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1. Introduction
Although drag reduction due to the addition of small amounts of long-chain polymers
has been a well-known phenomenon for about ﬁfty years, its mechanism is still poorly
understood. One of the ﬁrst theories came from the time criterion (Lumley 1969), which
states: for the polymer to have an eﬀect on the ﬂow, the characteristic relaxation time
of the polymer solution must be longer than a relevant Lagrangian turbulent time scale
of the ﬂow. Following this scenario, Lumley surmises that drag reduction is caused by
substantial stretching, also called the coil-stretch transition. Arguing that the coil-stretch
transition does not occur in turbulent ﬂows, Tabor & de Gennes (1986) proposed a
diﬀerent theory, the elastic theory, which states that the elastic energy stored in the
polymer molecules is responsible for drag reduction. The polymers are thought to disrupt
the turbulent cascade at the small-scale level. Furthering the elastic theory, Joseph (1990)
suggested that the main eﬀect has to be elastic since polymers attenuate small-scale
turbulence. He related the phenomenon to the elastic wave speed. Recently, the onset
of drag reduction and the maximum drag-reduction asymptote have been re-visited by
Sreenivasan & White (2000) in the light of the elastic theory of de Gennes, leading to a
provisional conclusion that the theory agrees with existing experiments. The authors also
pointed out an extensive list of directions of research and many gaps in our knowledge
of drag reduction by polymers.
In a diﬀerent fundamental perspective, gaining deeper insight into the mechanism of
drag reduction by polymer additives may reveal ﬁne details of the regeneration cycle of
near-wall turbulence. The self-sustaining nature of the turbulent ﬂow close to the wall has
been extensively discussed by Jiménez & Pinelli (1999). The authors proposed a cycle that
involves the basic ingredients of the near-wall region: quasi-longitudinal vortices, streaks,
mean shear and non-linear eﬀects. Quasi-longitudinal vortices are known to produce large
downwash motions that eventually generate signiﬁcant wall shear stress. Choi et al. (1994)
obtained a drag reduction of 30%, by blowing against those downwash ﬂows. There are
other experiments showing that the introduction of well-located perturbation obviously
aﬀects the cycle and reduces the drag. Since polymers are among the best drag-reducing
agent available so far, they might reveal where the auto-regeneration cycle is best altered
to obtain drag reduction.
In the past decade, numerical simulations have started to address polymer ﬂow using
various constitutive models. The present work follows the path opened by Sureshkumar
et al. (1997) with the simulation of a viscoelastic channel ﬂow based on the FENE-P
model (Finitely Extensible Nonlinear Elastic–Peterlin: see below) and using a pseudospectral code. Even though the authors had to use unphysical parameters to match the
low Reynolds number of their simulation, they were capable of showing drag reduction
and velocity statistics in qualitative agreement with experiments. More recently, Min
et al. (2001a) reproduced similar results using a diﬀerent numerical approach based on
second-order ﬁnite diﬀerence schemes. Min et al. (2001b) also investigated the role of
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elastic energy through the use of an Oldroyd-B model, providing good support for the
elastic wave speed theory.
In the present work, the FENE-P model is implemented in a second-order code, similar to Min et al. (2001a). The numerical issues are addressed, and some solutions are
proposed. The response of coherent structures to polymer additives is investigated and
some “unphysical” numerical experiments are proposed to highlight some fundamental
aspects of the mechanism of drag reduction.

2. Numerical formulation
Polymer molecules have typical length scales much smaller than the smallest turbulent
ﬂow scales. Using traditional numerical schemes for ﬂow simulation makes the explicit
resolution of molecules unfeasible with current computer facilities; therefore the polymeric ﬁeld has to be modelled. The evolution of polymers is predicted from bead-spring
(dumbbell) models. Each dumbbell is subject to the hydrodynamic forces exerted from
the ﬂow to the beads, the spring force and Brownian forces. The balance of forces gives
an evolution equation for the end-to-end dumbbell vector q, known as the FENE model.
A constitutive approach is achieved by taking into account the Brownian motion using
a phase average of the product of the q-components, which deﬁnes the conformation
tensor cij = qi qj . The hydrodynamic and relaxation (spring) forces are explicitely simulated; the latter force can be estimated with various models. The model used here is
the FENE-P model, where P stands for the Peterlin function, f , deﬁning the following
set of equations
1
∂cij
∂ui
∂uj
∂cij
+ uk
(f cij − δij ) ,
= ckj
+ cik
−
∂t
∂xk
∂xk
∂xk W e

