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Transported PDF modeling of turbulent
nonpremixed combustion
By Chong M. Cha

1. Motivation and objectives
In moment methods of predicting turbulent combustion (Klimenko & Bilger 1999), closure of the nonlinear chemical source term presents the most diﬃcult modeling challenge.
In contrast, the products of the state-space variables pose no explicit closure problem
in the transport equation for the joint PDF pψθ of the reacting scalars, ψ, and the
normalized temperature, θ (Dopazo 1994):
N
s +1

∂ 
∂
ṡ(φ) − D∇2 ψj |ψ = φ pψθ ,
pψθ (φ; t) =
∂t
∂ψj
j

(1.1)

where statistical homogeneity has been assumed for simplicity. Here, ψ = (ψ1 , . . . , ψNs )
is a vector representing the concentrations of the Ns number of reacting species in the
system; φ = (φ1 , . . . , φNs , φNs +1 ) are the corresponding sample space variables for ψ and
θ; D is the molecular diﬀusivity, assumed equal for all species; and ṡ is the chemical source
term, a known function of the ψ and θ sample space. The notation “A|B” represents
the average of A conditional on the event B. The transported PDF equation (1.1) is
derived from the exact transport equations of ψ(x, t) and θ(x, t) (O’Brien (1980) gives a
good, detailed description of the derivation). Because no multi-point information exists
at this single-point level, the molecular diﬀusion term in Eq. (1.1) must be modeled to
obtain closure.
Due to the high-dimensionality of the transported PDF equation for practical engineering ﬂows, where Ns can be large, Monte Carlo methods have been developed by Pope
and co-workers (Pope 1990) to eﬃciently integrate Eq. (1.1). For closure, particle interaction mixing models are used to describe molecular diﬀusion by prescribing a mixing
frequency between the notional particles of the Monte Carlo calculation. For example, in
the simplest of these particle interaction models (Dopazo 1975),
Np (i)
(i)
φj − N1p i=1
φj
2
(i)
(D∇ ψj ) = −
Tj
for the i-th notional particle of the j-th species. This model is termed “linear mean square
estimation” (LMSE). Np is the total number of particles in a computational volume. The
mixing frequency, 1/Tj , is usually taken as the inverse of the integral time scale of the
turbulence, TL , to within a multiplicative constant of order unity. This introduces two
assumptions concerning the various ratios of the relevant time scales:
(a) The mixing frequency of a passive scalar, 1/T , is proportional to the turbulence
frequency, T /TL ∼ O (1);
(b) The mean mixing frequency is identical for all reacting species and proportional
to that of a passive scalar, Tj /T ∼ O (1).
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The constant time scale ratio for the dissipation rate of scalar and velocity ﬂuctuations is
a turbulence modeling issue. The latter assumption is a combustion modeling issue and
is the focus of the present paper.
Peters (2000) has pointed out the implicit assumption made in prescribing Tj ∼ T . To
review, for the passive scalar, ξ, T is the characteristic time for the dissipation of scalar
energy:
1 dξ 2 
2D(∇ξ)2 
1
=−
≡−
2
ξ  dt
ξ 2 
T
with no change of the passive scalar mean. Deﬁning the dissipation rate of ξ as χ ≡
2D(∇ξ)2 , T ≡ ξ 2 /χ. it follows that Equilibrium of developed turbulence implies that
the cascade of turbulent kinetic energy produced at the large scales is in equilibrium
with its dissipation occuring at the smallest scales. Thus, T can be represented by the
integral scalar time scale. From assumption (a) above, the proportionality of T and the
turbulence frequency gives T ∼ TL ∼ u /L. For a reacting scalar,
2D(∇ψj )2 
1
1 dψj2  2ψj ṡj 
−
=
−
≡−
.
ψj2  dt
ψj2 
ψj2 
Tj
Deﬁning χj ≡ 2D(∇ψj )2 , we have Tj ≡ ψj2 /χj . Clearly, Tj = T is strictly valid only
in the inﬁnitely-fast and frozen-chemistry limits where ṡ = 0; is a good approximation for
slow chemistry where the assumption of dissipation balancing production is suﬃciently
accurate; but would be poor for fast (but not inﬁnitely fast) chemistry where chemical
reaction is signiﬁcant enough to modiﬁy the energy budget. Variations of the equilibrium
assumption, like balance of production, dissipation, and reaction, have led to insight on
the inﬂuence of chemistry on the T /Tj ratio, but for linear reaction (Peters 2000). In
this paper, mapping closure (Chen et al. 1989; Pope 1991) is used to develop a model for
T /Tj for realistic chemistry.
The paper is organized as follows: In the next section, the main ideas of mapping
closure are summarized. A new model to prescribe the time-scale ratio of a passive-toreactive scalar is formulated. The model is compared to results from DNS, where the
exact time-scale ratio can be calculated. Finally, future applications are outlined to treat
local extinction and reignition in the framework of transported PDF and moment closure
methods.

