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An Eulerian level-set/vortex-sheet method for
two-phase interface dynamics

By M. Herrmann

1. Motivation and objectives

Two-phase interface dynamics play an important role in a wide variety of technical
applications, for example direct injection IC-engines, LOX/H2 rocket engines, or spray
painting. The dynamics at the interface determine the atomization process, i.e. the pro-
cess by which an initially-liquid jet or sheet is broken up into individual small drops. This
atomization process can be the rate-determining factor for combustion processes where
the fuel and/or the oxidizer are initially in liquid form. The correct physical modeling of
the atomization process, usually in a turbulent environment, is therefore crucial for the
overall simulation of such combustion systems.

The atomization process of liquid jets/sheets is usually divided into two consecutive
steps, the primary and the secondary atomization. The initial breakup of the liquid
jet/sheet into large and small structures is called the primary atomization, whereas the
subsequent breakup of these structures into ever-smaller drops is called secondary atom-
ization.

The objective of this paper is to lay down a framework for the development of a Large
Surface Structure (LSS) model to correctly describe the primary atomization process
in turbulent environments. To this end, a simplified system of equations describing the
instantaneous interface dynamics is derived, which forms the basis for the introduction
of filtering and the derivation of closure models in future work. Coupling of this LSS
model with both a subsequent spray model, describing the secondary atomization and
evaporation, and a Large Eddy Simulation (LES) turbulence model will provide a sound
physical model for the simulation of the entire atomization process.

In the present work, the simplified system of equations describing the instantaneous
interface dynamics is derived. Then, the employed numerical methods are presented.
Finally, the approach is validated by calculating vortex sheets without surface tension,
the linear regime of the Kelvin-Helmholtz instability, and its long-time behavior.

2. Governing equations

To simplify the following derivations and discussion, we will limit ourselves to the
two-dimensional case. The extension to three dimensions is straightforward.

The focus of this paper is the motion of the interface Γ between two inviscid, incom-
pressible fluids 1 and 2, as shown in Fig. 1. In this case, the velocity on either side
i of the interface Γ is determined by the incompressible Euler equations given here in
dimensionless form as

∇ · ui = 0 , (2.1)

∂ui
∂t

+ (ui · ∇)ui = −
1

ρi
∇p , (2.2)
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subjected to the boundary conditions at the interface Γ,

[(u1 − u2) · n]
∣

∣

∣

Γ
= 0 , [p2 − p1]

∣

∣

∣

Γ
=

1

We
κ , (2.3)

and in the far field,

lim
y→±∞

ui = (±U∞, 0)
T
. (2.4)

Here, n is the vector normal to the interface, We = ρrefu
2
ref/ΣLref is the Weber number, Σ

is the surface-tension coefficient, ρref , uref , Lref are reference density, velocity and length
respectively, and κ is the curvature of Γ. An interface subjected to the above boundary
conditions is called a vortex sheet; see Saffman & Baker (1979). Parameterizing the
interface location by

x(α, t)
∣

∣

∣

Γ
= (x(α, t), y(α, t))T

∣

∣

∣

Γ
, (2.5)

the velocity u at a point x away from the interface is given by

u(x, t) =

∫

Γ

η∗(α, t)ez ×
x− x(α, t)

|x− x(α, t)|2
dα , (2.6)

where η∗ is the unnormalized vortex-sheet strength and ez is the unit vector in the
third dimension. The normalized vortex-sheet strength η defines the jump in tangential
velocity across the interface Γ,

η =
η∗

∂αs
= [(u2 − u1) · t]

∣

∣

∣

Γ
, (2.7)

where t is the interface tangential vector and

∂αs =
∂s

∂α
=

√

(

∂x

∂α

)2

+

(

∂y

∂α

)2

(2.8)

is the arc-length metric. Combining (2.6) and (2.7), u can also be calculated from a line
integral of the vortex-sheet strength,

u(x, t) =

∫

Γ

η(s, t)ez ×
x− x(s, t)

|x− x(s, t)|2
ds . (2.9)

2.1. Lagrangian formulation

Parameterizing the interface by (2.5), denoting by uΓ the velocity on the interface calcu-
lated from the principal-value integration of (2.6), and assuming equal densities of both
fluids, the evolution equation for the interface location is given by

∂x

∂t
= uΓ , (2.10)

∂η∗

∂t
=

1

We

∂κ

∂α
. (2.11)

Equation (2.11) can be derived by combining the Euler equations (2.1) and (2.2) with the
boundary conditions (2.3)-(2.4) and the velocity at the interface (2.6); see for example
Baker et al. (1982); Hou et al. (1994).