(2.1)

L2
.
(2.2)
L2 − ckk
The parameter L is the maximum polymer extension, and the Weissenberg number,
W e, the ratio of the polymer time scale to the ﬂow time scales and ensures the nondimensionality of Eq. (2.1). Finally, the contribution of polymers to the ﬂow enters the
momentum equations via the divergence of the polymeric stress tensor τij ,
f=

1
(f cij − δij ) ,
We
yielding the viscoelastic momentum equations,
τij =

∂ui
∂p
β ∂ 2 ui
1 − β ∂τij
∂ui
+ uj
=−
+
+
,
∂t
∂xj
∂xi Re ∂xj ∂xj
Re ∂xj

(2.3)

(2.4)

where β is the ratio of the solvent viscosity ηs to the total viscosity η.
The numerical method used to solve Eq. (2.4) is based on a semi-implicit, fractionalstep method (Le & Moin 1991). Velocities are discretized in a staggered arrangement
while the pressure and the polymeric tensors cij and τij are computed from the cellcentered nodes. The Newtonian viscous stress in the wall-normal direction is advanced
in time with the Crank-Nicolson scheme, while all other terms in Eqs. (2.1) and (2.4)
are advanced with a third-order Runge-Kutta method. Velocity derivatives are computed
using second-order ﬁnite-diﬀerence schemes. To maintain good resolution, the polymeric
stress derivatives are calculated with a non-dissipative fourth-order compact scheme. The
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0.5, 0.75, 1.

advection terms of Eq. (2.1) are solved using a compact upwind scheme, following the
modiﬁcation by Min et al. (2001a), as explained in the following section.

3. Stabilisation of the conformation tensor advection
The resolution of the conformation tensor appears to be much more delicate than for
the velocity ﬁeld. Eq. (2.1) has an advection term but, unlike a passive scalar equation,
does not include any diﬀusivity. Sharp gradients in cij develop, requiring higher-order
methods suited for such speciﬁc situations.
Non-centered compact schemes have been developed to maintain high accuracy in
convection-dominated problems where centered schemes, with dispersion but no dissipation, are not robust enough. The range of applications of upwind compact schemes spans
from breakdown in convective ﬂows (Christie 1985) to incompressible and compressible
ﬂows with sharp gradients (Tolstykh 1994). They have also been recently used for polymer ﬂows by Min et al. (2001a). The latter authors solved the advection terms in the
FENE-P equations with a third-order compact upwind scheme, developed by Tolstykh
(1994) and adapted to the staggered grid used to solve the equations of ﬂuid motion:
(2 + 3s− )φi−1 + (8 + 3s− − 3s+ )φi + (2 − 3s+ )φi+1
(3.1)

6
(−1 − s− )φi−1 + (s− + s+ )φi + (1 − s+ )φi+1 ,
∆
−
The parameters s and s+ denote the sign of the velocities ui−1/2 and ui+1/2 , respectively. When s− = s+ = 0, Eq. 3.1 reduces to a fourth-order central scheme:
=

