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Modeling the “rapid” part of the
velocity/pressure-gradient correlation in

inhomogeneous turbulence

By S. V. Poroseva

1. Motivation and objectives

The Reynolds-stress transport equation (RSTE) includes the velocity/pressure-gradient
correlation < p,jui >. Following Rotta (1951), it is common practice to split this corre-
lation into two parts: the pressure-strain correlation < pui,j > and the pressure-diffusion
part < pui >,j . This approach has advantages if one simulates homogeneous turbulence
with a two-equation turbulence model. In homogeneous turbulence, both the pressure
diffusion term < pui >,i and the pressure-strain term < pui,i > do not contribute to the
transport of the turbulent kinetic energy (k).
In inhomogeneous turbulent flows, however, the modeling of the pressure-diffusion

term in the k-equation is challenging. Direct numerical simulation (DNS) data from free
shear flows (Rogers & Moser 1994; Moser et al. 1998) show that the contribution of the
pressure diffusion in the turbulent kinetic energy balance is not negligible, especially in
the central core of the flow. The current practice of using a single model for both the
pressure diffusion and the turbulent diffusion is not likely to be successful because the two
have qualitatively different profiles. It was shown by Lumley (1978), that in homogeneous
turbulence the “slow” part of the pressure diffusion term can be modeled as

−1
ρ

< pui >
(s)
,i =

1
5

< umumui >,i . (1.1)

Thus, a model for the turbulent diffusion can absorb only this “slow” term. The contri-
bution of the “rapid” part and the surface integral in the exact integral expression for
the pressure diffusion term (Chou 1945) should also appear in the modeled turbulent
kinetic energy transport equation.
Judging by DNS data, the term < pui >,j cannot be ignored in the transport equations

for Reynolds stresses and should be modeled as well as the pressure-strain term < pui,j >.
Thus, two models for the pressure-containing correlations are necessary, and splitting
the correlation < p,jui > into two parts becomes a disadvantage. The direct modeling
of the correlation < p,jui > is a natural choice. Here, models for the “rapid” part of the
velocity/pressure-gradient correlation in the Reynolds-stress transport equation (RSTE)
and of the pressure-diffusion term in the turbulent kinetic energy transport equation
(Poroseva 2000) are considered and tested against post-processed DNS data from a wake
and a mixing layer (Rogers & Moser 1994; Moser et al. 1998).

2. Model expressions

To derive the model for the “rapid” part of < p,jui > in inhomogeneous turbulence,
it was suggested by Poroseva (2000) to go back to the original idea of Chou (1945)
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and consider the exact integral expression for the velocity/pressure-gradient correlation
< p,jui >. This expression holds rigorously in an incompressible flow. For a compressible
flow, it works as an approximation. The “rapid” part of that expression can be written
as following:

−1
ρ

< p,jui >(r)= − 1
2π

∫ ∫ ∫ [
U ′

m,n < u′
nui >′

,m

]′
,j

1
r
dV ′. (2.1)

The prime “′” indicates that the quantities should be evaluated at a point P ′, with
coordinates x′

i, which ranges over the volume V ′, and r is the distance from point P ′ to
point P with coordinates xi. The correlation on the left-hand side of Eq. (2.1) is evaluated
at point P , whereas all derivatives on the right side are taken at P ′. The integrand in
Eq. (2.1) is non-zero only over the volume where the two-point correlation < u′

nui > (or
more precisely < u′

n,mui >) does not vanish. In other words, for a fixed point P , only
those points P ′ which lie within the length scale of the two-point correlation measured
from P , contribute to the integral in Eq. (2.1). If one assumes that the function U ′

m,n

varies more slowly than the two-point correlation within the volume determined by the
length scale of the two-point correlation, then, to the first approximation, we can rewrite
Eq. (2.1) as

−1
ρ

< p,jui >(r)= − 1
2π

Um,n

∫ ∫ ∫
< u′

nui >′
,mj

1
r
dV ′ (2.2)

(Chou 1945). Notice that this is not an assumption of turbulence homogeneity: all func-
tions are regarded as functions of space coordinates.
Chou (1945) suggested modeling the sum of the two pressure-containing correlations

as

Π(r)
ij = −1

ρ
(< p,jui > + < p,juj >)(r) = anmjiUm,n,

though no specific form for the tensor function anmji was derived in his work. The idea
to model not the sum, but each correlation separately, was applied for the first time to
the pressure-strain correlation < pui,j > by Rotta (1951). This idea has been found more
fruitful for the correlation < p,jui > also (Poroseva 2000) and it yields

−1
ρ

< p,jui >(r)= anmjiUm,n

and
Π(r)

ij = (anmji + anmij)Um,n,

where

anmji =
1
2π

∫
V ′

< u′
nui >′

,mj

1
r
dV ′.

