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Stochastic sub-grid modeling of drop breakup for
LES of atomizing spray

By Mikhael Gorokhovski † AND Sourabh Apte

1. Motivation and objectives

Injection of a liquid jet at relatively high liquid-to-gas velocity ratios leads to very
complex physical phenomena, involving the stripping of filaments from distorted liquid
surfaces, turbulence-induced breakup, multiple droplet collision, etc., causing atomiza-
tion. This gives rise to a broad spectrum of droplet sizes at various locations from the
injector. Kolmogorov (1941) described the breakup of droplets as a discrete random pro-
cess, where the probability that a parent particle breaks into a given number of droplets is
independent of the parent particle size. From Lyapunov’s theorem, Kolmogorov pointed
out that such a general assumption leads to a log-normal distribution of particle size
in the long-time limit. Predicting these probability distributions of droplet sizes due
atomization is the crux of sheet-breakup modeling.

In the present work, the process of atomization is considered in the framework of a cas-
cade of uncorrelated breakage events, independent of the initial droplet size. The cascade
idea of droplet-sheet breakup due to Kolmogorov is explored by developing a stochastic
sub-grid model for the production of new droplets. Finding a probability distribution
function for droplet radii, during each breakup period, by solving a stochastic differential
equation may give a more realistic prediction of the breakup process. A detailed theoret-
ical analysis of Kolmogorov’s model assuming the breakup frequency to depend on the
radius of the parent particle, was performed by Gorokhovski & Saveliev (2001). It was
shown that in the long time-limit, Kolmogorov’s scaling symmetry of breakup implies
fractal properties of the particle-size distribution. The photographic examination of an
atomizing spray (Liu & Reitz (1993), Zhou & Yu (2000), Shavit & Chigier (1995)) also
shows that atomization at high relative liquid-to-gas velocity is related to fractals imply-
ing that in a broad interval of droplet radius variation, somewhere between the initial
and the maximum stable radii, there exists no distinguishable characteristic length scale.
Following these observations, Kolmogorov’s idea of droplet breakup seems appropriate
to model the complex fragmentary process of liquid atomization.

2. Accomplishments

In this paper, Kolmogorov’s discrete model has been represented in its asymptotic
Fokker-Planck approximation for droplet-size distribution function. This equation was
applied to simulate the droplet breakup along with Lagrangian model for spray dynamics.
Computations of spray are performed for the conditions encountered in a diesel engine
and the spray evolution is qualitatively compared with actual photographic examinations.
This paper shows that the numerical prediction is in qualitative agreement with the
experimental results. A broad spectrum of droplet sizes is simulated at each spray location
with the co-existence of large and small drops.
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3. Fokker-Planck approximation for particle breakup

Let us consider an ensemble of droplets undergoing breakup at discrete time instants
t = 0, 1, 2, .... These time moments are scaled by the breakup frequency, ν, such that
(νtbu = 1), where tbu is the breakup time. According to Kolmogorov (1941), the number
of droplets N(r, t) of size ρ ≤ r was selected amongst all the droplets N(t) at a given
time t. The expectations of total number of droplets and of droplets of size ρ ≤ r were
denoted as N(t) and N(r, t), respectively.

Consider breakups of a given particle size r within a time unit [t, t + 1]. Let Q(α) be
the mean number of secondary droplets produced of size ρ ≤ αr(0 ≤ α ≤ 1). According
to Kolmogorov’s hypothesis, the probability to break each parent droplet into a given
number of fragments is independent of the parent droplet size. In other words, Q(α) does
not depend on the history of breakup and is not influenced by other parent droplets. By
this assumption, it follows that,

N(r, t+ 1) =
∫ 1

0

N(r/α, t)dQ(α) (3.1)

Introducing the logarithm of droplet-size, x = log r, Kolmogorov pointed out that the
distribution function for the droplet size, T (x, t), is given by

T (x, t) =
N(ex, t)
N(t)

=
N(ex, t)
N(t)

(3.2)

Further, denoting ξ = logα and Q(α) = Q(1) · S(ξ), equation 3.1 can be rewritten as

T (x, t+ 1) =
∫ 0

−∞
T (x− ξ, t)dS(ξ) (3.3)

By Lyapunov’s theorem, Kolmogorov stated that from discrete model equation 3.3,
the long-time limit form of T (x, t) tends to a Gaussian function. This implies that the
number of dropletsN(r, t) is asymptotically governed by the log-normal law. On the other
hand, it can be shown that the model equation 3.3 is equivalent to the Fokker-Planck
approximation of droplet breakup (Gorokhovski & Saveliev (2001)),

∂T (x, t)
∂t

+ ν(ξ)
∂T (x, t)
∂x

=
1
2!
ν(ξ2)