3
[φi+1 − φi−1 ] .
(3.2)
∆
Min et al. (2001a) demonstrated the superiority of the compact upwind scheme relative to
explicit upwind (QUICK) and central schemes (2nd-order explicit and 4th-order compact,
respectively). However, as pointed out by one of the authors of Min et al. Choi (2001),
the scheme has a low CFL (CFL 0.5; see Lele 1992, for more details on the time-step
constraint using compact schemes). Choi suggested another upwind scheme, proposed by
φi−1 + 4φi + φi+1 =
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Zhong (1998), whose CFL is of the order of unity. We call this scheme CUDZ. Zhong
(1998) established his upwind compact scheme so that it remains stable using high-order
one-sided compact schemes at the boundaries. Yet the formulation used in Eq. (3.1) and
CUDZ lose third-order accuracy for compression and dilatation points in the direction
of diﬀerentiation (s− = s+ ). The error of CUDZ drops to second order at those critical
points, while the rhs of Eq. (3.1) vanishes at dilatation points (s− = −1, s+ = +1).
To overcome this diﬃculty, we design a scheme which has the upwind/downwind formulation of CUDZ and reduces to Eq. (3.2) in compression or dilatation regimes. This is
achieved by introducing an average of the velocity signs over the cell, ε = ξ(s− + s+ )/2,
where ξ is the upwinding parameter, which is allowed to vary from 0 to 1. This latter
parameter is used to control the amount of dissipation and dispersion of the scheme,
which is now:
(1 + ε)φi−1 + 4φi + (1 − ε)φi+1 =

1
[(−3 − 2ε)φi−1 + 4εφi + (3 − 2ε)φi+1 ] ,
∆

(3.3)

Fig. 3 shows the dissipation and dispersion of Eq. (3.3) for ﬁve diﬀerent values of ξ from
0 to 1. In these plots, ω deﬁnes the wavenumber and ω  the modiﬁed wavenumber as
deﬁned in Lele (1992). As suggested by Min et al. (2001a), this scheme is supplemented
by local artiﬁcial dissipation (LAD)

if det(cij ) > 0,
∂cij
δu cij 0
2
(3.4)
=
+
δ
c
κ∆2k 2 ij if det(cij ) ≤ 0.
∂xk
δxk
2
δ xk
The operators δu and δ2 are the upwind-compact and second-order central diﬀerentiation
schemes, respectively, ∆k the grid mesh in the xk direction and κ is a constant equal to
10−2 , according to Min et al. (2001a). This local dissipation is necessary to ensure that
the conformation tensor remains positive-deﬁnite, hence the relation of LAD to the determinant of cij . In our own experience, the fraction of the ﬂow aﬀected by LAD depends
on the coarseness of the grid as well as on the intrinsic dissipation of Eq. (3.3). Fig. 3
is extracted from several simulations using values of ξ for the ﬂow and grid conditions
that will be deﬁned below. It shows the evolution in time of the spatial-average friction
velocity, uτ xz as a function of time, just after the polymeric ﬁeld is coupled to the
velocity ﬁeld. The coeﬃcient κ is the same for all simulations. The eﬀect of ξ on the
drag reduction is quite signiﬁcant. Using a central compact scheme (ξ = 0) is associated
with a high number of nodes aﬀected by LAD, around 20%, and eventually causes the
simulation to break down. The latter issue is avoided if ξ = 0.25; however the fraction
of nodes with LAD remains large,  10%. As will be shown below, the polymer drag
reduction comes from the damping of vertical velocity ﬂuctuations. When LAD aﬀects
too many points, it seems to weaken the predicted eﬀect of polymers by smoothing out
the divergence of the polymeric tensor (Eq. 2.3), resulting in a smaller drag reduction.
For ξ = 0.5 and 0.75, the fraction of nodes that requires LAD is roughly the same, 1-2%,
which is more acceptable. This fraction actually decreases when the resolution in the
streamwise and spanwise directions is increased. At this stage of the study, it is still
unclear which ξ produces better results. Fig. 3 shows a larger drag reduction for the
transient time; however, once a statistical steady state is reached, the amount of drag
reduction is roughly the same. This aspect needs further investigation and for the present
study we will consider a simulation with ξ = 0.5 to diminish the impact of the numerical
dissipation of Eq. (3.3).
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Figure 3. Evolution in time of the friction velocity averaged in space with various values of ξ
: ξ = 0;
: ξ = 0.25,
, ξ = 0.5;
(Eq. 3.3) for the advection term in Eq. (2.1).
: ξ = 0.75.