2. Results and discussion
Very little work in applying mapping closure for turbulent reacting scalars has been
done since its original conception by Chen et al. (1989) and generalization for multiple
reactive scalars by Pope (1991). Gao, Jiang, and O’Brien have made many analytical
developments for single (Gao 1991b,a; O’Brien & Jiang 1991) and multiple passive scalars
(Gao & O’Brien 1991; Jiang et al. 1992). Girimaji (1993) has considered mapping(s)
from time-evolving reference ﬁeld(s), has made comparisons with a presumed beta pdf
distribution of passive scalar mixing (Girimaji 1992b), and has pointed out problems
with mapping closure of a passive scalar at very late stages of mixing (Girimaji 1992a).
Although Valiño and co-workers applied a Monte Carlo method (Valiño et al. 1991) for
a reacting case (Valiño & Gao 1992), the time scale of the reacting scalar was replaced
by that of the passive scalar.
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2.1. Mapping closure revisited
The main ideas behind mapping closure are reviewed. The normalized temperature is used
as an illustrative example, but may be replaced by any reacting scalar in the summary
to follow. Mapping closure introduces a mapping
θ(x, t) = YNs +1 (z0 (z), z1 (z), . . . , zNs (z), t) ,

(2.1a)

where YNs +1 is a deterministic function and (z0 , . . . , zNs ) a vector of random variables.
Then, the gradient of θ simply follows from application of the chain rule and can be
written as
Ns

∂Y
∇zj (J(t)x) ,
(2.1b)
∇θ =
∂zj
j=0
where J(t) is the Jacobian of the coordinate transformation z → x accounting for advective stretching (Chen et al. 1989). For notational convenience, the sample space variable
for zj is also represented by “zj ”. If the random variables (z0 , . . . , zNs ) are jointly Gaussian, then the transported PDF closure problem is addressed as multi-point information
for zj are known from their single-point statistics. An equally important motivation of
choosing all zj normally distributed is that it also allows conditional averages of θ to be
related to its unconditional counterpart. More generally, it allows small-scale structure
to be reconstructed from information at the integral scale.
Pope (1991) has derived the governing equations for the mapping functions of a general
chemically reacting system. In the present notation, we have, for a reacting scalar,

 2

j

∂
∂
∂
zi−1
2
−
Dj (∇zi−1 ) 
− 2
Yj = ṡj (Y1 , . . . , YNs , YNs +1 ) . (2.2a)
2
∂t i=1
∂zi−1
zi−1  ∂zi−1
For a passive scalar, ṡj ≡ 0, and Yj is written as “Xj ”. No general initial and boundary
conditions exist. “External” information on the generally time-dependent evolution of
the unconditional statistics of |∇ψj | (or |∇ξj | for Xj ) must be prescribed.
Mapping closure is a self-contained turbulent combustion model. With the solution of
Eq. (2.2a), the solution of Eq. (1.1) can be written directly as
−1

Ns +1
Ns +1
∂Yj 
pψθ (φ1 , . . . , φNs +1 ; t) = 
pzi−1 (zi−1 ) ,
(2.2b)
∂zj−1
j=1
i=1
where pzi is normally distributed and Yj is the solution of Eq. (2.2a). However, the
mapping equations without simpliﬁcation would be Ns ! times more expensive to integrate
and therefore would not be computationally tractable for practical engineering ﬂows
where the number of species is usually large. Below, we simplify and solve the mapping
equations in the ﬂamelet regime.
2.2. Dissipation rate of a passive scalar
To illustrate past work on the application of mapping closure to the turbulent mixing of
a passive scalar advected by Navier-Stokes turbulence, we consider the statistics of the
mixture fraction of a simple one-step, second-order, reversible reaction: F+νO 
 (1+ν)P,
where one mole of fuel (F) reacts with ν moles of oxidizer (O) to yield (1 + ν) moles
of product (P). The production rates for F, O, and P are ṡF = −ṡ, ṡO = −ν ṡ, and
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ṡP = (1 + ν)ṡ, respectively, where





