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A resolvent analysis approach for the identification
of dissipative scales in turbulent flows

By E. Ballouz

Reduced-order models attempt to mitigate the costs of direct numerical simulations
(DNSs) by modeling the flow with its dominant coherent motions. To identify these
length scales for the purpose of tuning restricted nonlinear turbulence models (Gayme
& Minnick 2019) for the turbulent channel at Re, & 186, we propose a modified resol-
vent analysis method formulated to compute the most amplified perturbations that feed
off a transiently evolving streak. Traditional resolvent analysis uses the Navier-Stokes
equations linearized about a mean velocity profile and Fourier-transformed in time to
compute the maximally amplified velocity structures of a chosen frequency. Applied to
channel flow, this method correctly identifies near-wall streaks as preferentially amplified
structures, but it does not account for the transient growth of the streak, during which
the growth of other length scales is triggered and the streak breaks down. We propose ap-
plying wavelet-based resolvent analysis, an extension developed to account for transient
growth dynamics, to the Navier-Stokes equations linearized about a transiently growing
streak—the primary coherent structure—to identify the most amplified secondary modes,
that is, those most involved in the streak breakdown process. We compare these scales
to those highlighted by dissipation spectra computed from DNS data and traditionally
used to tune restricted nonlinear turbulence models.

1. Introduction

The coherent structures that dominate near-wall turbulence, streamwise rolls and
streamwise streaks (Klebanoff et al. 1962; Bakewell Jr. & Lumley 1967; Kline et al.
1967; Blackwelder & Eckelmann 1979; Landahl 1980; Smith & Metzler 1983; Johansson
et al. 1987) are believed to undergo a quasi-periodic cycle: streamwise streaks are am-
plified by streamwise vortices, meander, then collapse by shedding energy nonlinearly to
smaller scales, which subsequently interact to regenerate streamwise vortices (Kim et al.
1971; Jiménez & Moin 1991; Robinson 1991; Hamilton et al. 1995; Waleffe 1997; Panton
2001; Adrian 2007; Smits et al. 2011; Jiménez 2018). In addition to accounting for the
bulk of the turbulent kinetic energy near the wall, these structures influence the dynam-
ics away from the wall and contribute significantly to shaping the entire mean turbulent
velocity profile and the Reynolds stresses of the turbulent flow (Marusic 2001; Hutchins
& Marusic 2007; Monty et al. 2007; Smits et al. 2011). Representing this cycle is crucial
for the development of accurate low-order models of wall-bounded turbulent flows.

Restricted nonlinear turbulence (RNL) models attempt to reduce the degrees of free-
dom of a turbulent system so as to efficiently capture the dynamics of the most conse-
quential scales of motion, that is, those that contribute most to shaping the turbulent
mean profile and second-order statistics (Gayme & Minnick 2019; Minnick et al. 2023).
RNL models solve a system of coupled equations: on the one hand, nonlinear equations
that govern the streamwise-averaged mean velocity and pressure profile, denoted, re-
spectively, by {Ufl }3_, and fxl, and on the other hand, linear equations governing the
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velocity and pressure fluctuations about this streamwise mean, denoted by u; (stream-
wise), ug (wall-normal), ug (spanwise) and p, respectively. But rather than include the
contributions of all streamwise wave numbers to the nonlinear term of this equation, a
subset of scales is represented and their evolution modeled by partial differential equa-
tions linearized about the time-evolving mean. These equations, nondimensionalized with
the friction velocity u, and the channel half-height h, are given by
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where x1, x2 and x3 denote the streamwise, wall-normal and spanwise directions, re-
spectively, and ()., denotes an average along the spatial direction x;. The parameter
Re; := u,h/v is the friction Reynolds number, and v is the kinematic viscosity. Only
nonlinear interactions that contribute to the streamwise averaged mean are included—
that is, the dyadic interactions between each scale and its streamwise conjugate. Only a
subset of these scales are modeled, so
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where uE ") is the streamwise Fourier transform of u; corresponding to wave number

k1, (-)* denotes the complex conjugate and T is a set of streamwise wave numbers.
The pressure field is similarly represented. RNL models generate accurate mean velocity
profiles for a range of Reynolds numbers; this confirms that a restricted number of large-
scale structures play a dominant role in shaping the turbulent mean profile (Gayme
& Minnick 2019). Likewise, quasi-linear dynamics seem to be sufficient at capturing
the behavior of the large-scale fluctuations, insofar as they influence the mean velocity
and shear profiles. The predictions can be further improved by including an additional
nonlinear equation for an intermediate scale, k1, forced by the nonlinear interaction
between a dyadic pair within 7; this modification is dubbed augmented RNL (ARNL)
(Minnick et al. 2023).