4. Stability of the relaxation term
It would be wrong to blame the unstable numerical nature of Eq. (2.1) solely on the
resolution of the advection term. A simple analysis of the behaviour of cij , as its trace
approaches L2 , suggests that the positive-deﬁniteness of the conformation tensor is also
aﬀected by the relaxation term. To illustrate our argument, we shall consider Eq. (2.1)
for a one-dimensional problem, with no advection and with explicit time advancement,


n
n
1
L2
cn+1
xx − cxx
n ∂u
n
= 2cxx
−
c −1 .
(4.1)
∆t
∂x
W e L2 − cnxx xx
When cnxx approaches L2 , say cxx = L2 − ε2 , an absolute requirement for the time
2
advancement of Eq. (4.1) is that the solution cn+1
xx remains smaller than L , which implies:



1
L2 2
∂un
−ε2 + ∆t 2(L2 − ε2 )
−
(L − ε2 ) − 1
<0.
(4.2)
∂x
W e ε2
By assuming that ε2  L2 and L4 /ε2  1, the following condition on ∆t can be derived,


∆t <
2SL2

ε4

ε2

L2
−
2SW e

 ,

(4.3)

where S = ∂un /∂x. Note that Eq. (4.3) makes sense only if ε > L2 /(2SW e). This relation
indicates that a Euler-type scheme can easily become unstable when ε2 is too small. If
2
Eq. (4.2) is not satisﬁed, i.e. cn+1
xx > L , then the Peterlin function (Eq. 2.2) becomes
negative, turning the relaxation force into an extension force whose eﬀect is to pull
cn+2 even further beyond L2 . For this situation to occur requires only an accumulation
of small numerical errors, eventually leading to a numerical breakdown. Those errors
might come from the time scheme as well as the advection term as discussed in the
previous section. Eq. (4.3) provides a very strict time-step restriction which can be taken
as the minimum of the rhs of the relation, ∆tmin = 1/(S 2 W e). For instance, in a lowReynolds-number channel ﬂow, where the typical time-step is of the order 10−3 h/uτ
for Newtonian ﬂow, the polymeric time-step can decrease as low as O(10−5 )h/uτ for a
realistic Weissenberg number (W e = 10). For a full simulation, the stability analysis of
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Figure 4. Mean velocity proﬁles scaled with inner (left) and outer (right) variables. ◦:
: viscoelastic ﬂow.
Newtonian ﬂow;

Eq. (2.1) is not straightforward and has not been attempted here. The published results
are somewhat conﬂicting on that particular issue. Sureshkumar et al. (1997) used a time
step ﬁve times smaller than for the Newtonian case, whereas Min et al. (2001a) used
CFL = 0.5, as required by their numerical scheme described earlier. An explanation
of this discrepancy might be found in the numerical schemes used. Sureshkumar et al.
(1997) stabilized the polymeric ﬁeld by using the combination of an advanced semiimplicit scheme and the implementation of an extra diﬀusive term in Eq. (2.1), κ∂k ∂k cij ,
where κ is a small constant of the order 10−2 − 10−3 . They used pseudo-spectral methods
for spatial derivatives and it may be assumed that their procedure also helps to stabilize
the advection term. Min et al. (2001a) directly addressed the positive deﬁniteness by
using LAD wherever the determinant of the conﬁguration tensor became negative. The
inherent dissipation of their compact upwind scheme at high wavenumbers may also
contribute to the overall stability. Most importantly, they addressed only small W e, as
in the present study.
During the course of the simulations, it was found that only one or two points are
at risk of diverging during the transient time of the simulation. A “cheap” solution is
to re-adjust the Pertelin function (Eq. 2.2) for those points so that the trace of the
conformation tensor remains bounded. The value of f is based on a critical value of ε
derived from Eq. (4.3) with ∆t given by the CFL constraint. This procedure proves to be
eﬃcient for small W e and aﬀects less than ﬁve nodes once or twice at the very beginning
of the simulation. Once the transient time is over, this clipping can be safely removed.
However, for higher W e, an implicit scheme for the relaxation force will be necessary.