Ze
1 2
Ze(1 − θ)
ṡ(ψF , ψO , ψP , θ) = A exp −
ψF ψO − ψP exp −
.
α
K
1 − α(1 − θ)
Here, A is the frequency factor, α is the heat release parameter, and Ze is the Zeldovich number. The Schmidt number is 0.7 and Lewis numbers are unity. The molecular
diﬀusivities and viscosity are independent of the temperature. The turbulent ﬂow is incompressible, isotropic, homogeneous, and decaying (cf. Sripakagorn et al. (2000) for
details of the simulation). The passive scalar for this binary mixing problem, the mixture
fraction, is deﬁned as
νψF − ψO + 1
ξ=
ν+1
which is then conserved under reaction.
The transport of pξ (η, t), the PDF of ξ, is governed by (O’Brien 1980)
∂
∂
∂2
pξ (η, t) = − D∇2 ξ|ηpξ = − 2 D(∇ξ)2 |ηpξ .
∂t
∂η
∂η

(2.3)

Spatial homogeneity has been assumed. To close Eq. (2.3), the mapping ξ = X(z0 , t) is
deﬁned. Application of Eq. (2.2a), (2.1b), and (2.2b) gives

 2
∂ X
∂X
D(∇ξ)2 
∂
X(z0 , t) =
−
z
(2.4a)
0
2
2
∂t
∂z0
(∂X/∂z0 )  ∂z0
D(∇ξ)2 |ξ = η = D(∇ξ)2 
pξ (η, t) =

2

(∂X/∂z0 )

2

(∂X/∂z0 ) 

1
pz (z0 ) ,
|∂X/∂z0 | 0

(2.4b)
(2.4c)

respectively. The independence of z0 and ∇z0 (Chen et al. 1989) has been assumed. In
2
Eq. (2.4a), the relation D(∇ξ)2 /(∂X/∂z0 )  = D(∇z0 )2  has been used and hence
knowledge of the Jacobian can be circumvented by knowledge of the eﬀect of the turbulent
velocity ﬁeld on ξ directly. (Models for D(∇ξ)2  ≡ χ/2 are well known.) For this
initially segregated system, boundary conditions are X(−∞, t) = 0 and X(+∞, t) = 1.
Initial conditions are speciﬁed using an iterative approach such that the variance from
pz0 / (|∂X/∂z0 |) = pξ gives the exact value of the DNS. The exact average dissipation
rate from the DNS is used in integrating Eq. (2.4a). Figure 1 shows good agreement with
the data for D(∇ξ)2 |η and pξ (η, t) calculated using Eq. (2.4b) and (2.4c) respectively,
corroborating the previous work listed at the beginning of this section.
2.3. Mapping function for a fast reacting scalar
In the ﬂamelet regime, ψj is governed by (Peters 2000)
∂ψj
χ ∂ 2 ψj
=
+ ṡj .
∂τ
2 ∂ξ 2

(2.5)

Correspondingly, the mapping Yj in Eq. (2.2a) becomes a function of (z0 , t) only for all
j and the mapping equations simplify to

 2
∂ Yj
D(∇ξ)2 
∂Yj
∂Yj
=
−
z
(2.6)
+ ṡj (Y1 , . . . , YNs +1 ) .
0
2
2
∂t
∂z0
(∂X/∂z0 )  ∂z0
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Figure 1. Passive scalar results. Comparison of mapping closure results with DNS data initially
(triangles = DNS, solid line = mapping closure) and at times t/τeddy = 1 (circles = DNS,
dash-dash = mapping closure), and 2 (squares = DNS, dash-dot = mapping closure).