In this way, more specific conditions can be imposed on anmji:
(i) symmetry in permutation of indices m and j;
(ii) from continuity: ammji = 0;
(iii) from Green’s theorem: anjji = 2 < unui >,

and a number of model coefficients can be eliminated. The final model expression for
anmji includes two coefficients:
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anmji = −1
5
(< uiuj > δmn+ < uium > δjn) +

4
5

< uiun > δjm + (2.3)

C1[
1
2
(< uiuj > δmn+ < uium > δjn)+ < uiun > δjm +

k(δijδmn + δimδjn)− < ujum > δin −
2(< ujun > δim+ < umun > δij)] +

C2[
1
2
(< uiuj > δmn+ < uium > δjn− < ujun > δim −

< umun > δij) + kδinδjm − 3
2

< ujum > δin].

Then the model for the “rapid” part of the pressure-containing term in the RSTEs is

Π(r)
ij = −1

ρ
(< p,iuj > + < p,jui >) = (2.4)

−
(
1
5
+
1
2
C1 + C2

)
(< uium > Um,j+ < ujum > Um,i)

+
(
4
5
− C1 − 1

2
C2

)
(< uium > Uj,m+ < ujum > Ui,m)

+k(C1 + C2)(Ui,j + Uj,i)− (4C1 + C2) < umun > Um,nδij .

Note that expression Eq. (2.4) is obtained with the assumption of flow incompressibility.
Thus terms in Eq. (2.3) that involve δmn make no contribution in Eq. (2.4).
Coefficients C1 and C2 are, in the general case, unknown functions of several param-

eters (see discussions in Lumley 1978; Reynolds 1987; Ristorcelli 1995; Girimaji 2000).
However, the behavior of these functions can be specified for some known limit states of
turbulence.
Setting < uiuj >= 2/3kδij it is easy to show that expression Eq. (2.3) satisfies, for any

values of the coefficients C1 and C2, the exact solution for isotropic turbulence subjected
to sudden distortion (Rotta 1951; Crow, 1968; Reynolds 1976)

anmji = k

(
8
15

δniδmj − 2
15
(δnmδji + δnjδmi)

)
.

In the case of homogeneous turbulence, an additional condition based on permutation
of the indices n and i can be imposed on Eq. (2.3). It results in the following relation
between model coefficients:

1
5
− 5
2
C1 − C2 = 0. (2.5)

Under the condition given by Eq. (2.5), model Eq. (2.4) for Π(r)
ij transforms to the known

model of Launder et al. (1975). Note that this connection between coefficients exists only
in a homogeneous flow, and does not hold in the general case.
Model Eq. (2.4) for Π(r)

ij is realizable. If < uαuα > (α = 1, 2, 3) are the eigenvalues of
the Reynolds-stress tensor, then we obtain the following realizability constraint

Π(r)
11 = 0, if < u1u1 >= 0
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corresponding to the limit state of two-component turbulence (Schumann 1977; Pope
1985; Shih et al. 1994). Index 1 is chosen arbitrarily. Writing Eq. (2.4) for Π(r)

11 , one gets

Π(r)
11 = 2k(C1 + C2)U1,1 + (−4C1 − C2) < umun > Um,n = 0

or

C1 = −C2
2kU1,1− < umun > Um,n

2kU1,1 − 4 < umun > Um,n
. (2.6)

Taking into account that among all eigenvalues only < u2u2 > and < u3u3 > are not
equal to zero and < u2u2 > + < u3u3 >= 2k as well as Um,m = 0, then Eq. (2.6) can be
rewritten as

C1 = −C2
U1,1(4k− < uβuβ >) + 2Uβ,β(k− < uβuβ >)