5. Results
The simulation presented here corresponds to a minimal channel ﬂow of dimensions
πh × 2h × h, for Re = 7500 based on the initial Poiseuille proﬁle centerline velocity and
+
the half-width h. The resolution is 64 × 129 × 32 which gives ∆+
x = 15, ∆y = 0.16 → 10
+
and ∆z = 9. The Reynolds number based on the friction velocity for the Newtonian
ﬂow is Reτ = h+ = 295. The Weissemberg number is equal to unity in integral scaling
(W e = λU/h) which implies W eτ = 10. The maximum extension L is set to 60 and
β = 0.9. The maximum extension is chosen to be higher than in the work of Sureshkumar
et al. (1997) and Min et al. (2001a) in order to approach realistic long-chain polymer
molecules. The contribution of the solvent to the ﬂow is equal to that used in previous
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studies. The initial conﬁguration of the polymer stress tensor is the isotropic tensor
(cij = δij ) which implies that the ﬂow undergoes a transient time that lasts for around
50 h/Uc . When the solution is found to be statistically steady, around 100 h/Uc , statisitics
are collected over 200 h/Uc .
The measured drag reduction for our simulation is 17%. Figs. 4 and 5 show the response of the velocity statistics to the polymeric stress in wall and integral coordinates.
The mean velocity proﬁle is shifted upward in the log-region. The streamwise velocity
ﬂuctuations are increased in the near-wall region, whereas the transverse components are
reduced. These results are in agreement with experimental data (Warholic et al. 1999)
and numerical results (Sureshkumar et al. 1997; Min et al. 2001a). They indicate a thickening of the buﬀer layer and a reduction of turbulence in the transverse directions. The
latter aspect can be linked to near-wall vortices. The wall-normal and spanwise velocity
ﬂuctuations are closely related to the activity of quasi-longitudinal vortices in the buﬀer
region. Kim et al. (1987) explained near-wall extrema of the variance of the streamwise
vorticity ﬂuctuation by the presence of those vortices located around y + = 20. In most of
the drag-reducing simulations, a decrease of the magnitude of ωx , v  and w is observed,
suggesting a weakening of the quasi-streamwise vortices. However The evolution of ωx ,
v  and w does not explain how the near-wall vortices are modiﬁed. A simple method
is to take advantage of vortex eduction schemes and conditional sampling, as shown by
Dubief & Delcayre (2000). The present study relies on the Q-criterion of Hunt et al.
(1988), which identiﬁes regions of positive second invariant of the velocity tensor,
1
(Ωij Ωij − Sij Sij ) ,
(5.1)
2
as vortices. In other words, a vortex is deﬁned as a region where the local rotation rate
dominates the strain rate, Ωij and Sij being the antisymmetric and symmetric parts of
∇u. This criterion is also related to local minima of pressure under certain conditions
as discussed by Dubief & Delcayre (2000). Yet the choice of a positive threshold is very
much ﬂow-dependent, making comparisons between ﬂows subject to diﬀerent conditions
delicate. In order to reduce as much as possible the subjectiveness of coherent vortex
investigation, an intermittency function can be used, deﬁned as
Q=

IQ (x, t, Qs ) =

0
1

if Q(x, t) < Qs ,
if Q(x, t) ≥ Qs .

(5.2)
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Figure 7. Instantaneous visualisations of the Newtonian (left) and viscoelastic (right) ﬂow.
Isosurfaces of positive Q, Newtonian case: Q = 1Uc2 /h2 , viscoelastic case: Q = 0.3Uc2 /h2 . Isocontours of wall-normal velocity, contour levels varies from ±0.1Uc . Flow from left to right.