A pillar of the success of RNL models is the choice of scales to include in 7. To
represent the self-sustaining process more fully, the model must capture the dominant
coherent structures—streaks and rolls in channel flow—as well as the structures that
modulate the growth of these streaks and dissipate their energy. The scales are chosen
using dissipation or surrogate dissipation spectra computed from DNS vorticity data
(Gorski et al. 1994; Jiménez 2012; Bretheim et al. 2015; Minnick & Gayme 2019). The
latter differs from the former in that it does not consider cross-velocity gradients. Since
computing reliable spectra is costly, especially for high Reynolds numbers, this work
attempts to develop a framework that can identify these important scales without first
relying on simulations first.

Since we seek scales of motion that play an eminent role in the generation and break-
down of the dominant coherent structures in channel flow, and since these scales seem
to be well-represented with quasi-linear modes, resolvent analysis (McKeon & Sharma
2010; Moarref et al. 2013; McKeon 2017; Bae et al. 2021; Ballouz et al. 2024) emerges
as a promising tool for tuning RNL models. Resolvent analysis casts the Navier-Stokes
equations as a linear dynamical system for the velocity fluctuations about a mean flow
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profile, in which the nonlinear term, rather than being ignored as in other linear analy-
ses, appears as a forcing term actuating the system; the feedback between the velocity
fluctuations and the forcing mode is ignored. The most perturbing input (forcing), the
most amplified response (velocity and pressure fluctuations) and the kinetic energy am-
plification factor are then computed for this linearized system. To solve this optimization
problem, a discretization of the resolvent map—the transfer function between the forcing
and response modes—is constructed, and its singular value decomposition (SVD) com-
puted. Due to its large memory cost, resolvent analysis is traditionally applied to systems
exhibiting spatial and temporal homogeneity that have been Fourier transformed in time
and the homogeneous spatial directions. This restricts the analysis to a particular scale of
motion and wave speed. In the case of channel flow, where the directions of homogeneity
are the streamwise and spanwise directions and time, the user of the method must select
three Fourier parameters: spanwise and streamwise wavelength, and frequency. The cho-
sen length scales tend to be the streamwise and spanwise streak spacings in the buffer
layer (McKeon & Sharma 2010; Moarref et al. 2013; McKeon 2017; Bae et al. 2021);
targeting these scales yields near-wall streamwise rolls as the most forcing structures and
near-wall streamwise streaks as the most amplified response structures. Resolvent modes
have been used more broadly to approximate the structure of large-scale motions and to
identify dynamically important triadic interactions in turbulent channel flow at moderate
Reynolds numbers (Huang et al. 2025).

Resolvent analysis can thus identify which scales undergo significant growth by in-
teracting with the mean velocity and shear, and under external—relative to the chosen
Fourier scales—forcing, which may come from nonlinear perturbations in realistic flows.
The method has been used to explain the growth of streaks from rolls. In this work, we
instead use the framework to identify the scales that play a direct role in the breakdown
of streaks. We accomplish this by formulating the resolvent map for secondary velocity
fluctuations about a modified base flow composed of a transiently evolving streak—the
primary perturbation—added to a mean flow profile. Other works have studied the linear
amplification properties of fluctuations about a nontraditional base flow, for example, a
snapshot of a DNS or a streak obtained from optimal linear growth theory and frozen
at its peak amplification (Lozano-Durdn et al. 2021; Markeviciute & Kerswell 2024).
One could also consider using a profile obtained from a DNS average conditioned on the
presence of a streak. In this work, we make use of a modification of traditional resolvent
analysis, wavelet-based resolvent analysis (Ballouz et al. 2024, 2025), which produces
optimal modes that can additionally encode transient growth information. Indeed, this
wavelet-based formulation allows one to identify secondary modes that exhibit a rapid
initial growth, not just those that persist under the effect of sustained sinusoidal forcing,
which traditional Fourier-based resolvent analysis exclusively considers. We argue that
these modes that encode time information would more richly capture the cycle of streak
generation and breakdown.

This work is organized as follows. In Section 2, we formulate the wavelet-based resol-
vent operator for both primary perturbations about the mean flow profile, and secondary
perturbations about a composite base flow consisting of a mean velocity profile and a
transiently growing primary perturbation. In Section 3, we compute and show resolvent
dissipation spectra—estimates for the dissipation computed using the wavelet-based re-
solvent analysis framework—for different length scales, and compare them to surrogate
dissipation spectra traditionally used in RNL and ARNL models. Finally, we discuss
future work and give concluding remarks in Section 4.
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2. Formulation

The focus of this work is to compute dissipation spectra for different scales of motion
using an unconventional formulation of resolvent analysis, that is, one that computes the
optimal transient energy growth of secondary perturbations about a primary perturba-
tion (streak). To that end, we must first compute the mean flow profile U; (z2) about
which we define our primary and secondary perturbations. For one set of spectra, we use
the laminar channel flow profile, which, for a wall-normal domain x5 € [0, 2], is given by

_ Re,
2

We also use the turbulent mean velocity and shear profiles with an equivalent friction
velocity ., which we compute with a DNS of the minimal flow unit and a larger channel.