U1,1(10k − 4 < uβuβ >) + 8Uβ,β(k− < uβuβ >)
. (2.7)

where β = 2 or 3 (no summation on β). This condition is satisfied with C1 = C2 =
0, for instance, but it allows other solutions for specific turbulence states. Again, this
connection between coefficients is valid only in the two-component limit. Consideration
of two-component homogeneous turbulence is interesting itself and will be addressed in
the future. Here, we simply notice that Eq. (2.5) and Eq. (2.7) do not contradict each
other, but for specific turbulence states they fully define the set (C1, C2).
In the transport equation for the turbulent kinetic energy, model expression Eq. (2.4)

for Π(r)
ij contracts to a model for the “rapid” part of the pressure diffusion term with the

only model coefficient:

−1
ρ

< pui >
(r)
,i =

(
−3
5
+ Ck

)
P (2.8)

where

Ck =
15
2

C1 + 3C2. (2.9)

Here, P = − < uiuj > ∂Ui

∂xj
. The coefficient Ck is a function of the same parameters as

coefficients C1 and C2. In homogeneous turbulence, substitution of Eq. (2.5) in Eq. (2.9)
gives Ck = 0.6.
An important question in modeling the pressure diffusion term < pui >,i is whether

a model expression for this term should be of the diffusive type also. However, this
question addresses the complete model for < pui >,i, which includes “rapid”, ‘low”, and
“surface” parts in inhomogeneous turbulence, and does not apply to each part separately.
Only the “rapid” part is the concern of the present study. Moreover, the properties of a
model for < pui >,i should not be considered separately from a model for the trace of
the dissipative tensor εij . On the contrary, the physical assumptions and mathematical
approximations used in deriving the two models should be the same if the models are to
be consistent. This is the only way one can hope for inaccuracy in a model for one term
to be compensated for by a model for another term. In other words, the equality sign
stands not between each exact term and a model expression for it, but between the sum
of exact terms and the sum of models for them:

< pui >,i −ν < ui,jui,j >=
1
2
(Π(M)

ii − ε
(M)
ii ).
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With such an approach, the properties of the sum should be conserved in modeling rather
than the properties of each term separately. The commonly-used model εij = 2/3δijε is
not consistent with any known model for Πij to the author’s knowledge. More work
should be done in this direction.

3. Results

Post-processed DNS data for the wake (Moser et al. 1998) were used to evaluate terms
in the model expression Eq. (2.4). Eq. (2.8) was tested against DNS data in two flows:
the plane mixing layer (Rogers & Moser 1994) and the plane wake (Moser et al. 1998).
DNS data for the pressure diffusion in the turbulent kinetic energy balance (solid lines)
are compared with model profiles (dashed lines) in Fig. 1. Because at present DNS data
are not available separately for the “slow” and “rapid” parts of the pressure diffusion,
only evaluation of the joint performance of Eq. (1.1) and Eq. (2.8) is possible. Therefore,
inaccuracies of model Eq. (1.1), derived under the assumption of turbulence homogeneity
(Lumley 1978), are absorbed in the value of Ck. To calculate model profiles, DNS data for
the production and turbulent diffusion terms are used. The optimal value of the coefficient
Ck in Eq. (2.8) is determined by adjusting the maximum of a calculated profile to match
the maximum of the DNS profile. Its value was found to be equal to 0.52 in the mixing
layer (Fig. 1a) and 0.5 in the wake (Fig. 1b).
DNS profiles of Π(r)

12 , Π
(r)
11 , and Π

(r)
33 in the wake (solid lines) are compared to model

ones (dashed lines) in Fig. 2. Model profiles are obtained by substituting the DNS data
for the mean velocity and Reynolds stresses in the model expression Eq. (2.4) for Π(r)

ij .
The coefficient C1 = 0.4 was chosen by matching the calculated profiles to the DNS ones.
The value of C2, C2 = −5/6, is calculated from Eq. (2.9) using known Ck and C1. The
agreement between the DNS data and the calculated profiles is very good, except that
the levels of Π(r)