In the case of a channel ﬂow, averaging IQ over time and (x, z) plane gives the fraction of
the ﬂow occupied by vortices educed for Q ≥ Qs at a given y. Dubief & Delcayre (2000)
found that too-small thresholds cannot separate noise from vortices. As the threshold
Qs augments, the regions where IQ is unity tend to deﬁne the skeleton of the vortices†.
Fig. 6 shows a well-marked peak around y + = 20 for the Newtonian ﬂow, deﬁning the
preferred location of the most energetic vortices in the inner region of the ﬂow. For the
viscoelastic ﬂow, the peak is shifted to around y + = 50. This plot also indicates that the
distribution of the vortices is wider under the inﬂuence of polymers.
The modiﬁcations undergone by the viscoelastic ﬂow are apparent in Fig. 7 which
plots countours of wall-normal velocity ﬂuctuations and isosurfaces of positive Q. The
thresholds are chosen from Fig. 6, so that the maximum of IQ is around 10%. Fig.
7 illustrates the spreading of vortices over a wider region in the vertical direction, as
discussed earlier. This plot underscores the signiﬁcant change in the typical length scale
of v. Compared to the Newtonian case, the structures of v are much larger.
† Note that the threshold deﬁning the skeleton can vary in time and space for each vortex.
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Figure 8. Left: evolution in time of the spaced averaged friction velocity. In the following
nomenclature, the velocities designate in which momentum equations the viscoelastic eﬀect is
implemented for both ﬁgures. +: uvw (Eq. 2.4); : u; ◦: v; : w;
: uv;
: uw;
: vw. Right: rms of velocity ﬂuctuations in integral coordinates for some drag-reducing
cases. ◦: Newtonian ﬂow;
uvw;
: v;
w. Upper curves: u ; lower curves: v  ;
middle curves: w .

6. Numerical experiments
The previous Section has established that the transverse turbulent intensities are
damped by the variation of polymeric stress, showing a direct eﬀect on the near-wall
vortices. However, the statistics proposed so far fail to show where polymers act with
respect to the energetic structures of the ﬂow. The ﬂexibility of computer simulations
permits unphysical “experiments” that provides valuable information about the dynamics of turbulence. For instance, Jiménez & Pinelli (1999) used an irrotational ﬁlter to
demonstrate that the near-wall turbulence is self-sustaining, whereas the outer region is
not. In our context, a straightforward experiment is to modify the divergence of polymeric
stress tensor in the momentum equations, (Eq. 2.4). The simplest investigation that can
be performed is to remove the viscoelastic term in one or two directions by replacing β
by βi (βi = 0.9 or 1), where i is the velocity component index. The transient period, i.e.
the time when the viscoelastic simulation is started, is chosen for study if there is one
preferred direction in the drag-reduction process. The simulations are carried out over
2500 iterations with a CFL-controlled time-step.
For the traditional or reference simulation (see Fig. 8), the skin friction experiences a
small overshoot and then undergoes a signiﬁcant reduction. This feature is also found in
Min et al. (2001a). The viscoelastic term in Eq. (2.4) is ﬁrst switched oﬀ in all but one
momentum equation. When the polymers contribute only to the streamwise momentum,
the skin friction rapidly increases without any sign of reduction. As a consequence, the
time-step decreases, explaining the shorter duration of the simulation. The same operation is repeated for the v- and w-momentum equations. The fastest reduction is achieved
when polymers aﬀect the wall-normal momentum. Since there is no overshoot for those
two experiments, it is obvious that the initial behaviour of the skin friction is an eﬀect of
the polymeric stress on the streamwise momentum. When the viscoelastic contribution is
switched oﬀ only in one direction, drag reduction is obtained in all experiments; however
the reduction is noticeably smaller when the viscoelastic eﬀects are applied on u and w
than for the other cases. The right-hand side of Fig. 8 compares the behaviour of the velocity ﬂuctuations when the viscoelastic eﬀect is implemented in the v or w-momentum.
The statistics have been collected between t = 60h/Uc and 120h/Uc . The ﬁgure shows
that the upward shift of u maximum does not result from the viscoelastic eﬀect on the
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Figure 9. Evolution in time of the friction velocity averaged in space when the polymeric stress
contribution varies according to Eq. (6.1). Left: β − , viscoelastic eﬀect from the wall up to δ;
right: β + , viscoelastic ﬂow for −h + δ ≤ y ≤ h − δ. +: full viscoelastic ﬂow (reference case); :
: δ + = 30;
: δ + = 45;
: δ + = 60;
: δ + = 90.
δ + = 6; ◦: δ + = 15;

u-momentum. The polymers might be responsible only for a marginal increase of this
maximum. The shift is more likely dictated by the new equilibrium state reached by the
thickened buﬀer layer.
In the second set of experiments β is a function of the vertical coordinate,
 