The details of these simulations are presented in Section 2.1. The formulation of resolvent
analysis for our application is then presented in Section 2.2.

U}aminar(mQ) ZQ(? 7.%2). (21)

2.1. Turbulent base flow

To compute the mean flow profiles that are necessary for resolvent analysis, as well as
the surrogate dissipation spectra to use as a benchmark for our resolvent-based method,
we simulate the flow in two turbulent channels. The first is a minimal flow unit of size
L1 x Ly x Ly =1.72h x 2h x 0.86h, where h is the channel half-height. The second is a
larger channel of size Ly X Lo X L3 = 25.17Th x 2h x 9.46h. In both systems, the friction
Reynolds number is Re, ~ 186. Both flows are driven by a constant mean streamwise
pressure gradient, and both flows are periodic in the streamwise and spanwise directions;
we impose no-slip and no-penetration conditions at the walls.

For the minimal channel, we discretize the streamwise and spanwise directions uni-
formly using N7 = N3 = 32 grid points, amounting to streamwise and spanwise grid
spacings of Ax{ ~ 10 and AzJ ~ 5. In the wall-normal direction, the grid is of size
Ny = 128 and stretched according to a hyperbolic tangent distribution, amounting to a
wall-normal spacing of min(Ax3) & 0.17 near the wall and max(Ax]) =~ 7.6 at the cen-
terline. For the larger channel, we also use uniform grids of size N3 = 768 and N3 = 290
points in the streamwise and spanwise directions, respectively. This amounts to grid spac-
ings of Az = Axd = 6.1 in the streamwise and spanwise directions. The wall-normal
grid is the same as in the minimal channel, that is, a hyperbolic tangent grid of size
Ny = 128. Throughout this text, the superscript + denotes quantities normalized with
u, and v.

In both cases, we solve the incompressible Navier-Stokes equations with a staggered,
second-order accurate, central finite difference method in space (Orlandi 2000) and a
fractional step method for pressure (Kim & Moin 1985). An explicit third-order-accurate
Runge-Kutta method (Wray 1990) is used to advance the solution in time. This DNS
code has been validated in Lozano-Duran & Bae (2016) and Bae et al. (2018, 2019). The
laminar and turbulent mean profiles are shown in Figure 1.

2.2. Resolvent formulation

To compute the optimally amplified primary perturbation, or streak, we first formulate
our wavelet-based resolvent operator using the incompressible Navier-Stokes equations
for fluctuations about the mean flow and pressure fields (Uy,0,0) and P, respectively.
This procedure is described in detail in Ballouz et al. (2025) and summarized below.
The laminar mean is obtained analytically [Eq. (2.1)], while the turbulent mean flow
and pressure are computed by a streamwise, spanwise and time average of the DNS flow
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FIGURE 1. Laminar (black) and turbulent (blue, red) channel flow mean profiles. The blue dashed
line corresponds to the minimal channel, and the red line corresponds to the larger channel.

data for the minimal and larger channel (Section 2.1). The equations for the velocity
and pressure fluctuations, nondimensionalized with u, and h, Fourier-transformed in the
streamwise and spanwise directions, discretized in the wall-normal direction and time, as
well as wavelet-transformed in time. are

ou; ou ou;  Op 1 9%y ou;

ot +U; or;  Ox; + Re, 0x;0z; + 1 Oz; =0 (2:2)

K3

(9213j + U]
Here f; represents the nonlinear term in the z;-momentum equation. The mean flow is
either the laminar profile or the turbulent average obtained from the simulation described
in Section 2.1. In both cases, Uy = U3 = 0, and Uj is only a function of the wall-normal
direction xo. Equations (2.2) are Fourier-transformed in the z1- and x3-directions and
discretised in 25 and time. The time domain [0, T is periodic—that is, when constructing
the resolvent operator for the discretised system, periodic boundary conditions are used
for the temporal derivative matrix. For the minimal channel, T' = 22, and for the larger
one, T" = 5.5. These are chosen to allow the computed resolvent-computed streak to
decay to zero.

The discretized equations are further wavelet-transformed in time by premultiplying
them by a discrete wavelet-transform operator W. In this work, we use a single-level
Daubechies-8 wavelet-transform (Daubechies 1992). The Daubechies wavelets and their
corresponding scaling functions are compactly supported in time and form an orthonor-
mal basis, resulting in a sparse banded and unitary operator W (Mallat 1999; Najmi
2012; Ballouz et al. 2024).