2.2. Eulerian formulation

Instead of parameterizing the interface Γ by (2.5), the interface may also be represented
by the iso-surface of a scalar field G(x, t), as shown in figure 1. Setting
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Figure 1. Interface definition.

G(x, t)|Γ = G0 = const , (2.12)

G(x, t) < G0 in fluid 1, and G(x, t) > G0 in fluid 2, an evolution equation for the scalar
G can be derived by simply differentiating (2.12) with respect to time and using (2.10),

∂G

∂t
+ u · ∇G = 0 . (2.13)

This equation is called the level-set equation and goes back to Osher & Sethian (1988).
It is easy to see, that (2.13) is independent of the choice of G away from the interface.
However, to facilitate the numerical solution of (2.13), G is chosen to be a distance
function away from the interface, i.e.

|∇G|
∣

∣

∣

G6=G0

= 1 . (2.14)

Transforming (2.11) to an Eulerian frame results in

∂η∗

∂t
+ u · ∇η∗ =

1

We
∂αs∇κ · t . (2.15)

Making use of the level-set scalar G, the curvature κ can be expressed as

κ = ∇ · n = ∇ ·
∇G

|∇G|
, (2.16)

and the interface tangential vector t and normal vector n are

t =
1

|∇G|

(

∂yG
−∂xG

)

, n =
∇G

|∇G|
. (2.17)

Strictly speaking, (2.15) has physical meaning only at the location of the interface itself,
i.e. G = G0, since only there is the surface tension term on the right-hand side defined.
Again, as is the case for the level-set scalar G, a reinitialization operation for values away
from the interface should be prescribed. Here, the redistribution condition

∇η∗ · ∇G = 0 (2.18)

is used, setting η∗ = η∗
∣

∣

∣

G=G0

= const. in the direction normal to the interface.

Since (2.9) involves η instead of η∗ it is useful to derive a transport equation for the
vortex-sheet strength. To do this, the arc-length metric has to be expressed in terms of
the level-set scalar G. Following the arguments in Harabetian & Osher (1998), let us
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introduce a function φ, such that the pair (G,φ) forms an orthogonal coordinate system
near G = G0,

φ(x(α), t) = α . (2.19)

Differentiating (2.12) and (2.19) with respect to α and solving the resulting system leads
to

∂αx = J−1 (−∂yG, ∂xG)
T
, (2.20)

whereJ is the Jacobian of (G,φ),

J = ∂xG∂yφ− ∂yG∂xφ . (2.21)

Inserting (2.20) into (2.8) and abbreviating σ = |∇G|
∣

∣

∣

G=G0

results in

∂αs =
1

|J |
σ . (2.22)

A transport equation for J has been derived by Harabetian & Osher (1998). In the case
analyzed here, this reduces to

∂J

∂t
+ u · ∇J = 0 . (2.23)

The evolution equation for σ can be derived by applying the ∇ operator to (2.13) and
multiplying the resulting equation with n = ∇G/|∇G|, which yields

∂σ

∂t
+ u · ∇σ = − (n ·∇u · n)σ . (2.24)

Finally, combining this equation with (2.7), (2.15), (2.22), and (2.23) gives, after some
algebraic manipulations, the transport equation for the vortex-sheet strength η

∂η

∂t
+ u · ∇η = (n ·∇u · n) η +

1

We
∇κ · t . (2.25)

Here, the terms on the left-hand side describe temporal changes and convective transport,
respectively. The first term on the right-hand side describes the effect of stretching of the
vortex sheet and the second term accounts for the influence of surface tension. Again, the
above equation has meaning only at the interface location itself. Away from the interface,
the redistribution equation

∇η · ∇G = 0 (2.26)

is employed.
Finally, to close the system of (2.13) and (2.25), the velocity u has to be calculated

from the vortex-sheet strength η. Two different approaches can be used to evaluate this
coupling. First, u can be evaluated by a surface integral according to (2.9). Noting that
any surface integral along G = G0 can be transformed to a volume integral by

