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Calculating free energies using average force
By Eric Darve

AND

Andrew Pohorille † ‡

1. Introduction
Many molecular-dynamics computer simulations of chemically and biologically interesting systems are devoted to calculating free-energy changes along selected degrees of
freedom. In some instances, the full free-energy proﬁle is of interest. For example, nonmonotonic changes in the free energy of two small, hydrophobic species in water as a
function of their separation, observed in computer simulations, Ludemann (1996), reﬂect the changing patterns of hydrophobic hydration and provide important tests of
analytical theories of hydrophobic interactions; Pratt (1977). Free-energy maps of small
peptide units in vacuum and in water shed light on conformational preferences of the
protein backbone; Brooks (1998). The free-energy proﬁles associated with the transfer of
solutes through water-membrane systems yield solute distributions and permeation rates
across membranes: see Wilson (1996), Pohorille (1999). In other instances, calculations
of free-energy proﬁles provide a means of estimating the free-energy diﬀerence between
the end-points which, in turn, yields the relative stabilities of the corresponding states
of the system. Determinations of conformational equilibria in ﬂexible molecules and association constants between molecular species are among important applications of such
calculations: see Giraldo (1998), Schaefer (1998).
The free-energy changes along the chosen generalized coordinates can be calculated
from molecular simulations by a variety of techniques: see Frenkel (1996), Berne (1997).
Most of them require that a suﬃcient, thermally-representative sample of states of the
system is generated at diﬀerent values of these coordinates. This leads to the interpretation of the free-energy changes along the chosen coordinates as the potential of mean
force exerted by other coordinates. Only a few methods for calculating this potential
can be conveniently, eﬃciently and generally combined with computer simulations. One
such class of methods relies on obtaining the probability density function, P (ξ1 , . . . , ξp ),
of ﬁnding the system at values ξ1 , . . . , ξp of the p selected generalized coordinates. Once
this probability density function is estimated with satisfactory accuracy, the potential of
mean force, A(ξ1 , . . . , ξp ), can be readily calculated as
A(ξ1 , . . . , ξp ) = −kB T log P (ξ1 , . . . , ξp )

(1.1)