For a temporal grid of size Ny, a wall-normal grid of size N», and given streamwise
and spanwise wave number pair (ki1,ks) = (2wky /L1, 27k /Ls), where kS, kS € Z, we
obtain the N;Ns—dimensional system

Du; + Uijﬁi + dU”ﬁJ =-D;p+ éD?ﬂll + fi7 D;u; = 0. (23)
Here, u;, p, and }'Z denote the discretized and transformed velocity and pressure fluc-
tuations, and forcing, respectively. The forcing term represents the effect of the nonlin-
ear term, which introduces energy to the chosen scales from other scales. These trans-
formed quantities are functions of wall-normal position zs, and the wavelet scale and
shift parameters ¢ and m, which, respectively, represent the time interval and frequency
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support of the wavelet mode (Ballouz et al. 2024). The modified time-derivative oper-
ator Dt = WD,W~! is constructed with the discrete wavelet-transform in time W
and Dy, a second-order-accurate central finite difference matrix in time. The matrix D,
is circulant to impose periodic boundary conditions at the edges of the temporal do-
main. The transformed spatial derivative operators are defined as follows: Dy = iki1,
where I is the identity matrix of size (NoN;) x (NaNy); Dg = D5, which denotes a
block diagonal second-order-accurate central finite difference operator on the staggered
2o grid; and Dy = iksI and D3, = —kiI + D3 — k31, where D3 denotes a second-
order-accurate second-order-finite difference operator on the staggered xo— grid. No-slip
and no—penetratlon conditions are imposed at the bounds of the zo—grid. The terms
U =WU,W~! and dUZj := WdU ;W™ are such that U; and dU;; are diagonal
matrlces w1th diagonal terms corresponding to U; and dU;/dzx; at each x5 and time grid

point, respectively. A more detailed description of these matrices is given in Ballouz et al.
(2024) and Ballouz et al. (2025).

~(k1,k
Equations 2.3 are then rearranged to reveal the resolvent operator H (hi:ks)
al(angam) 11(‘%27677/”)
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where the quantities in parentheses indicate the dimensions over which the flow quantities
and forcing are discretized, and the superscripts denote the spatial Fourier parameters.

The traditional optimal forcing and response modes for channel flow are Fourier modes
in time, that is, constant amplitude waves that peak at the wall-normal location where
their streamwise wave speed matches the mean advection velocity Us(z2) (McKeon &
Sharma 2010; Moarref et al. 2013). In order to obtain a transiently evolving streak,
we restrict the forcing to a wavelet pulse using a windowing post-matrix B—which is
a diagonal matrix that contains values of 1 for terms associated with the chosen shift
and scale of the forcing pulse (Ballouz et al. 2025). We then compute the SVD of the
windowed operator

—~(k1,k3) ~(k1,k3) ~(k1,k3)™
H ""B=Y) o4, g, (2.5)
J
where (-) denotes the conjugate transpose. We index the singular values {o;};22™
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¢1,3 vkt 7¢1,p 1ka)” |7 are, respectlvely, the optimal pulse-like forcing mode and its
associated transient response. The SVD is computed such that
2
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To find the most amplified secondary scales—those that grow at the expense of a
transiently growing primary perturbation—we formulate the resolvent operator for per-
turbation about a new base flow, U = U + k611, where 1 is the inverse-Fourier- and
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inverse-wavelet-transformed optimal response mode obtained from the previous step—
summed with the inverse-transform of its conjugate to ensure the perturbation is real—
and k denotes a real positive scaling parameter. When using the turbulent profile, x
is chosen so that x? ~ 3.54, the zo-integrated magnitude of the ensemble-averaged
streamwise Reynolds stress uju; obtained from DNS. When using the laminar profile as
a proxy, because we are attempting to avoid DNS-dependent quantities, we set Kk = 1,
which amounts to a perturbation of magnitude wu,. The discretized, Fourier- and wavelet-
transformed equations for this new system are

D.u;
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D;u; = 0.

Here, the streamwise and spanwise wave numbers used to transform the equations are
(k1, k3)—the target scale. Wave numbers (s1, s3) characterize the primary perturbation

k1. Quantities denoted by () (without superscript) are associated with wave numbers

" —~(q1,q3) . .
(k1, k3); quantities denoted by (+) are associated with wave numbers (g1, ¢g3). The

derivatives Dl(ql’%) and Déqh%) (with superscripts) correspond to igi1I and igsl, re-

. ~(q1,93) ~ < (s1,53) <~ (51,53) —1 v
spectively, and D, = D,. The terms U; = WUj W™ and dU;; =
—— (s1,s3) L < (s1,83) < (51,83)
wWduU W " are such that U and dU ;; are diagonal matrices with diag-
onal terms, respectively, corresponding to Uj and dU; /dz;, the Fourier transforms of the
mean velocity and shear associated with wave numbers (s1, s3), at each point on the xo
and time grids.