∫

Γ

f(s)ds =

∫

V

f(x′)δ (G(x′)−G0) |∇G(x
′)|dx′ , (2.27)

where δ is the delta function, (2.9) can be rewritten as

u(x, t) =

∫

V

η(x′, t)ez ×
x− x′

|x− x′|2
δ (G(x′)−G0) |∇G(x

′)|dx′ . (2.28)

Using the latter formulation has the advantage that no explicit reconstruction of the
interface location from the level-set scalar field is required. It should be pointed out
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however that (2.9) and (2.28) are computationally expensive since they involve a surface
integration volume integration, respectively, for each grid node near the interface.

Second, following the vortex-in-cell approach, see Christiansen (1973), the velocity u

can be calculated from a stream function ψ,

u(x, t) =

∫

V

δ(x− x′) (∂yψ(x
′, t),−∂xψ(x

′, t))
T
dx′ , (2.29)

where ψ is given by

4ψ(x, t) = ω(x, t) , (2.30)

and the vorticity ω is

ω(x, t) =

∫

Γ

η∗(α, t)δ(x− x(α, t))dα =

∫

Γ

η(s, t)δ(x− x(s, t))ds , (2.31)

see Cottet & Koumoutsakos (2000). Using this vortex-in-cell approach significantly speeds
up the computation of the velocity u as compared to the integral formulation (2.9)
respectively (2.28). Employing (2.27) the above relation can be rewritten as

ω(x, t) =

∫

V

η(x′, t)δ(x− x′)δ (G(x′)−G0) |∇G(x
′)|dx′ . (2.32)

The inclusion of the apparently superfluous integration over a delta function in (2.29)
is in fact necessary to allow for a consistent numerical spreading operator, (2.32), and
interpolation operator, (2.29), operator. Again, (2.32) is preferable to (2.31), because no
reconstruction of the exact interface location is needed.

To summarize, (2.13), (2.25), and either (2.9), (2.28), or (2.29), form the system of
equations describing the interface dynamics.

3. Numerical method

The system of equations describing the interface dynamics is solved on an equidistant,
cartesian grid. However, instead of solving the equations everywhere in the whole compu-
tational domain, a tube approach is employed to significantly speed up the computations.
Following arguments by Peng et al. (1999), five distinct tubes around the G = G0 level
set, called the I, I2, B,, T and N tubes are introduced. A grid node (i, j) lies in a specific
tube, when

(i, j) ∈























I if |Gi,j | ≤ αI∆x
I2 if |Gi,j | ≤ 2αI∆x
B if |Gi,j | ≤ αB∆x
T if |Gi,j | ≤ αT∆x
N if any (i0, j0) ∈ T with i0 ∈ [i− 3, i+ 3] , j0 ∈ [j − 3, j + 3]

(3.1)

with ∆x the grid size and typically αI = 4, αB = αI + 3, and αT = αB + 3. The use of
the individual tubes will be discussed in the following sections.

3.1. Convective terms

The level-set equation (2.13) is a Hamilton-Jacobi equation. In this work, the fifth-order
WENO scheme for Hamilton-Jacobi equations of Jiang & Peng (2000) is used. A Roe
flux with local Lax-Friedrichs entropy correction is employed to solve both the level-set
equation and the convective term of the η equation (2.25), see Shu & Osher (1989) and
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Osher & Shu (1991). Integration in time is performed by the third-order TVD Runge-
Kutta time discretization of Shu (1988).

Solution of the convective terms is restricted to the T -tube, where, as suggested by
Peng et al. (1999), u in (2.13) and (2.25) is replaced by

ucut = c(G)u , (3.2)

with the cutoff function

c(G) =















1 : |G| ≤ αB∆x
(|G|/∆x− αT )2(2|G|/∆x+ αT − 3αB)

(αT − αB)3
: αB∆x < |G| ≤ αT∆x

0 : |G| > αT∆x

. (3.3)

This ensures that no artificial oscillations are introduced at the T -tube boundaries.

3.2. Source terms

Both the stretching term and the surface-tension term in the η equation (2.25) constitute
simple source terms and are integrated in time within the convective TVD Runge-Kutta
scheme. Evaluation of the source terms is limited to the T -tube.

