Center for Turbulence Research
Annual Research Briefs 2001

241

Shape optimization for aerodynamic noise control
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1. Introduction
Noise generated by turbulent boundary layers near the trailing edge of lifting surfaces
continues to pose a challenge for many applications. Much of the previous work on this
topic has focused on development of accurate computational methods for the prediction
of trailing edge noise. For instance, aeroacoustic calculations of the ﬂow over an airfoil
using large-eddy simulation (LES) and aeroacoustic theory have been presented in Wang
& Moin (2000). These results compare favorably with the experiments of Blake (1975) and
Blake and Gershfeld (1988). To make the simulations more cost-eﬀective, Wang & Moin
(2001) successfully employed wall models in the trailing-edge ﬂow LES; this resulted in a
drastic reduction in computational cost with minimal degradation of the ﬂow solutions.
In this study, we extend the earlier work to noise control, using shape optimization and
control theory in conjunction with the simulation tools developed previously.
For trailing-edge noise control, a shape design method based on control theory for
partial diﬀerential equations and a gradient-based minimization algorithm is employed
to optimize the trailing-edge shape. The main diﬃculty in gradient-based optimization
methods is the calculation of the gradient of the cost function with respect to the control
parameters. The most widely-used method is to solve an adjoint equation in addition to
the ﬂow equations. While the adjoint method has been successful in many aerodynamic
calculations, (e.g. Jameson et al. 1998; Pironneau 1984), it is expensive and not well
suited to unsteady ﬂow problems. In addition, the adjoint equation is dependent on
the ﬂow solver and thus is not portable. Because of these issues, we have employed the
method of incomplete sensitivities for the gradient evaluation. This method, developed by
Mohammadi & Pironneau (2001), oﬀers the advantage that eﬀects of geometric changes
on the ﬂow ﬁeld can be neglected when computing the gradient of the cost function.
This makes it far more cost eﬀective than solving the full adjoint problem. In LES-based
aeroacoustic shape design, the eﬃciency of the optimization routine is crucial. The use of
incomplete gradients allows us to perform the optimization with only a small additional
cost to the ﬂow computation.
In order to validate and gain experience with the method of incomplete sensitivities, we
have applied it to a model problem consisting of the two-dimensional unsteady laminar
ﬂow over an airfoil. This problem allows us to deﬁne the cost function based on aeroacoustic theory. In this article, we present results for the model problem which show a
signiﬁcant reduction in the cost function. We also discuss the addition of aerodynamic
constraints. Section 2 outlines the problem formulation and the deﬁnition of the cost
function. Sections 3 and 4 discuss the gradient evaluation and the optimization procedure.
Results are presented in Section 5.
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2. Formulation and cost function definition
We begin by formulating the general optimization problem. Given a partial diﬀerential
equation A(U, q, a) = 0 deﬁned in the domain Ω with control parameters a, state variables U and geometric entities q, we wish to minimize a given cost function J(U, q, a).
The control problem can be stated as
min {J(U, q, a) : A(U, q, a) = 0 ∀xi ∈ Ω, b(U, q, a) = 0 ∀xi ∈ ∂Ω}
a

(2.1)

where b(U, q, a) is the boundary condition of the PDE. The cost function can be reduced
by ﬁnding its gradient with respect to the control parameters, and then moving the
parameters in the direction of negative gradient. In our problem, the state equations are
the Navier-Stokes equations and the cost function is related to the acoustic source.
We now outline the derivation of the cost function. For unsteady laminar ﬂow past an
airfoil at low Mach number, the acoustic wavelength associated with the vortex shedding
is typically long relative to the airfoil chord. Noise generation from an acousticallycompact surface can be expressed as follows, using Curle’s extension to the Lighthill
theory (Curle 1955),

∂
M 3 xi
Ḋi (t − M |x|),
Ḋi =
nj pij (y, t)d2 y
(2.2)
ρ≈
4π |x|2
∂t S
where ρ is the dimensionless acoustic density at far ﬁeld position x, pij = pδij − τij is the
compressive stress tensor, nj is the direction cosine of the outward normal to the airfoil
surface S, M is the free stream Mach number, and y is the source ﬁeld position vector.
All the variables have been made dimensionless, with airfoil chord C as the length scale,
free stream velocity U∞ as velocity scale, and C/U∞ as the time scale. The density and
pressure are normalized by their ambient values. Note that Eq. (2.2) implies the threedimensional form of Lighthill’s theory, which is used here to compute the noise radiated
from unit span of a two-dimensional airfoil. The radiation is of dipole type, caused by
the the ﬂuctuating lift and drag forces.
The mean acoustic intensity can be obtained from Eq. (2.2),
2
M6 
Ḋ
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θ
+
Ḋ
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θ
(2.3)
I=
1
2
16π 2 |x|2
where the overbar denotes time averaging, and θ = tan−1 (x2 /x1 ). To minimize the total
radiated power, we need to minimize the integrated quantity
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2
2
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(2.4)
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0
Hence, the cost function is deﬁned as
2  
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∂
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J=
nj p1j (y, t)d y +
nj p2j (y, t)d y
∂t S
∂t S