∂2T (x, t)
∂x2

(3.4)

where time and breakup frequency are introduced. The solution of equation 3.4 is a
Gaussian function. This depicts the main conclusion by Kolmogorov (1941). At the same
time, an influence of the initial distribution before breakup starts can also be taken into
account. The solution of 3.4 is

T (x, t) =
∫ 0

−∞

1√
2π〈ξ2〉νtexp

[−(x− x0)2

2〈ξ2〉νt
]
T0(x0 − 〈ξ〉νt) dx0 (3.5)

where T0(x0) is the initial distribution of the logarithm of droplet radii and x0 the
logarithm of radius of the parent droplet. Equation 3.4 can be rewritten for the normalized
distribution of radius, f(r), to give:

∂f(r)
∂t

= −ν(ξ)
∂

∂r
(rf(r)) +

1
2
ν〈ξ2〉 ∂

∂r

(
r
∂

∂r
(rf(r))

)
(3.6)



Stochastic modeling of drop breakup 171

The solution of equation 3.6 has the following form

f(r, t) =
1
r

∫ ∞

0

1√
2π〈ξ2〉νtexp

[
− (log(r0/r) + 〈ξ〉νt)2

2〈ξ2〉νt

]
f0(r0)dr0 (3.7)

where f0(r0) is the initial distribution of droplet radius before breakup starts.

4. Implementation into unstructured combustor code

The implementation of the droplet-sheet breakup module into the unstructured LES
code developed by Mahesh et al. (2001) is straight forward, as described below. The
importance of the present work compared to the commercial softwares available for La-
grangian particle tracking (e.g. KIVA) is that, we track each individual droplet within
the computational domain. This requires generation of ‘daughter’ drops from correspond-
ing parent droplets. Subsequently, the number of droplets within the domain increases
rapidly. The droplet breakup pictures obtained, however, resemble closely the actual ex-
perimental images, as opposed to a fairly collective representation obtained from the
‘parcels’-approach. Tracking each droplet, on the other hand, leads to enormous compu-
tational costs.

4.1. General Procedure
The modeling of the spray equation is based on a Lagrangian formulation where each
computational particle represents one droplet of given size, velocity and position. These
droplets are followed as they interact and exchange momentum and energy with the sur-
rounding gas. The unstructured LES code for gas turbine combustors (Mahesh et al.)
was modified in this work to incorporate the coupling between the Lagrangian tracking of
droplets and stochastic computing of the breakup phenomenon. Two additional physical
processes were included in the Monte Carlo procedure. Specifically, the product droplet
velocity has been modeled and the breakup has been considered down to the local mag-
nitude of the critical (or maximum stable) radius, rcr. The liquid fuel was injected in
the axial nozzle direction in the form of drops with characteristic size equal to the exit
nozzle radius and the velocity known from the liquid injection rate.

Let us consider motion of a jth primary drop that undergoes breakup (rj > rcr). Before
breakup starts, the size-distribution function associated with this drop, is a Dirac-delta
function. With time, which is inversely proportional to the breakup frequency (ν), new
droplets are created changing the droplet-radius distribution function. We suppose that
the new distribution may be described according to the solution of equation 3.7 taken
at νt = 1 with 〈ξ〉 and 〈ξ2〉 as parameters of the model. For every breakup time scale,
new droplets are formed from the parent drop (rj > rcr) with radius sampled from
equation 3.7. With subsequent breakups, the droplet is removed from the computation
as its mass is depleted. After the sampling procedure, the current time, t, of the new
droplets is prescribed to be zero implying that the new drops are not physically deformed.
Lagrangian tracking is then continued up to the next breakup (νt = 1, rj > rcr). In
the present computations, we used expressions obtained from the distribution of the
logarithm of radius. The starting distribution for the logarithm of radius of the jth

primary drop is

T0j(x0) = δ(x0 − xj) (4.1)
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Using the distribution function in equation 3.5 at νtbu = 1, one can express the solution
by the error function,

Tj(x, t) =
1
2

[
1 + erf

(
x− xj − 〈ξ〉√

2〈ξ2〉

)]
(4.2)

The product droplet velocity is computed by adding to the primary drop velocity a
factor wbu, which is randomly distributed in a plane normal to the relative velocity of
the parent drop and gas, with the magnitude determined by the radius of the parent
drop and the breakup frequency, ν

|wbu| = rν (4.3)

4.2. Critical radius and breakup frequency

The critical (or maximum stable) radius is determined when disruptive hydrodynamic
forces are balanced by capillary forces

rcr =
Wecrσ

ρgu2
r

(4.4)

where ur is the relative velocity between liquid and gas velocity, σ the surface tension
coefficient, Wecr the critical Weber number, which can be taken of the order of six over a
wide range of Ohnesorge numbers (Gelfand et al. (1975), Pilch & Erdman (1987)). This
expression can be further modified by estimating the mean square of relative droplet-to-
gas velocity by mean viscous dissipation and Stokes time scale (Kuznezov & Sabel’nikov
(1990) ):