3.3. Reinitialization

The reinitialization procedure employed here to solve (2.14) is the one originally proposed
by Sussman et al. (1994), where the Hamilton-Jacobi equation

∂H(x, t∗)

∂t∗
+ S (H(x, t∗)) (|∇H(x, t∗)| − 1) = 0 , xi,j ∈ N (3.4)

H(x, t∗ = 0) = G(x, t)−G0 (3.5)

is solved until

||H(x, t∗)−H(x, t∗ −∆t∗)||∞ < ε1 , xi,j ∈ B (3.6)

with, typically, ε1 = 10−3∆x. In (3.4), S(H) is an approximation to the sign function. As
pointed out by Peng et al. (1999), the choice of this approximate sign function is crucial
to minimize undesired movement of the H(x, t∗) = G0 interface while solving (3.4). Here,
we will use the approximate sign function by Peng et al. (1999),

S(H) =
H

√

H2 + |∇H|2(∆x)2
(3.7)

with a second-order central-difference approximation for ∇H. Equation (3.4) is solved
by the fifth-order WENO scheme used to solve the convective terms, but employing a
Godunov flux function instead of the Roe-LLF flux function. Again, the solution in time
is advanced by the third-order Runge-Kutta scheme.

Reinitialization is limited to the N -tube, which is three cells larger in each direction
than the T -tube. Peng et al. (1999) proposed an extension of the T -tube by only one
cell. However, it was found, that this still might introduce fluctuations in the solution.
The convergence criterium (3.6) is evaluated only inside the B-tube.

3.4. Redistribution

The redistribution procedure employed here to solve (2.26) is that described by Chen &
Steen (1997) and Peng et al. (1999). The Hamilton-Jacobi equation

∂ϑ(x, t∗)

∂t∗
+ S (G(x, t)−G0)n(x, t) · ∇ϑ(x, t

∗) = 0 xi,j ∈ T , (3.8)
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ϑ(x, t∗ = 0) = η(x, t) (3.9)

is solved using a first-order-upwind flux approximation and a simple first-order time
advancement until

||δ(G(x, t)−G0)[ϑ(x, t
∗)− ϑ(x, t∗ −∆t∗)]||∞ < ε2 · ||η(x, t = 0)||∞ , xi,j ∈ I (3.10)

with typically ε2 = 10−4. This specific convergence criterion ensures convergence of the
vorticity ω, see (3.17). The sign function in (3.8) is again approximated by (3.7).

Solution of (3.8) is limited to the T -tube, whereas the convergence criterion (3.10) is
evaluated only within the I-tube.

3.5. Velocity evaluation

Three different methods, denotedM1 throughM3, are used to calculate the velocity u.
MethodM1 is based on the line integral (2.9), whereas methodsM2 andM3 are based
on the vortex-in-cell approach, employing (2.31) and (2.32) respectively.

3.5.1. Line-integral formulation

Equation (2.9) is used to calculate the velocity u at every grid point in the T -tube.
The problem that the integral can become singular for x(s) → x is circumvented by
adding a positive constant 4ε2 to the denominator as proposed by Krasny (1986). For
interfaces periodic in the x-direction, (2.9) can be transformed to

u(x, y, t) =
1

2

∫ L

0

η(s, t)
sinh 2π(y − y(s, t))

cosh 2π(y − y(s, t))− cos 2π(x− x(s, t)) + 4ε2
ds , (3.11)

v(x, y, t) =
1

2

∫ L

0

η(s, t)
sin 2π(x− x(s, t))

cosh 2π(y − y(s, t))− cos 2π(x− x(s, t)) + 4ε2
ds , (3.12)

see Milne-Thomson (1968). The above equations are solved by first reconstructing the
location of the interface G = G0 in each grid cell containing it. Grid cells containing part
of the interface are easily identified by

¬

(

min
i∗∈[i,i+1],j∗∈[j,j+1]

Gi∗,j∗ > G0 ∨ max
i∗∈[i,i+1],j∗∈[j,j+1]

Gi∗,j∗ < G0

)

. (3.13)

The entry and exit coordinates of the interface into these cells are calculated by approx-
imating G by cubic splines along the grid lines. The interface shape itself is assumed to
be a straight line connecting the entry and exit points in each cell. The integration along
these lines is performed by five-point Gaussian quadrature, with η at the quadrature
points calculated from two-dimensional third-order B-splines. This approach to calculate
the velocity by line integration will be called method M1.