11 and Π(r)
33 are slightly overpredicted. One of the possible reasons for

this disagreement is the dependence of C2 on the coefficient Ck, which is not exact, but
absorbs the inaccuracies of the model for the “slow” part of the pressure diffusion.
It is important to clarify the question of the functional form of the coefficients Ck, C1,

and C2. Conditions Eq. (2.5) and Eq. (2.7) provide relationships between the coefficients
in particular limit states of turbulence, but do not indicate on what parameters the co-
efficients depend. This information can be partly drawn from DNS, experimental data,
and results from RANS calculations of classical self-similar free shear flows, equilibrium
boundary layers with and without pressure gradients, and separated flows. Such flows
were calculated by Poroseva (2000) and Poroseva & Iaccarino (2001), using the k-ε tur-
bulence model with the “rapid” part of the pressure diffusion term taken into account.
Good predictions for mean velocity, shear stress, friction coefficient, and turbulent kinetic
energy profiles were obtained in all test flows.
The value of Ck in Poroseva (2000) and Poroseva & Iaccarino (2001) is calibrated by

matching the non-dimensional turbulent kinetic energy level in the flow. Consequently, its
value depends on the conditions which determine that level. The turbulent kinetic energy
level is not unique even in the same flow. Indeed, it does appear from both experiments
and DNS (see discussion in Rogers & Moser 1994 and Moser et al. 1998) that, even in
geometrically-equivalent flow situations at the same Reynolds number, multiple asymp-
totic states are observed. This difference between alternative states manifests itself in
both the statistics and the flow structure. Under appropriate scaling, the mean-velocity
and shear-stress profiles are universal or near universal, but normal stresses and turbulent
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Figure 1. Partial turbulent kinetic energy balance: a) mixing layer, b) wake.
( ) calculated pressure diffusion profiles; ( ) DNS production,
( ) DNS pressure diffusion, ( ) DNS turbulent diffusion.

kinetic energy profiles are non-unique. DNS confirms that statistical differences reflect
the differences in the large-scale structure of turbulence, which depends strongly “on un-
controlled and possibly unknown properties of the initial or inlet conditions” (Moser et al.
1998). Also, large-scale structure is influenced by flow geometry, boundary conditions,
external forces etc. (Tsinober 1998). Among other factors connected with large-scale
structure are Reynolds number and flow geometry. The coefficient Ck seems to be influ-
enced by both factors. However, the database used by Poroseva (2000) and Poroseva &
Iaccarino (2001) does not facilitate distinguishing their influence on the coefficient value,
as data for different test flows were obtained at different Reynolds numbers.
On the other hand, the coefficient Ck is an explicit function Eq. (2.9) of the two

coefficients C1 and C2, which are linked to each other by Eq. (2.7) in the two-component
turbulence limit. Because mean velocity gradients are involved in that expression, a
functional dependence of Ck on velocity gradients could be expected. However, each test
flow was successfully reproduced with the same value of Ck. Moreover, mean velocity
gradients, like mean velocity components, appear not to be sensitive to initial or inlet
conditions, whereas large-scale structure and, as a result, the value of Ck strongly depend
on them. This suggests that although there may be some dependence of the coefficient
on mean velocity gradients, it seems to be of secondary importance in inhomogeneous
flow.

4. Conclusions

In the present research, model expressions for the “rapid” parts of the velocity/pressure-
gradient correlation in the RSTE and the pressure diffusion in the turbulent kinetic
energy transport equation (Poroseva 2000) were evaluated using DNS data. For the
velocity/pressure-gradient correlation such data are available in a wake (Moser et al.
1998). For the pressure diffusion, there exist DNS data in two flows: a wake and a mixing
layer (Rogers & Moser 1994; Moser et al. 1998). DNS data and calculated model profiles
agree very well.
The contribution of the “rapid” part of the pressure diffusion appears in the standard

k-ε equation through an additional model coefficient Ck. THere is probably some de-
pendence of the coefficient on mean velocity gradients, but it is apparently of secondary
importance. Each test flow was successfully reproduced with a constant value of Ck in
Poroseva (2000) and Poroseva & Iaccarino (2001). The value Ck = 0.6 can be rigorously
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Figure 2. “Rapid” part of velocity/pressure-gradient correlations in the Reynolds-stress
budget in the wake. ( ) DNS profiles, ( ) calculated profiles

derived for homogeneous turbulence. However, the optimum value of the coefficient in
inhomogeneous flows changes from flow to flow, depending on different factors controlling
the large-scale turbulence structure. Among these factors are initial or inlet conditions,
Reynolds number, flow geometry, and boundary conditions. These conditions make large-
scale structure non-universal, even in geometrically equivalent flow situations at the same
Reynolds number, as DNS and experimental data demonstrate. Moreover, it is not ob-
vious that all conditions controlling the large scales have been defined and, even if they
were known, the link between them and the large-scale structure they produce may not
necessarily be evident and predictable.
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