(2.5)

which corresponds exactly to the acoustic source function.

3. Gradient evaluation
Given shape variables q, ﬂow ﬁeld U, and control parameters for the surface deformation a, the cost function is J(U, q, a). The complete expression for the gradient of the
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Figure 1. Model airfoil used in shape optimization. The upper right section is allowed to
deform.

cost function is
dJ
∂J
∂J ∂qj
∂J ∂Uk ∂qj
=
+
+
.
dai
∂ai
∂qj ∂ai
∂Uk ∂qj ∂ai

(3.1)

Using the incomplete-sensitivities assumption of Mohammadi & Pironneau (2001), we
neglect the eﬀects of geometry changes on the ﬂow ﬁeld when computing the gradient
of the cost function. This assumption is valid for the general class of problems in which
the cost function can be deﬁned in terms of a surface integral. We therefore neglect the
third term in Eq. (3.1) and compute the gradient as follows
∂J
∂J ∂qj
dJ
≈
+
.
dai
∂ai
∂qj ∂ai

(3.2)

This technique has been successfully applied in a variety of applications (see for example Mohammadi et al. 2000, Mohammadi 1999). For the present problem, the cost
function is based on the surface pressure (plus small viscous stresses). Since ai causes
surface perturbations in the normal direction, and since dp/dn ≈ 0, the incompletesensitivity assumption is particularly justiﬁable.

4. Optimization procedure
In this Section, we outline the steps in the algorithm used to optimize the airfoil
shape using the method of incomplete sensitivities. With the cost function J deﬁned in
Section 2, the steps in the algorithm are as follows. We ﬁrst parameterize the surface
deformation using a polynomial

ai xi ,
(4.1)
δy =
i

where δy is the surface displacement in the normal direction at the tangential coordinate
x, and ai are the polynomial coeﬃcients.
The gradient of the cost function with respect to the coeﬃcients, dJ/dai , is computed
numerically. At each simulation time step, each coeﬃcient is perturbed by a small amount
 and the resulting surface displacement δy is found. Based on incomplete sensitivities,
the state is kept unchanged as we compute J(ai + ). We can then ﬁnd the derivative
using a ﬁnite diﬀerence
dJ
J(ai + ) − J(ai )
.
(4.2)
=
dai

The gradient is averaged in time to obtain dJ/dai until it converges. The surface points
on the airfoil are then displaced according to
δai = −λ

dJ
,
dai

δy =


i

(ai + δai )xi

(4.3)
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Figure 2. Convergence of shape for
Re = 2, 000.
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Figure 3. Convergence of cost function for
Re = 2, 000, mean value of J ,  maximum
value of J.

where λ is a scaling parameter.
The new shape is found by deforming the surface according to y = y0 + δy. At the
completion of each iteration, a new mesh is generated and the ﬂow simulation is performed
again until the solution is statistically converged. Iteration continues until the airfoil
converges to a ﬁnal shape. The method of incomplete sensitivities oﬀers large savings
over other methods because the ﬂow ﬁeld is frozen in the gradient evaluation, so the cost
of the method is only slightly higher than the cost of the ﬂow solver.