The disadvantage of using methodM1 is the fact that it is computationally expensive
and that the interface location must be reconstructed, thus in effect losing one of the
benefits of the level-set approach.

3.5.2. Laplace formulation

In order to solve the Laplace equation for the stream function (2.30), the vorticity at
each grid point in the computational domain has to be calculated by a numerical version
of either (2.31) or (2.32). Approximating the δ function by a smoothed version, the
vorticity, located solely at the interface location, is in fact spread out to the neighboring
grid nodes. Hence, this approach is similar to the vortex-in-cell method that spreads the
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vorticity of Lagrangian vortex particles to their surrounding grid nodes. Quite a number
of spreading functions have been proposed to this end; see Ebiana & Bartholomew (1996).
Here we will use

δ(x− x(s)) = δε(x− x(s))δε(y − y(s)) , (3.14)

δ(G(x′)−G0) = δε(G(x
′)−G0) , (3.15)

with δε as proposed by Peskin (1977)

δε(x) =

{

1

2ε

[

1 + cos
(πx

ε

)]

: |x| ≤ ε

0 : |x| > ε
, (3.16)

and ε = αI∆x.
If the vorticity is calculated by (2.31), the integration along the interface is calculated

in the same way as for method M1 described in section 3.5.1. The above approach will
be called method M2.

Using (2.32), called method M3 below, avoids the necessary reconstruction of the
interface location in method M2. The integration itself is performed by first evaluating

Ω(x′, t) = η(x′, t)δ (G(x′)−G0) |∇G(x
′)| (3.17)

for all cells within the I-tube, and then integrating

ω(x, t) =

∫

V

δε(x− x′)Ω(x′, t)dx′ . (3.18)

for all cells within the I2-tube by a simple midpoint rule.
The Laplace equation (2.30) for the stream function is solved by the package FISH-

PACK throughout the whole computational domain.
The calculation of the velocity from the stream function is again a two-step process.

First, an initial velocity U is calculated at each grid node by simple central-difference
approximation,

Ui,j =

(

ψi,j+1 − ψi,j−1
2∆y

,−
ψi+1,j − ψi−1,j

2∆x

)T

. (3.19)

Secondly, in order to be consistent with the spreading step of the vorticity (3.18), the
same δε and numerical-integration method has to be used in the interpolation step to
calculate u,

u(x, t) =

∫

V

δε(x− x′)U(x′, t)dx′ , (3.20)

evaluated within the T -tube.

4. Results

Two different cases have been calculated to validate the approach proposed in this
paper. First, vortex sheets without surface tension were calculated. Secondly, the Kelvin-
Helmholtz instability was calculated both to determine the linear growth and to evaluate
the long-time evolution of the interface.

4.1. Vortex sheets

Pure vortex sheets constitute a special class of two-phase interfaces in that they do
not exhibit any surface-tension forces and thus have constant unnormalized vortex-sheet
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Figure 2. Temporal evolution of the vortex sheet, 256× 256 grid, method M3, ε = 8∆x.
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Figure 3. Vortex sheet at t = 4, 256× 256 grid, method M3, ε = 32∆x (left), ε = 16∆x

(center), ε = 8∆x (right).

strength η∗; see (2.11). An initially-sinusoidal perturbed planar interface exhibits a char-
acteristic central roll-up region; see Krasny (1986). The initial conditions used here are
those of Krasny (1986), where the initial shape of the interface

x(α, t = 0) = α+A0 sin 2πα , (4.1)

y(α, t = 0) = +A0 sin 2πα , (4.2)

is represented by the initial G field

G(x, t = 0) = y −A0 sin

(

2π

L

[

x−A0 sin
2π

L
x

])

, (4.3)

with initial amplitude A0 = 0.01, interface length L, and

ηVS(x, t = 0) =
η∗

√

1 +
4πA0
L

cos
2π

L
x+ 2

[

2πA0
L

cos
2π

L
x

]2
(4.4)

with η∗ = 1. Calculations were performed in a 1 × 1 box on an equidistant 256 × 256
cartesian grid with periodic boundary conditions at the left and right, and slip walls at
the bottom and top.

