent boundary layers due to mild
pressure gradients has been a continued challenge for WMLES. The required resolutions
used to capture these phenomena are often prohibitive in the context of practical engi-
neering flows. To address these concerns, we derive a form of LES boundary conditions
that rely on two constraints: the continuity equation and the fact that the LES solution
matches the Navier–Stokes (DNS) solution in the region beyond the filter width. We
show that satisfying these two constraints necessitates a finite wall transpiration velocity
in the mean. Moreover, the derived form of the transpiration velocity is asymptotically
consistent with the solution for the outer flow when the boundary layer is unresolved and
recovers Lighthill’s result in this limit. Finally, we show that, under certain assumptions,
this boundary condition is equivalent to the application of a slip wall model (for the
wall-normal velocity) in the mean.

213



Salomone, Whitmore & Bose

−0.5 0.0 0.5 1.0
x/L

−0.003

−0.002

−0.001

0.000

0.001

0.002

V
∆
(x
,y

=
0)
/U

∞

TM coarse

Figure 4. Streamwise distribution of the normalized transpiration velocity, V∆/U∞, where
U∞ is the freestream velocity.

To demonstrate the potential for a boundary condition of this form, WMLES of the
NASA/Boeing Guassian bump were performed. The inclusion of wall transpiration yields
an improvement in both pressure and skin-friction distributions, exhibiting separated flow
behavior. Although the separation region is not captured exactly—with a reduced Cp

plateau, milder Cf dip, and slightly earlier reattachment—the overall agreement repre-
sents an improvement over the AWM. The model as presented is not yet fully predictive,
as the computation of the particular wall transpiration velocity distribution is aided by
the availability of quasi-DNS data. The construction of the predictive model form will
be the subject of future work.
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