The mapping ψj = Yj (z0 , t) is not generally one-to-one. Initial conditions for Eq. (2.6)
can be given by Yj = ψj (X(z0 , t0 ), t0 ), which is the steady-state solution of Eq. (2.5) with
χ/2 replaced by Eq. (2.4b). Boundary conditions for Eq. (2.6) are Yj (−∞, t) = ψj (0, t)
and Yj (+∞, t) = ψj (1, t).
Given a solution for the mapping function Yj , small scale processes for the reacting
scalars can be described using the average dissipation rate of the passive scalar at the
integral scale. In particular,
2

χ (∂Yj /∂z0 )
2 (∂X/∂z0 )2 
1
pψj (φ, t) =
pz (z0 ) .
|∂Yj /∂z0 | 0

D(∇ψj )2 |ψj = φ =

(2.7a)
(2.7b)

Using Eq. (2.7a) and Eq. (2.4b), the desired time-scale ratio for a passive-to-reactive
scalar is then
2

ψj2 /(∂Y /∂z0 ) 
Tj
.
=
2
T
ξ 2 /(∂X/∂z0 ) 

(2.8)

Figure 2 shows good agreement with the DNS data for (i) 2D(∇ψP )2 |ψP = φ ≡
χP |ψP = φ and (ii) pψP (φ, t) calculated using Eq. (2.7a) and (2.7b) respectively. Figure 3 shows (i) the mean and standard deviation of ψP from Eq. (2.7b) and (ii) the time
scale ratio calculated using Eq. (2.8). The ﬁgure shows that the relaxation time scale for
a fast reacting scalar, Tj , can deviate signiﬁcantly from T in the ﬂamelet regime. Further,
the mixing time scale is reduced in the presence of active chemistry (Tj < T ).
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Figure 2. Reacting scalar results. Comparison of mapping closure results with DNS data initially (triangles = DNS, solid line = mapping closure) and at times t/τeddy = 1 (circles = DNS,
dash-dash = mapping closure), and 2 (squares = DNS, dash-dot = mapping closure).
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Figure 3. Prediction of time scale ratio by mapping closure in fast chemistry regime: (i) mean
and rms and (ii) time scale ratio. Symbols are DNS data. Lines are modeling predictions.

3. Conclusions and future work
For suﬃciently fast chemistry, the average time-scale ratio for a passive-to-reactive
scalar was derived:
ψj2 /χj 
Tj
≡
T
ξ 2 /χ


2
ψj2 
(∂X/∂z0 ) 
,
= min 1, 2  +∞
2
2
ξ 
(∂ψj /∂ξ) (∂X/∂z0 ) pz0 dz0

(3.1)

−∞

where ψj (ξ, t) is the solution of Eq. (2.5), the ﬁrst or leading-order (un)steady ﬂamelet
equation. Equation (2.5) cannot describe reignition. Equation (3.1) can be directly applied to existing particle-interaction models for transported PDF closure modeling, which
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can, in principle, describe global reignition. Equation (3.1) is not expected to describe
the entire transition Tj /T → 1 and the “min” function is required to properly bound the
Tj /T ratio by the inﬁnitely fast and frozen chemistry limits, where Tj /T = 1.
Ongoing/future work includes application to the extinction/reignition problem based
on the following modeling approaches.
(a) Conditional moment closure modeling: Moment closure conditional on ξ represents
the least computationally burdensome of turbulent combustion models. Application of
Eq. (2.2a) may yield a description of the complex shapes of the conditional pdfs when
extinction and reignition processes are signiﬁcant. This is the subject of ongoing work
(Cha & Pitsch 2001).
(b) Transported PDF modeling: To describe extinction/reignition using transported
PDF modeling, more sophisticated particle interaction models are required where intermittency eﬀects of the dissipation must be accounted for (Xu & Pope 2000). An accurate
estimate of the overall mean mixing frequency is also essential in these local particle
interaction models such as the extended LMSE model of Sabel’nikov & Gorokhovski
(Sabel’nikov & Gorokhovski 2001).
In both these applications, a sound physical basis would be necessary to assign proper initial and boundary conditions to the more general mapping function equations, Eq. (2.2a)
in this paper. Currently, the mapping closure approach is being developed for transported
PDF modeling in large-eddy simulations (Cha & Trouillet 2001).
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