Figure 2 shows the temporal evolution of the vortex sheet with ε = 8∆x and velocity-
calculation methodM3. Similar to the findings of Krasny (1986), reducing the spreading
factor ε generates ever more turns in the central core region, while retaining the outer
shape of the roll-up region; see figure 3, where ε is reduced from ε = 32∆x down to
ε = 8∆x. The maximum number of possible turns is limited by the single-valued nature
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Figure 4. Growth rates w̄ for 128× 128 (left) and 256× 256 (right) grid and method M1,
ε = 0 (◦ ); M1, ε = 4∆x ( ); M2, ε = 4∆x (4); M3, ε = 4∆x (∇), and linear theory (line).

of the level-set scalar; since no two interface fronts may exist in the same grid cell,
automatic merging and hence pinching will occur. The number of turns generated in the
central core region is less than those achieved by Krasny (1986) with a vortex-blob method
or Tryggvason (1989) with a vortex-in-cell method, but is comparable to those reported
by Harabetian et al. (1996) and Peng et al. (1999) using a level-set-based approach.

4.2. Kelvin-Helmholtz instability

4.2.1. Linear growth

Calculations of the linear growth rate of the Kelvin-Helmholtz instability are initialized
by the sinusoidal perturbed planar interface (4.3) and a modified distribution of vortex-
sheet strength taking the effect of surface tension into account,

η(x, t = 0) = β (ηVS(x, t = 0)− η∗) + η∗ , (4.5)

where β is chosen such that the initial normal-velocity profile at G = G0 calculated by
method M1 and ε = 0 is that of the linear solution; see Chandrasekhar (1961). The
boundary conditions are those of the vortex-sheet calculation.

Figure 4 shows the calculated growth rates w̄,

w̄ =
1

t1

∫ t1

0

w(t)dt , (4.6)

for an initial amplitude of A0 = 0.0001 for both the 128 × 128 (left) and the 256 × 256
(right) grid case. Here, t1 is chosen to be either t1 = 1 or, for larger Weber numbers,
the time when smaller wavelengths start to visibly pollute the linear solution. Although
the calculated growth rates are generally less than linear theory predicts, the agreement
between linear solution and numerical simulation is good. The calculated growth rate
is smaller due to the spreading operation of the vorticity in methods M2 and M3, and
the de-singularization of the surface integral in method M1, respectively. Setting the
de-singularization factor to ε = 0 for method M1 (circles) shows excellent agreement
with the linear solution. Setting ε = 0 is viable here, since for t ≤ t1 the interface does
not come close to a grid node, thus the fractions in (3.11) and (3.12) stays finite.

4.2.2. Long-time evolution

Figure 5 shows snapshots of the interface for the long-time evolution of the Kelvin-
Helmholtz instability for Weber numbers We = 100 and We = 400. Here, a 128×256 grid
for a box of size 1×2 was used with the same boundary conditions as for the vortex-sheet
calculation.
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Figure 5. Interface at t = 2.5, 5, and 7.5 for We = 100 (top) and 400 (bottom), method M3.

The results obtained are similar to those reported by Hou et al. (1997) who used a
vortex-point method. As can be seen in the We = 400 case, pinching events occur and
drops are formed.

5. Conclusions and future work

An Eulerian level-set/vortex-sheet method has been presented that allows for the cal-
culation of two-phase interface dynamics taking surface-tension effects into account. This
method shows good agreement with the linear theory of Kelvin-Helmholtz instability and
is able to automatically handle complex topology changes of the interface, such as pinch-
ing and merging. Future work will extend the method to three dimensions, include the
effect of different fluid densities, and introduce a coupling to an ambient turbulent ve-
locity field. The presented method lays down a framework for the derivation of a Large
Surface Structure model of the primary atomization interface dynamics in turbulent flow
fields. The derivation of closure models for filtered versions of the equations presented
will also be the focus of future work. Coupling of the presented method with a subsequent
spray model for secondary atomization and evaporation will be achieved by combining
the level-set approach with a transport equation for a volume of fluid scalar. Finally,
coupling with an LES turbulence model will yield a consistent approach describing the
complete atomization process, suitable for engineering applications.
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