The target scale (ki, k3) is coupled to scales (k1 — s1,ks — s3) and (k1 + s1, k3 + s3)
via the composite base flow. The dynamics of these supplementary scales must also be
considered to close the system. Let S denote the set of the coupled wave number pairs
considered, and Ny = |S|. The target wave number pair must always be an element of
S. The resolvent operator in this system is thus an 4N;NoNg x 4Ny No Ny—dimensional
complex matrix. For values Ny = 1 and & = {(k1, k3)}, we re-obtain the modes given by
Eq. (2.5), with B =1I.For S = {(k1—s1, k3 —s3), (k1, k3), (k1+s1, ks +s3)}, for example,
Ny = 3, the modes are arranged into three 4N, No—long subvectors, each corresponding
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to a scale in S, and the resolvent operator has the form

r(k1—s51,k3—s3) E1,ks,—51,—8
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where G(1:9371:72) §5 o 4N, Ny x 4N; No-dimensional complex matrix defined as
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0 0 0
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A similar form is obtained in Padovan et al. (2020), which considers the coupling
between different temporal frequencies. The “central”—target—mode is specified with
the superscript (-)(*1%3)  and the coupling with the additional modes in S is also captured
by this resolvent operator.

We compute the SVD of this operator using the laminar and turbulent mean profiles
and their respective optimal transient streak computed using the decomposition given in

Eq. (2.5), for both the minimal and the larger channel, at Re, = 186. The results are pre-

k1,k
sented in the following sectlon Let 57(F1F2) denote the largest singular value of H ( 3)

ki,k (k1,ka)T v (k,ks) (k1 ,k (k1 ..
and u:i vk [wlll ’ ,1,b121 ’ ,1/115 2 ,1/11’; ka)” |7 the subvectors of the prlnclpal

response mode corresponding to the central, or target, Fourier mode. The subvectors
corresponding to the additional scales are not used in this work.

We note that the scales at the bounds of the S set are only coupled to one other mode
via the primary perturbation or its conjugate, rather than two. To ensure the convergence
of the computed modes, we must increase N and verify that these incompletely coupled
modes undergo negligible linear amplification and that their incomplete modeling affects

the remaining captured scales little. Denoting such a one-way-coupled scale by (r1,73),

. v (r1,r3)
we aim for ¥, ~ ~0.

3. Secondary amplification spectra

In this section, we compare resolvent dissipation spectra to DNS surrogate dissipation
spectra for different wave numbers at different wall-normal heights. In particular, we
compute

0?(ky,w2) = by 3 5k k" / Tl N T TP S
ks 0
TN ] IF Y

o (k1,k . .
after computing the SVD of H (k) for different central wave numbers (kq, k3), using

both the laminar and turbulent mean profiles and the corresponding optimal transient

oo o ©o
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FIGURE 2. Magnitude of the streamwise component of the primary perturbation (equivalently,
. . ~ ~ (0,1 .. . .
optimal linear streak) U%O’l)\wi’l )| computed for the minimal channel using (a) the laminar

mean profile and (b) the turbulent mean profile at Re, = 186. (c¢) The streamwise base flow Uy
at peak ¢t and x3 for the laminar (solid black) and turbulent (solid red) cases, with the original
laminar (dashed black) and turbulent (dashed red) shown for comparison.

streak for both the minimal and larger channels. The quantity 7 < T is a maximum
integration time and allows us to limit the analysis to the initial growth of the modes.

We compare the a?-spectrum to the surrogate dissipation spectrum obtained from
DNS. The nondimensionalized surrogate dissipation is defined as in Jiménez (2012), that
is,

1 I A e TR )

Ey(k1,22) = Tt k1 <L3/o ofFgF) 4 gk +w§kl)w§kl)dx3> , (3.2)
T

where w§’“> denotes the x;—component of the vorticity, Fourier-transformed in the stream-

wise direction and corresponding to streamwise wave number k;. This quantity is used

in Gayme & Minnick (2019) and Minnick et al. (2023) to tune RNL and ARNL models.