where T is temperature and kB is the Boltzmann constant.
Another, general, method for calculating the potential of mean force requires calculating the derivatives ∂A
∂ξ in a series of calculations, in which ξi is constrained to ﬁxed
values distributed along [ξimin , ξimax ] in the range of interest. Then, the potential of mean
force is recovered by numerical integration. The derivative of the free energy is related to
the constraint force needed to keep the system at the ﬁxed value of ξi . The exact nature
of this relationship was a subject of some debate; see Van Gunsteren (1989), Straatsma
(1992), Mülders (1996), den Otter (1998), den Otter & Briels (2000). Several initial
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suggestions were found to be valid only under special circumstances; see Van Gunsteren
(1989), Straatsma (1992), Mülders (1996). Only recently, the generally valid and practical
to use formula was derived for one-dimensional (den Otter (1998), Sprik (1998), RuizMontero (1997)) and multi-dimensional cases (den Otter & Briels 2000). In this paper,
this formula is derived in the general context of multi-dimensional reaction coordinates
for constrained and unconstrained simulations. All previous derivations were done in
the case of constrained simulations only. This formula requires that the constraint force
is corrected by geometric factors that depend on ξ1 , . . . , ξp but not on other (usually
diﬃcult to deﬁne) generalized coordinates. Since the constraint force can be readily calculated in computer simulations, e.g. using the algorithms SHAKE, see Ryckaert (1977),
or RATTLE, see Andersen (1983), practical applications of this method are quite feasible.
Compared to the probability-density method, the constraint-force method has several
advantages. In particular, it does not require a good guess of the biasing potential to
achieve eﬃcient sampling of ξ1 , . . . , ξp . Providing such a guess could be a diﬃcult task,
especially for qualitatively new problems. Further, data analysis is markedly simpler; no
procedure for matching results obtained for overlapping windows is required. However,
the constraint-force method also suﬀers from several disadvantages. It may be inaccurate
or ineﬃcient if the potential of mean force is a rapidly-changing function of ξ1 , . . . , ξp . In
complex cases, involving, for example, the insertion of a peptide into a membrane or the
induced ﬁt of an inhibitor into an enzyme, preparation of the system at consecutive, ﬁxed
values of the selected degrees of freedom may be diﬃcult, and subsequent equilibration
of the system may be slow. In some instances, application of the constraint-force method
may lead to quasi-non-ergodic behavior. Finally, information about the dynamic behavior
of the system, which may also be of interest in a simulation, is not available in this
approach.
In this paper, we propose an alternative and equally general approach to calculating
the potential of mean force, which combines several desired features of both methods.
As in the constraint-force method, the potential of mean force is obtained by integrating
its derivative. This derivative, however, is calculated from unconstrained rather than
constrained simulations. The centerpiece of our method is a new, general formula that
connects ∂A/∂ξi with the instantaneous force acting on ξi . This force acts along the
gradient of ξi such that if subtracted from the equations of motion the acceleration of
ξi is zero. This instantaneous force can be also related to the forces of constraint in a
constrained simulation. Then, the forces of constraint are applied to maintain ξi at a
constant value, and the force acting on ξi is exactly equal and opposite to these forces of
constraint.
The formula that relates ∂A/∂ξi to the instantaneous force acting on ξi is diﬀerent in
unconstrained simulations and constrained simulations. However, as will be shown below,
it converges to the den Otter-Briels formula at the appropriate limits. The value of the
new formula is not only in providing another route to calculating the potential of mean
force but also in clarifying the relationship between the thermodynamic force and the
force of constraint. By doing so it forms the theoretical basis for highly-eﬃcient methods
to calculate the potential of mean force and to investigate rare events (Darve (2001)).
In the next section we derive the formula for ∂A/∂ξi . This is done in two steps.
First, the expression for ∂A/∂ξi in unconstrained simulations of a Hamiltonian system is
obtained. Then, this expression is generalized so that it applies when the system is only
approximately Hamiltonian, as is the case in adiabatic approximation. Then we consider
two numerical examples – rotation around the C-C bond of 1,2-dichloroethane immersed
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in water, and transfer of ﬂuoromethane across the water-hexane interface. These examples
involve only a single reaction coordinate. Applications to multidimensional cases will be
considered separately. We close the paper with a comparison of the new method with its
alternatives.

2. Theory
2.1. Generalized coordinates
We assume that we have a set of M particles and we denote by N the total number of degrees of freedom of our system (N = 3M ). We further assume that exists a Hamiltonian,
H, for this system:
H(x1 , . . . , xN , p1 , . . . , pN ) =

1  p2i
+ Φ(x1 , . . . , xN )
2 i mi

∂H
dxi
=
dt
∂pi
∂H
dpi
=−
dt
∂xi
where (x1 , . . . , xn ) are Cartesian coordinates, (p1 , . . . , pn ) are the conjugated momenta,
Φ is the potential and t is time.
We suppose that a set of N − p functions (q1 , . . . , qN −p ) can be deﬁned such that
(ξ1 , . . . , ξp , q1 , . . . , qN −p ) forms a complete set of generalized coordinates. We will often
denote by x the vector (x1 ,...,xN ), and similarly for ξ, q, pξ and pq .
The derivative with respect to ξi is deﬁned as the derivative computed with ξj , j = i
and qk , k = 1, ..., N − p constant. Using the deﬁnition of A, Eq.(1.1), we can write:
∂P

∂A
∂ξ
= −kB T i
∂ξi
P

(2.1)

The probability density P for a canonical ensemble can be written as a function of the
Hamiltonian H of the system:

1
H
)
(2.2)
P (ξ1∗ , ..., ξp∗ ) =
dx1 ...dxN dp1 ...dpN δ(ξ1 − ξ1∗ )...δ(ξp − ξp∗ ) exp(−
N
kB T
where N is a normalization factor.
We introduce additional notation to express the Hamiltonian H as a function of the
generalized coordinates.
The Jacobian, J, of the transformation from Cartesian to generalized coordinates is
denoted by
 
def
Jξ
J =
(2.3)
Jq
where Jξ are the ﬁrst p lines and Jq are the remaining lines. We deﬁne matrix Z as:
def

Z = JM −1 J t
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where J t is the transpose of matrix J and M is the

m1 0 . . .
 0 m2 . . .
M =
. . . . . . . . .
... ... ...
Matrix Z can be written as:


Z=

Zξ
Zqξ

Zξq
Zq

mass matrix:

0
0 

... 
mN



where Zξ is a p × p matrix, Zξq a p × (N − p) matrix, and Zq a (N − p) × (N − p) matrix.
The inverse of Z is denoted by A:


Aξ Aξq
A=
Aqξ Aq
Using generalized coordinates, the Hamiltonian of the system takes the form:
H(ξ, q, pξ , pq ) =

1 t
1
p Zξ pξ + ptq Zq pq + ptξ Zξq pq + Φ(ξ, q)
2 ξ
2

(2.4)

where ptξ and ptq are the transposes of vectors pξ and pq .
Inserting the expression for P from Eq. (2.2) into (2.1), we obtain:
∂A
=
∂ξi

dqdpq dpξ

∂H
∂ξi

H
exp(− kB
T)

dqdpq dpξ exp(− kBHT )

(2.5)

with a change of variables from Cartesian coordinates to generalized coordinates. For all
functions F , we deﬁne the statistical average of F at ﬁxed ξ ∗ = (ξ1∗ , . . . , ξp∗ ) as:
F

ξ∗

=
=

dx1 ...dxN dp1 ...dpN δ(ξ1 − ξ1∗ )...δ(ξp − ξp∗ ) exp(− kBHT ) F (x1 , . . . , xN )
dx1 ...dxN dp1 ...dpN δ(ξ1 − ξ1∗ )...δ(ξp − ξp∗ ) exp(− kBHT )

dqdpq dpξ F (x1 , . . . , xN )
dqdpq dpξ exp(− kBHT )

where in the last equation ξ = ξ ∗ . With this notation, we can rewrite Eq. (2.5) as:
∂A  ∂H 
=
(2.6)
∂ξi
∂ξi ξ
After diﬀerentiating both sides of Eq. (2.4) and integrating over pξ and pq , we obtain a
new expression for Eq. (2.6)


(2.7)
∇ξ A = ∇ξ Φ + kB T ∇ξ log |J|
ξ

The derivative of the free energy can be seen as resulting from two contributions: the
mechanical forces acting along ξ and the variations of the volume element associated with
the generalized coordinates. This formula has been previously derived in many papers,
e.g. Ruiz-Montero (1997) and den Otter & Briels (2000), and is also given by Frenkel
and Smit (1996).
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2.2. Thermodynamic force
In this and the following Sections, we use the fact that, for a given ξ ∗ , it is possible to
choose a basis q such that:
Zqξ (ξ ∗ , q) = 0,

∀q.

(2.8)

This choice of q leads to a simpliﬁed derivation of our analytical results.
Eq. (2.6) explicitly depends on the choice of all generalized coordinates, including q.
As this is not practical from a computational point of view, we now modify this equation
to obtain an expression independent of the choice of q. This is done by analytically
integrating as many terms as possible in Eq. (2.6).
We start by simplifying the notation:
def

xi =

√
mi xi
pxi

∂
1
def
∇i = √
mi ∂xi
def pxi
= √
mi

(2.9)
(2.10)

The symbol · denotes a dot product or a matrix-vector product.
We start from the equation for the time evolution of pξi :
dpξi
∂H
=−
dt
∂ξi

(2.11)

The momentum vector pξ is deﬁned as the derivative of the Lagrangian with respect
˙
to ξ:
dξj 
dqk
def 
+
(2.12)
p ξi =
[Aξ ]ij
[Aξq ]ik
dt
dt
j
k

We can diﬀerentiate both sides of Eq. (2.12) with respect to t and use Eq. (2.11) to
obtain an expression for ∂H
∂ξi . As the right-hand side of Eq. (2.12) is the sum of two
products, its derivative contains four terms:
 d[Aξ ]ij dξj 
∂H
d2 ξj
dpξi
=−
−
=−
[Aξ ]ij 2
∂ξi
dt
dt
dt
dt
j
j
−

 d[Aξq ]ik dqk 
d2 qk
−
[Aξq ]ik 2
dt
dt
dt
k

(2.13)

k

Because q satisﬁes Eq. (2.8), the last term in Eq. (2.13) is equal to zero. Eq. (2.13) can
be further transformed using the chain rule of derivation to obtain:

 d[Aξq ]ik dqk
∂H
d2 ξj  −1
∂Zξ
=−
[Zξ−1 ]ij 2 +
[Zξ ]ij [  · px ]jk pξk −
∂ξi
dt
∂x
dt
dt
j
jk