δ
δ
h − |y|
1+β 1−β
±
±
tanh
−
, −h ≤ y ≤ +h ,
(6.1)
β (y) =
2
2
θ h − |y|
δ
where β = 0.9 and δ is the thickness of the region attached to the walls. β − and β +
designate the functions for which the polymeric stress is active for h − δ ≤ |y| ≤ h and
−h + δ ≤ y ≤ h − δ, respectively. The parameter θ controls the transition from regions
with polymer contribution to regions without and is taken equal to δ/25 in order to
ensure a fairly sharp cutoﬀ. Simulations are performed for six heights δ = 0.02h, 0.05h,
0.1h, 0.15h, 0.2h and 0.3h or δ + = 6, 15, 30, 45, 60 and 90 in wall coordinates using
the Newtonian skin friction. The left-hand side of Fig. 9 shows that polymers need to be
active across the entire buﬀer layer to achieve a drag reduction equivalent to the reference
case. It should be noted that all curves exhibit the transient overshoot even when the
polymer contribution is conﬁned in the viscous sublayer (δ + = 6) and no drag reduction
is observed. The rhs of Fig. 9 displays the response of drag when polymers are active
only in the core of the channel ﬂow (β + ). This procedure removes the initial overshoot,
showing that this sharp increase of drag results from the initial stretching of the polymers
in the viscous sublayer. Again, a signiﬁcant drag reduction is observed when the polymer
contribution covers the buﬀer layer, δ + ≤ 15, which is consistent with the conclusion
of Jiménez & Pinelli (1999) that the cycle of near-wall turbulence is located between
y + = 20 and y + = 60. For δ + = 90, the small drag reduction can probably attributed
to the modiﬁcation of the outer region of the ﬂow. In a similar way, Jiménez & Pinelli
(1999) observed signiﬁcant drag reduction by damping turbulence in the outer region.
These two experiments highlight important phenomena of drag reduction with polymer
additives. From Fig. 8, it can be inferred that polymers extract energy from the transverse momentum. To support this argument, we have studied the sign of the viscoelastic
acceleration AVi = (1 − β)/Re(∂i τij ) relative to the sign of the Newtonian acceleration,
AN
i = −uj ∂j ui − ∂i p + (β/Re)∂j ∂j ui , and that of the velocity ﬂuctuation, ui . When
sign(AN
y ) = sign(v), i.e. in regions where the ﬂow is accelerated in the y direction, the
sign of viscoelastic acceleration in the vertical direction is mainly opposite to that of the
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Newtonian acceleration; the fraction of such occurences is of the order of 75% over almost
the entire channel. The behavior of w is similar but the fraction is a little less, of the
order of 65%. Accelerations in the streamwise directions are enhanced by the viscoelastic
acceleration (up to 80%) in the viscous sublayer and the lower part of the buﬀer layer.
Although AVx works mostly against AN
x when u > 0, in the rest of the ﬂow, Fig. 8 clearly
shows that the action of AVx away from the wall is not suﬃcient to prevent the drag from
increasing due to the activity of the polymers near the wall (see the case where the viscoelastic eﬀect is applied only to the u-momentum). Fig. 9 indicates that the buﬀer layer,
corresponding to the peak in vortex concentration observed in Fig. 6, plays a key role in
the drag-reduction mechanism. Therefore it may be speculated that polymers act directly
inside the upwash and downwash ﬂows triggered by quasi-streamwise vortices, which is
also supported by Hur’s observations†. It also follows the interpretation of Oldroyd-B
simulations by Min et al. (2001b), which states that polymers store energy very near the
wall and release it away from the wall. The polymers must therefore keep this energy
during a time scale comparable to the duration of their advection to suitable altitude.
Further investigations will be carried out to test this theory, since Fig. 9 indicates that
the exchange of energy between the viscous sublayer and even the lower part of the buﬀer
layer is not a necessity for the drag reduction mechanism.