3.1. Minimal channel

For the minimal channel, we choose N; = 256, T' = 44 and N, = 80. We use a single-
stage Fejér-Korovkin wavelet-transform of filter size 22. To compute the primary, we
choose (k$,k3) = (0,1) and restrict the forcing mode to the scaling function with shift
parameter m = 0, that is, centered a t &~ 0. The optimal response mode and transient
primary perturbation (streak) is shown in Figure 2, along with the modified base flow.
For the secondary perturbations, we consider two cases: Ny = 1 and Ny = 13. In the
former case, to produce transiently growing modes, we window the forcing to the scaling
function m = 0 as when we compute the primary perturbation. In the latter case, the
forcing is unwindowed and the transient growth of the secondary target scales is governed
by that of the primary streak. Choosing Ns; = 13 implies that we additionally model the
linear dynamics of a set S = {(k9, kS + j)}?=_6- We found that changing this set—that
is, increasing N, or decreasing N slightly—did not change the results significantly. The
target modes for which o? is computed are k7, kS € {0, 1, ..., 7}. An example mode is
shown in Figure 3 to illustrate the effect of the primary streak interaction on the mode
shape. To compute a, we use 7 = 3.4, which corresponds to the kinetic energy peak of
the primary perturbation 1/J§0’1) for both the laminar and turbulent means.

The results for Ny = 1 are shown in Figure 4. In general, the a—spectra obtained
from the laminar and turbulent means are very similar. Both exhibit peak dissipation
for k$ = 6 at the wall [Figure 4(a, b)]. Lower wave numbers also exhibit significant a2,



342 Ballouz

- (0,2
FIGURE 3. Magnitude of the streamwise component of a secondary perturbation |O'(O’2)’l,b§71 )|

computed using the turbulent mean profile of the larger channel at Re, = 186, for (a) Ny =1
(b) Ns = 13. White lines in (b) indicate the primary streak contours (25%, 50%, 75% and 90%
of the maximum).

FIGURE 4. Minimal channel dissipation o? with N, = 1, normalized by the maximum over z
and k1 and using (a) the laminar mean and (b) the turbulent mean; (c) represents the surrogate
dissipation from the DNS of the minimal channel. The values are normalized by the maximum
value across all kY and x2; the solid white line represents the xz2-local maximum across kS values,
and the dashed horizontal lines mark the limits of the buffer layer z3 = 15 and =3 = 40.

(@ ky

F1GURE 5. Minimal channel dissipation o? with N, = 13, normalized by the maximum over xz2
and k; and using (a) the laminar mean and (b) the turbulent mean; (c) represents the surrogate
dissipation from the DNS of the minimal channel. The values are normalized by the maximum
value across all k7 and x2; the solid white line represents the z2—local maximum across k7 values,
and the dashed horizontal lines mark the limits of the buffer layer 3 = 15 and x§ = 40.

especially for x; < 1, and we note that o decreases as kj decreases. In contrast, the
pre-multiplied surrogate dissipation spectrum computed using DNS data exhibits a peak
at k¢ = 1 at a higher 7 ~ 11. The surrogate dissipation follows the opposite trend in

7, that is, E,, decreases monotonically as k; increases. To match the methodology in
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Jiménez (2012) and Gayme & Minnick (2019), we also show the most prominent scale in
the a— and E,,—spectra at each xs—location. The a—spectra fail to capture the prominence
of larger scales close to the wall (z3 < 1), though k = 1 dominates for x3 > 1. In the
DNS-based results, k7 = 1 dominates in the near-wall region through the middle of the
buffer layer, while scales kY = 2, 3 take over the surrogate dissipation at the top of the
buffer layer and in the outer region.

In Figure 5, we show the a—spectra computed with Ny = 13, that is, after considering
the interaction with both the mean profile and the primary perturbation, the transiently
evolving minimal channel streak, which is constant in the streamwise direction and once-
periodic in the spanwise direction. The results are in closer agreement with the DNS-based
surrogate dissipation spectrum: For both the laminar and turbulent means, the k7 =1
scale dominates until the top of the buffer layer. The dissipation «? peaks at x; ~ 10
for the laminar case and at the wall for the turbulent case, though for the former, the
dissipation is still significant throughout the near-wall region. Using the turbulent mean
highlights a larger range of k7, up to kY = 5, in closer agreement with the E,, spectrum.

For the minimal channel, considering the coupling with the primary streak greatly
improves the resolvent dissipation spectrum. This version of the a—spectra shares key
characteristics with the surrogate dissipation spectrum: the preeminent role of kY = 1,
and to a lesser degree, the cluster of wave numbers &k € {2, 3, 4}. Interestingly, the
choice of a laminar mean or turbulent mean profile and their corresponding primary
perturbation does not change the resolvent dissipation spectrum. Though the primary
perturbations in both cases are similar, they do not dominate the base flow [Figure 2],
and we expect the differences between the spectra to be starker. For the purpose of
picking scales for RNL, the spectra for Ny = 13 point to a similar choice of streamwise
wave numbers as the DNS-based surrogate dissipation spectrum.