(2.14)

k

By expressing px in terms of pξ and pq , one can prove that the second term of Eq. (2.14)
is equal to


∂[Zξ ]jk 
∂Zξ
[Zξ−1 ]ij [  · px ]jk pξk =
[Zξ−1 ]ij
[Jξ ]rl pξr pξk
∂x
∂xl
jk
jklr
(2.15)

∂[Zξ ]jk 
−1
+
[Zξ ]ij
[Jξ ]r+p,l pqr pξk
∂xl
jklr

276

E. Darve & A. Pohorille

where J  is deﬁned as J but with x replaced by x .
In the last equation, we have split the right-hand side into odd and even functions of
pξ and pq . We want to compute

H ∂H
)
dpq dpξ exp(−
kB T ∂ξi
Because we chose a basis q such that Eq. (2.8) is true, the function exp(− kBHT ) is even in
pξ and pq . Therefore in Eq. (2.15), all odd terms in pξ and pq cancel whereas even terms
contribute. An analytical integration over pξk leads to:



∂[Zξ ]jk −1 ∂ξr 
∂Zξ
[Zξ−1 ]ij [  · px ]jk pξk = kB T
[Zξ−1 ]ij
[Zξ ]kr 
(2.16)
∂x
∂xl
∂xl ξ
ξ
jk

jkrl

1 ∂qr
ms ∂xs

satisfy Eq. (2.8) and are therefore orthogonal to
Using the fact that vectors
∇ξ1 ,..., ∇ξp , one can prove that the third term on the right-hand side of Eq. (2.14) does
not contribute to ∇ξ H ξ . In matrix notation, inserting Eq. (2.16) in Eq. (2.14) gives:
∇ξ H

ξ

= kB T

 1
Z −1 · ∂l Zξ · Zξ−1 · ∇ξ
ml ξ

ξ

l

− Zξ−1

d2 ξ
dt2

ξ

(2.17)

∂Z

where we denote ∂l Zξ = ∂xξl .
If we denote by λ the vector of RATTLE Lagrange multipliers – Andersen (1983) –
they are by deﬁnition such that:
d2 ξ
.
(2.18)
dt2
We now summarize what we have obtained so far. We started our derivation from
Eq. (2.6), which relates the derivative of A with respect to ξi to the average of ∂H
∂ξi . We
observed that this expression is not very useful, because it depends on a particular choice
of generalized coordinates. We transformed this expression by analytically integrating
some terms and obtained Eq. (2.17). This new expression is much more useful than the
initial one, Eq. (2.6), as it can be computed numerically without any explicit reference
to a particular choice of generalized coordinates. Finally, by inserting Eq. (2.18) in the
last term of Eq. (2.17), we obtain:


 def 
 1
(1)
Zξ−1 · ∂l Zξ · Zξ−1 · ∂l ξ
= Fξ
(2.19)
∇ξ A = λ + kB T
ml
ξ
ξ
def

Zξ λ = −

l

Eq. (2.19) has a similar interpretation to Eq. (2.7) although the terms are diﬀerent.
The ﬁrst term λ is related to theforce acting along ξ, which is the opposite of the
constraint force. The second term l m1l ∂l Zξ−1 · ∂l ξ is a correction term which accounts
for the variation of an inﬁnitesimal volume element in generalized coordinates.
2.3. Decoupled degrees of freedom
It is often desirable to consider a situation where ξ is decoupled from the other degrees
2
of freedom. By decoupling we mean that ddt2ξ is not a function of the coordinates q, but
instead is governed by some other equation of motion. In the previous paper, Darve
(2001), we derived the formula for ∂A
∂ξ that applies to a single reaction coordinate. In this
paper, this formula is generalized to a multi-dimensional case.
One example of decoupling is a constrained simulation in which ξ is constant. In this
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d2 ξ
dt2

case ξ˙ = 0 and
= 0. We will see that using Eq. (2.19) we recover the result of den
Otter and Briels (2000). Our derivation can thus be seen as a generalization of their
result. Another choice, which was previously discussed in Darve (2001), is a diﬀusion
equation such that the motion of ξ is random and approximately adiabatic. The choice
of a Langevin equation is a convenient one because adiabatic approximation can be
achieved simply by varying the diﬀusion constant.
Deriving the relation for ∇ξ A in the decoupled case requires modifying the probability
density of pξ . Previously this density was given by:
1 t
pξ Zξ pξ

fξ = exp(− 2

kB T

)