7. Conclusion and perspectives
The present study has established the basis of a numerical method to simulate viscoelastic ﬂows using a second-order staggered code. The implementation largely follows
that of Min et al. (2001a), with some modiﬁcations for the resolution of the advective
terms. Some results have been obtained, and a ﬂow where 17% drag reduction was observed has been investigated. Using “unphysical” numerical experiments, it has been
suggested that drag reduction is achieved by damping strong accelerations of the vertical
velocity ﬂuctuation as well as of the spanwise component. The phenomenon leading to
drag reduction does not occur in the viscous sublayer but seem to take place over the
entire buﬀer layer.
Future work will involve a reﬁnement of the numerical method in order to assess
the eﬀect of numerical dissipation on the polymeric ﬁeld. Also of major importance,
an implicit scheme needs to be implemented for the relaxation term in the conformation
tensor equations to achieve higher Weissenberg numbers. Simulations performed on larger
computational domains and a wide range of Weissenberg numbers will form a database
that, it is hoped, will shed light on the mechanism of drag reduction by polymer additives.
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Jiménez, J. & Pinelli, A. 1999 The autonomous cycle of near-wall turbulence. J. Fluid
Mech. 389, 335–359.
Joseph, D. D. 1990 Fluid Dynamics of Viscoelastic Liquids. Springer-Verlag.
Kim, J., Moin, P. & Moser, R. 1987 Turbulent statistics in fully developed channel
ﬂow at low Reynolds number. J. Fluid Mech. 177, 133–166.
Le, H. & Moin, P. 1991 An improvement of fractional step methods for the incompressible Navier-Stokes equations. J. Comp. Phys. 92, 369–379.
Lele, S. K. 1992 Compact ﬁnite diﬀerence schemes with spectral-like resolution. J.
Comp. Phys. 103, 16–42.
Lumley, J. L. 1969 Drag reduction by additives. Ann. Rev. Fluid Mech. 1, 367–384.
Min, T., Yoo, J. Y. & Choi, H. 2001a Eﬀect of spatial discretization schemes on
numerical solutions of viscoelastic ﬂuid ﬂows. J. Non-Newtonian Fluid Mech. 100,
27–47.
Min, T., Yoo, J. Y., Choi, H. & Joseph, D. D. 2001b A role of elastic energy
in turbulent drag reduction by polymer additives. In Turbulence and Shear Flow
Phenomena, 2nd Int. Sympo., 1, 35–40.
Sreenivasan, K. R. & White, C. M. 2000 The onset of drag reduction by dilute
polymer additives, and the maximum drag reduction asymptote. J. Fluid Mech.
409, 149–164.
Sureshkumar, R., Beris, A. N. & Handler, R. A. 1997 Direct numerical simulations
of turbulent channel ﬂow of a polymer solution. Phys. Fluids 9, 743–755.
Tabor, M. & de Gennes, P. G. 1986 A cascade theory of drag reduction. Europhys.
Lett. 2, 519–522.
Tolstykh, A. I. 1994 High accuracy non-centered compact diﬀerence schemes for ﬂuid
dynamics applications. Series on Advances in Mathematics for Applied Science 21.
World Scientiﬁc Publishing, Singapore.
Warholic, M. D., Massah, H. & Hanratty, T. J. 1999 Inﬂuence of drag-reducing
polymers on turbulence: eﬀects of Reynolds number, concentration and mixing. Expts. in Fluids 27, 461–472.
Zhong, X. 1998 High-order ﬁnite-diﬀerence schemes for numerical simulations of hypersonic boundary-layer transition. J. Comp. Phys. 144, 662–709.