5. Results and discussion
To validate the optimization methodology, a model problem of the two-dimensional
unsteady laminar ﬂow over a shortened Blake airfoil (Blake 1975), shown in Fig. 1, is
considered. The initial trailing-edge tip angle is 45 degrees, and the right half of the upper
surface is allowed to deform. Both end points are kept ﬁxed and the slope of the upper
surface must be continuous. The ﬂow simulation is performed using the incompressible
Navier-Stokes solver described in Wang & Moin (2000). For noise generation by largescale vortex shedding at low Mach numbers, the airfoil is acoustically compact, and dipole
radiation described by Eq. (2.2) prevails.
The eﬃcacy of the optimization technique is demonstrated in the following two test
cases, with chord Reynolds numbers of 2, 000 and 10, 000. Results from the lower Reynolds
number case are shown in Figs. 2 through 5. The shape was changed in successive iterations as shown in Fig. 2, and the corresponding evolution of the mean and maximum
values of the time-dependent cost function is depicted in Fig. 3. After eight iterations,
the cost function is reduced to nearly zero. Fig. 4 shows the instantaneous streamwise velocity contours from the ﬂow ﬁelds with the initial (upper ﬁgure) and ﬁnal (lower ﬁgure)
shapes. The ﬁnal state exhibits a much more stable wake, where the ﬂow in the vicinity
of the trailing-edge is nearly parallel and steady. The lift and drag history for the low Re
case are shown in Fig. 5. These plots show that the lift has increased and the drag has
decreased. More importantly we see that the amplitude of oscillations in lift and drag
have decreased, verifying that the unsteady dipole sources have been reduced.
For the higher Reynolds number case, the results are less dramatic, but still verify
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Figure 4. Instantaneous streamwise velocity contours for Re = 2, 000. Upper: initial shape
(contour levels from −0.06 to 1.22); Lower: ﬁnal shape (contour levels from −0.05 to 1.23).
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Figure 5. Time history of lift (upper ﬁgure) and drag (lower ﬁgure) coeﬃcients for
Re = 2, 000.

that the method works to reduce the cost function. Figs. 6 and 7 show the convergence
histories of the shape and the cost function, respectively. The maximum value of the cost
function is decreased by approximately 32% at the ﬁnal (8th) iteration. An examination
of the instantaneous ﬂow ﬁelds shows less signiﬁcant change in vortex shedding patterns
between the initial and ﬁnal shapes, indicating that the ﬂow is less sensitive to the
trailing-edge shape at this higher Reynolds number. It is likely that by allowing a larger
section of the surface to deform, a greater reduction in the cost function can be achieved.
In practical applications, it is often necessary to impose aerodynamic and geometric
constraints, often in the form of additive penalty functions. For instance, we may wish
to ensure that the lift does not decrease, and the drag does not increase, from their
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Figure 7. Convergence of cost function for
Re = 10,000, mean value of J ,  maximum
value of J.

initial values. For the two cases discussed above, as the cost function decreases, the wake
becomes narrower, the lift increases and the drag decreases (Fig. 5), which is consistent
with the desirable aerodynamic properties. However, for more complex cases, constraints
may be essential to meeting engineering requirements.
In general, imposing a penalty function means redeﬁning the cost function as follows
J = Jorig + αC1 + βC2 ,

(5.1)

where α and β are weighting coeﬃcients and C1 and C2 are constraints. For example,
the lift and drag constraints could be


CLo − CL
C1 = max
,0 ,
(5.2)
CLo


CD − CDo
,0 ,
(5.3)
C2 = max
CDo
where CLo and CDo are the target lift and drag coeﬃcients. Other constraints may be
added for thickness, volume, etc.

6. Conclusions and future work
In summary, we have formulated and implemented a shape-optimization technique for
reducing the aerodynamic noise from a lifting surface. The method is based on control
theory, and uses the incomplete gradient of the cost function. The latter is directly related
to the acoustic source functions. Results for the unsteady laminar model problem at two
Reynolds numbers are very encouraging, and the method oﬀers great cost savings over
previous methods. We have demonstrated a rapid convergence of the shape and signiﬁcant
reduction in the noise generated by vortex shedding and wake instability.
In order to test the robustness of the method, we plan to allow more ﬂexibility in
surface deformation, and at the same time add constraints. By allowing both the upper
and lower surfaces to deform, we hope to achieve a greater reduction in the cost function
at higher Reynolds numbers. For this test case, it will be essential to add aerodynamic
constraints such as those discussed in Section 5.
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Once the method is fully validated, we plan to extend this technique to fully-turbulent
trailing-edge ﬂows past an acoustically noncompact airfoil. One major issue involved
will be deﬁning a surface-based cost function in order to use incomplete gradients. One
possibility is the analysis of Howe (1999) who deﬁnes an equivalent surface source in
terms of an “upwash velocity” on the surface. In contrast, the classical trailing-edge noise
theory of Ffowcs Williams & Hall (1970) is based on a volume integral. Alternatively,
a more crude surface approximation of the cost function can be used so long as it is
well correlated with the true acoustic source function. The choice of cost function will
be inﬂuenced to some degree by whether the objective is to reduce noise in a band of
frequencies of primary interest, or to reduce the total radiated power.
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