(2.20)

For a constraint simulation, fξ becomes a Dirac delta function at the location of the
constraint whereas for the other decoupled case, fξ is a constant function. Since the
equation for the decoupled case can be used for an arbitrary fξ , it can be seen as a
generalization of Eq. (2.19). Thus, one can implement the equation for the decoupled
case (Eq. (2.21)) and use it in all situations.
After calculating analytically the integral over pξ in Eq. (2.19) with fξ given by
Eq. (2.20), we obtain the correction for the decoupled case:



 −1  dξ t
dξ
kB T
1


(
[Z
]
)
·
H̃
·
(
)
+
∇
ξ
·
∇
log
|Z
|
λ
+
ij
j
j
ξ
j
ξ
dt
dt
2
|Zξ |1/2
∂A
ξ


=
(2.21)
1
∂ξi
|Zξ |1/2

ξ

In this equation, we have used the notation H̃j for:
H̃j = Zξ−1 Jξ Hj (Jξ )t Zξ−1

(2.22)

Note that H̃j is a function only of the ﬁrst and second derivatives of ξ with respect to
Cartesian coordinates, and thus can be easily computed numerically.
2.4. Constrained simulation
In the particular case of a constraint simulation, ξ˙ = 0, which leads to:



−1
kB T 
1


λ
+
[Z
]
(∇
ξ
·
∇
log
|Z
|)
ij
j
ξ
1/2
j
ξ
2
|Z
|
ξ
∂A
ξ


=
1
∂ξi
|Zξ

|1/2

(2.23)

ξ

This is the formula obtained by den Otter and Briels. Note that this formula is applicable to the case of several degrees of freedom. Several authors derived a similar equation for
a single reaction coordinate (see den Otter (1998), Sprik (1998)). Note that in Eq. (2.23),
Zξ is a matrix, |Zξ | denotes its determinant and λ is a vector. This contrasts with the
case of a single reaction coordinate in den Otter (1998), Sprik (1998).