〈u2
r〉 ≈ ετst (4.5)

This gives a new expression for critical radius,

rcr =
361/3

2

(
Wecrσν

ερl

)1/3

(4.6)

This expression, however, requires a reliable knowledge of viscous dissipation rate.
This critical radius, thereby, is calculated by the standard expression 4.4. Note that
introducing the turbulent Weber number, Wetur = ρglturu2

tur

σ , and using equation 4.5,
one obtains,

Wecr =
1
36
ρl

ρg
ReturWetur

(
2rcr

ltur

)3

(4.7)

Assuming that at scales where breakup takes place, Retur is of the order of unity and
ltur ≈ η, one obtains,

2rcr

η
= 3.3

(
Weη
Wecr

)− 1
3

(
ρg

ρl

) 1
3

(4.8)

Equation 4.8 is used to estimate the local value of 〈ξ2〉. The choice of the breakup
frequency has to be stated based on the physics of spray atomization. In this paper, the
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breakup time scale is taken to be

tbu = Corebr

√
ρl

ρg
r/ur (4.9)

where Corebr = 1.73 is used in the present work.

4.3. Choice of parameters 〈ξ〉 and 〈ξ2〉
Multiplying equation 3.6 by r and integrating over the entire radius range gives an
expression for the first moment

〈r〉 = 〈r〉t=0exp
[
ν

(〈ξ〉 + 0.5〈ξ2〉) t] (4.10)
Further more, the condition

〈ξ〉 < −1
2
〈ξ2〉 (4.11)

leads to the fact that parent droplets will disintegrate into smaller ones, 〈r〉
〈r〉t=0

< 0.
In this paper, the magnitude for 〈ξ2〉 is assumed to be proportional to the maximum
dispersion of radius 〈ξ2〉 ∝ log 1 − log rcr

rj
. Replacing in equation 4.8, η by the diameter

of parent drop, one obtains

〈ξ2〉 ≈ − log
rcr

rj
≈ const · log

(
Werj

Wecr

)1/3

(4.12)

with const ≤ 1 and 〈ξ〉, the arbitrary parameter, obtained from equations 4.11- 4.12.
In the present work, we used const = 0.1.

5. An illustration of Lagrangian computation of the atomizing spray

A liquid jet is injected through a single-hole nozzle into a constant pressure, room-
temperature nitrogen chamber. The spray injection velocity is 102 m/s, chamber pressure
1.1 MPa, orifice diameter 300µm, and the dimensions of the constant volume bomb (2.8
cm x 13.8 cm), are corresponding to the experimental conditions used by Hiroyasu &
Kadota (1974). Figure 1 shows the distribution of droplets at various computational
times. The near-nozzle region is mostly presented by large unbroken drops accompanied
by small stripped droplets. The ligament-like liquid structures deflected outward are seen
in this figure and the spray angle is close to the empirical one. The computed configuration
of atomizing spray qualitatively resembles the spray observed from the experimental
images. Figure 2 shows a closeup view of spray near and futher away from the injector.
A broad spectrum of droplet sizes is present with local co-existence of large and small
droplets, indicating the superiority of the present model over conventional droplet sheet-
breakup model (Reitz & Diwakar, (1987)). The variation of spray penetration depth
with time is presented in figure 3, showing reasonable comparison with the experimental
measurements of Hiroyasu & Kadota (1974).

6. Summary and future plans

The stochastic modeling of the spray-sheet breakup involving Lagrangian tracking of
the droplets along with LES of the gas-phase flow has been introduced. The process is con-
sidered in the framework of cascade of uncorrelated breakage events,up to the maximum
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Figure 1. Spray penetration at different times. The size of the circles scale with individual
droplet diameters.
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Figure 2. Closeup view of droplet sheet breakup showing a wide distribution of droplet radii
at two locations.
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Figure 3. Penetration depth for 1.1 MPa.

stable (critical) droplet size, independent of its initial size . The Kolmogorov’s discrete
model of particle breakup can be represented by its Fokker-Planck approximation and
the solution of this equation has been used for production of new droplets. Computa-
tions of spray at the diesel-like conditions were performed. The results compared with
measurement showed that the computed configuration resembles qualitatively the spray
photographic examination. A broad spectrum of droplet sizes is obtained at each spray
location. The large number of droplets generated leads to a significant slow down of
the computer code. In order to alleviate computational costs, we envisage to work on
the hybrid droplets-parcels Lagrangian formulation. In this approach, if the number of
droplets in a computational exceeds some pre-specified limit, they can be combined to
form a parcel by conserving mass and momentum. This leads to combination of parcels
and droplets within the computational domain and effectively reduces the actual number
of particles being tracked.
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