However, the reduced complexity of RNL would be more useful for larger domains and
higher Reynolds numbers, where the self-sustaining cycle is less clearly observed than
in the minimal channel. In turbulent systems, the linear growth of resolvent modes is
quickly curtailed by nonlinear energy transfer to other scales (Ballouz et al. 2025); in
a larger channel, where more scales participate in the energy cascade, linear dynamics
may play an even lesser role, and optimal linear growth methods may not model the
self-sustaining cycle accurately enough to produce useful spectra (Jiménez 2018). The
timescale of the initial algebraic growth has been argued to scale as O(1/Re,) (Schmid
et al. 2002), and thus structures growing under linear dynamics may trigger turbulent
behavior earlier and persist for shorter times as Reynolds number increases. To check
the useability of resolvent-based spectra, we repeat the experiment above for the larger
channel.

3.2. Larger channel

For the larger channel, we choose N; = 256, T'= 11 and Ny = 80. We use a three-stage
Fejér-Korovkin wavelet-transform with filter size 22. To compute the primary, we choose
(k$,kS) = (5,18), which corresponds to (A, A1) ~ (1000, 100). We restrict the forcing
mode to the wavelet function with scale parameter ¢ = 3 and shift parameter m = 0.
Since the Fejér-Korovkin wavelets are approximate band-pass filters, this windowing
process targets frequencies w € 2w N;/T[1/21 1/2h/u, = [9.1,18.3]h/u, (Ballouz
et al. 2024), which corresponds to wave speeds of w/k; € [7.8,15.6]/u,. The resolvent
modes computed using these length scales tend to peak where their wave speed matches
the average streamwise velocity (McKeon & Sharma 2010; Moarref et al. 2013); wave
speeds targeted by the windowed forcing thus correspond to a region x2+ € [9,50], which
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FIGURE 6. Magnitude of the streamwise component of the primary perturbation (equivalently,
optimal linear streak) |6<5’18)12Jf118)| computed for the larger channel using (a) the laminar
mean profile and (b) the turbulent mean profile at Re, = 186. (¢) The streamwise base flow Uy
at peak ¢t and x3 for the laminar (solid black) and turbulent (solid red) cases, with the original
laminar (dashed black) and turbulent (dashed red) shown for comparison.
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FIGURE 7. Magnitude of the streamwise component of a secondary perturbation |5(15’18)’¢(1,1 )|

computed using the turbulent mean profile of the larger channel at Re, = 186, for (a) N; = 1
(b) Ny = 13. White lines in (b) indicate the primary streak contours (25%, 50%, 75%, and 90%
of the maximum).

contains the buffer layer of the turbulent mean profile. The optimal transient primary
perturbation (streak) is shown in Figure 6.

As in the previous section, we first compute a-spectra for Ny = 1, windowing the
forcing mode to a scaling function with shift m = 0, which corresponds to actuating the
lower half of the resolved temporal frequencies. We also compute spectra that take into
account the interactions with the primary and without restricting the forcing in time or
frequency. For a central mode (k$, k3), the set of coupled modes is S = {(k{ + 2is9, kS +
2j59) i j=—1 U {(kD +is9, k3 + js3)}i, j=—1,1, where (s§,53) = (5,18). Each additional
mode is coupled to one or two others through a dyadic interaction that involves (£s9, £53)
and N, = 13. The target modes are chosen from kY € [0,52], k3 € [9,76]. An example
mode is shown in Figure 7 to illustrate the effect of the primary streak interaction on
the mode shape. To compute «, we use 7 = 1.6, which corresponds to the kinetic energy
peak of the primary perturbation '(/155718) for both the laminar and turbulent means.

The a—spectra computed from laminar and turbulent means for Ny = 1 [Figure 8(a, b)]
exhibit peaks at k¢ = 15 at 25 ~ 12. The resolvent dissipation o for other scales seems
to be negligible. A weaker secondary peak appears for k7 = 10. In the E,—spectrum
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FIGURE 8. Larger channel dissipation o® with N, = 1, normalized by the maximum over z» and
k1 and using (a) the laminar mean and (b) the turbulent mean; (c) represents the surrogate
dissipation from the DNS of the minimal channel. The values are normalized by the maximum
value across all kY and x2; the solid white line represents the x2—local maximum across kY values,
and the dashed horizontal lines mark the limits of the buffer layer 23 = 15 and 2§ = 40.

0 20 40

FIGURE 9. Larger channel dissipation o with Ny = 13, normalized by the maximum over 2
and k1 and using (a) the laminar mean and (b) the turbulent mean; (c) represents the surrogate
dissipation from the DNS of the minimal channel. The values are normalized by the maximum
value across all kY and x2; the solid white line represents the zo—local maximum across k7 values,
and the dashed horizontal lines mark the limits of the buffer layer z3 = 15 and =3 = 40.