3. Numerical Results
To examine the performance of the method based on Eq. (2.21), we studied two test
cases. One example involved calculating the potential of mean force for the rotation of
the C-C bond in 1,2-dichloroethane (DCE) dissolved in water. In the second example, the
potential of mean force for the transfer of ﬂuoromethane (FMet) across the water-hexane
interface was obtained.
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The ﬁrst system consisted of a DCE molecule surrounded by 343 water molecules, all
placed in a cubic box whose edge length was 21.73 Å. This yielded a water density approximately equal to 1 g/cm3 . The second system contained one FMet molecule and a lamella
of 486 water molecules in contact with a lamella of 83 hexane molecules. This system was
2
enclosed in a box, whose x, y-dimensions were 24 × 24 Å and the z-dimension, perpendicular to the water-hexane interface, was equal to 150 Å. Thus, the system contained
one liquid-liquid interface and two liquid-vapor interfaces. The same geometry was used
in a series of previous studies on the transfer of diﬀerent solutes across the water-hexane
interface; see Darve (2001). In both cases, periodic boundary conditions were applied in
the three spatial directions.
For DCE in water, the potential of mean force was calculated along ξ, deﬁned as the ClC-C-Cl torsional angle. For the transfer of FMet across the water-hexane interface, ξ was
deﬁned as the z component of the distance between the centers of mass of the solute and
the hexane lamella (since both cases involved only one-dimensional potentials of mean
force, we drop the subscript i following ξ). For each system, three sets of calculations were
performed. They yielded A(ξ), using the probability-density method and the methods of
the constraint force from unconstrained and constrained simulations.
To obtain A(ξ) from the probability density method, a series of simulations was performed. For DCE, we used a single window and a biasing potential obtained previously
(Darve (2001)). The trajectory was 2 ns long. For FMet, ξ was constrained by a harmonic potential in ﬁve overlapping windows. No biasing potential was applied. For each
window, a molecular-dynamics trajectory 2.4 ns long was obtained. From this trajectory
the probability density, P (ξ), was calculated. The probability density in the full range of
ξ was constructed by matching P (ξ) in the overlapping regions of consecutive windows.
A(ξ) was calculated from the complete P (ξ) using Eq. (1.1).
Calculations of ∂A
∂ξ from unconstrained simulations were very similar. For DCE, we
used a biasing potential and one window. For FMet we did not use a biasing potential
and divided the full range of ξ into ﬁve windows. In these simulations, however, there
was no need for windows to overlap. The molecular-dynamics trajectory in each window
was 1.5 ns long. In each molecular dynamics step, the force of constraint was calculated
using RATTLE. Since no biasing force was applied the average force in each bin along ξ
was simply the arithmetic average of the instantaneous forces.
∂A
∂ξ was obtained from constrained simulations by generating a series of trajectories,
in which ξ was ﬁxed at several values uniformly spanning the full range of interest. For
DCE, simulations were carried out at 37 values of ξ in the range between 0 and 180
deg. This corresponds to 5 deg separation between two values of ξ. For FMet, ξ was
ﬁxed at 102 values between -10.1 Å and 10.1 Å (0.2 Å separation between two values).
The constraints on ξ were enforced using RATTLE. The average thermodynamic force
was obtained by correcting the calculated constraint force according to Eq. (2.23). Once
calculations of ∂A
∂ξ were completed for all discrete values of ξ, A(ξ) was obtained by
numerical integration.
The potentials of mean force for rotation of DCE in water and transfer of FMet across
the water-hexane interface, obtained from all three methods, are shown in Figs. 1 and
2, respectively. For DCE, gauche and trans conformations were found to have nearly
the same free energy, and were separated by a barrier 4.2 kcal/mol high. The gauche
conformation corresponds to a torsion angle of about +/− 60 deg (i.e. Cl is not in the
plane deﬁned by C-C-Cl) and the trans conformation corresponds to a torsion angle of
180 deg (i.e. this is the conformation where the two Cl are on the opposite sides of the C-
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C bond). These results are in close agreement with the results obtained previously using
the same potential functions (Benjamin (1993), Pohorille (1993)). For FMet, the free
energy between dissolving this molecule in water and in hexane was found to be 0.6 kcal
mol−1 . An appreciable minimum in the potential of mean force, approximately 1.4 kcal
mol−1 deep, was observed near the interface. A very similar proﬁle of A(ξ) was obtained
using the particle-insertion method of Pohorille, Chipot, New and Wilson (1996).

4. Discussion
In both numerical examples presented in the previous section, the method based on
calculating the probability density along ξ and both methods relying on calculating ∂A
∂ξ
yield the potentials of mean force that are identical to within statistical error. This
conﬁrms applicability of Eq. (2.19) to the calculation of the potential of mean force in
unconstrained simulations.
The method based on Eq. (2.19) has an important advantage over the probability
density method. No post-processing of the data obtained from diﬀerent windows, such
as WHAM (Kumar (1995)), is needed. The average force in a given bin along ξ is simply
the arithmetic average of instantaneous forces recorded in this bin in all windows (if
diﬀerent biasing forces were used in diﬀerent windows they have to be subtracted before
the average is calculated). In fact, no overlapping between consecutive windows is needed
if a suﬃciently good estimate of the average force is obtained from one window.
The new approach does not suﬀer from the disadvantages of the method based on
calculating the force in constrained simulations. These disadvantages were discussed in
the Introduction. In addition, calculating the forces of constraints becomes less demanding. In constrained simulations, analytical formulas for calculating forces of constraints
cannot be used. Instead, iterative procedures with very low tolerance, sometimes requiring double-precision arithmetic, have to be applied. This is needed to prevent drift of
the constraint from the preset value due to the accumulation of numerical errors. This
problem, however, does not exist in unconstrained simulations. Accuracy in calculating
the forces of constraints does not inﬂuence motion of the system. This calculation is just
a measurement performed on the system and should be done suﬃciently accurately that
numerical errors associated with this measurement have only negligible contribution to
the statistical error of the average force. This is not a very stringent requirement.
This work was supported by the NASA Exobiology Program. The authors thank Dr.
M. A. Wilson for helpful comments.
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