[Figure 8(c)], most of the dissipation occurs for 3 < 40 and for wave numbers k§ < 50.
Wave number k£ = 5, corresponding to the streamwise wave number of near-wall streaks,
dominates in the region 3 € [0,5]; in a region centered around zj = 12 near the
bottom of the buffer layer, smaller structures corresponding to kf € [10,30] are the
most dissipative. The a—spectra correctly identify ki ~ 15 structures as significantly
dissipative at x; ~ 12, but fail to capture the importance of ki = 5 near the wall.
Moreover, the peak in the a—spectra is narrower: they overrepresent the importance of
kI =~ 15 structures with respect to similar scales.

In Figure 9, we plot the a—spectra that take into account the coupling with the primary
streak. In these spectra, the streak scale k7 = 5 is the most significant across the entire
channel when both the laminar and turbulent means are used. Moreover, the peak occurs
in the former at xér ~ 12 and in the latter at ng = 66, though the turbulent spectrum
also exhibits a secondary peak at x2+ =~ 15.

We note that when we consider multiscale interactions enabled by the primary mode,
the a—spectrum skews toward scales more similar to the primary. In the resolvent frame-
work formulated in Section 2, velocity fluctuations have two sources of energy: the base
flow (which may include the primary perturbation) or the forcing term, which represents
energy from external scales. Scales of motion that, in DNS, are energized by interactions

between the streak scale and the mean (kj = 5), or self-interactions within the streak
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(k§ = 10), are thus expected to be better modeled by these resolvent modes than scales
that are much smaller or much larger. To confirm this, the nonlinear energy transfer
spectrum (Symon et al. 2021; Ballouz et al. 2025; Ding et al. 2025) must show that the
primary (k9,kS) = (5,18) sheds its energy to other kY = 5 scales preferentially. This
would also explain the underestimated contribution of smaller scales to the a—spectrum.
For the purpose of tuning RNL models, a combined approach using both Ny, = 1 and
Ny > 1 is best. This ensures that we capture the contributions of both the scales that
benefit preferentially from interactions with the near-wall streaks and the smaller scales
that seem to feed off other intermediate scales in the turbulent cascade.

Another observation is that, as in the minimal channel case, the normalized a—spectrum
differs little whether a laminar or a turbulent mean profile is used. The base flow moder-
ately affects the shape and amplification of primary and secondary modes [Figure 6(a,b)],
but the composite base flow profile for both the laminar and turbulent cases are simi-
lar for x§ < 12, which may explain why both profiles have similar linear amplification
properties. In light of these similarities, the use of the laminar system in the construction
of a—spectra is justified. Past and recent work in optimal linear growth theory, which
tends to study fluctuations about the laminar mean, has also been used to glean insights
into the mechanics of turbulent flows (Farrell & Ioannou 1998; Markeviciute & Kerswell
2024).

4. Conclusions and next steps

The main contribution of this work is to introduce a resolvent analysis-based method-
ology for the purpose of studying secondary coherent structures that feed off the primary
coherent structure, that is, near-wall streaks in channel flow. Resolvent analysis was
fruitful for understanding the linearly driven growth of these streamwise streaks from
streamwise rolls; we adapt it to identify the scales that lead to the breakdown of these
streaks. More generally, the newly developed framework can be used to study secondary
coherent structures—secondary in the sense that they tend to be less energetic—that
curtail the growth of primary ones.

We apply the methodology to construct a cheaper alternative to the surrogate dis-
sipation spectrum that does not require a prior DNS. These spectra can then be used
to tune RNL models. The results presented are promising: for both the minimal chan-
nel and, to a lesser degree, the larger channel, the resolvent-based a-spectra correctly
identify the key length scales that account for hot spots in the DNS-based surrogate
dissipation spectrum. However, the a—spectrum for the larger channel highlights a much
restricted subset of these relevant length scales and underestimates the role of high wave
numbers. To remedy this, since scales close to the primary tend to be preferred in the
a—spectrum of the larger channel, we propose using a smaller primary mode, for example,
(A, Ad) = (500, 50), which may increase the contribution of smaller dissipative scales.
Another option is to redefine the semi-norm that the SVD at the core of resolvent anal-
ysis maximizes. Typically, resolvent analysis seeks to maximize the kinetic energy of the
response mode. One could instead maximize a dissipation semi-norm, that is,

2 2 7 2 d2 7
k -
[ [ pdea +|dx%w1,z

in an attempt to highlight the smaller scales.
The usefulness of this methodology lies in its ability to replace surrogate dissipation

2
+ k31,3 *dwsdmd, (4.1)
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spectra. The cost of converged surrogate dissipation spectra increases significantly with
Reynolds number, and it would therefore be valuable to test the applicability of a-spectra
to flows at moderate and high Re,. This constitutes the next step of this project with
the potential for the highest impact.
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fully acknowledged.
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