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1. Motivation and objectives
The effects of blood flow turbulence are of great clinical importance in both medical
and surgical areas. For example, several biological research fields have focused on the
role played by turbulence on cell and tissue behavior, It is now well established that
the transition to turbulence is expected to be dependent on flow pulsatility and on the
nature of the arterial wall. There is evidence suggesting that the effect of pulsatility on
transition to flow turbulence is common in a wide variety of arterial flows and several
studies support this view (Winter 1984; Ku 1997). In addition, the presence of an intraarterial singularity such as a stenosis, an aneurysm or a thrombosis is known to greatly
increase the probability of transition to turbulence downstream of the singularity.
In the study of vascular physiology, Nerem (1993) demonstrated the decrease of cell
proliferation and the alteration of cell morphology when vascular endothelium is exposed
to laminar shear stress. This laminar blood flow induces endothelial cells to exhibit
a non-reactive phenotype. Davies et al. (2001) demonstrated in vitro that disturbed
flows induce greater variability of gene expression from cell to cell than do undisturbed
laminar flows. Microgravity experiments have shown that the low-turbulence culture
environment (simulated with the NASA Bioreactor) promotes the formation of large,
three-dimensional cell clusters and has provided insight into better understanding of
normal and cancerous tissue development (Gao et al. 1997; Radin et al. 2001). Because
high turbulence levels can damage cells (Davies et al. 1986), the determination and
control of the turbulence levels that optimize expression of differentiated function and
tissue development is of great importance.
At a larger vascular scale, the location of atherosclerotic lesions near branches, bifurcations, and curvatures of arteries has long been identified. For instance, Ku et al. (1985)
found a strong correlation between flow disturbances and arterial susceptibility to the
development of atherosclerosis plaque. Tsao et al. (1996) demonstrated that the effects of
flow in inhibiting atherogenesis appear to be mediated in part by the endothelium-derived
nitric oxide (NO). Bluestein et al. (1999, 2000) demonstrated the correlation between the
generation of shed vortices downstream of an arterial singularity, and with both the local
platelet deposition and the free emboli of platelet aggregates. These local hemodynamics
are widely believed to impact vascular diseases, from the development and progression of
vascular lesions to the production of the thromboemboli and the cholesterolemboli that
cause heart attacks and strokes.
For all of these reasons, but not limited to, the analysis of the intra-vascular blood
flow behavior requires a much better understanding under simulated and physiological
conditions, with the needed development of devices and tools to accurately determine
the turbulence levels of blood flow in real-time.
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For this purpose, an ideal system to study is the generation of turbulence downstream
of a singularity: the generated turbulence is strong and, has in many various fields,
important implications of increasing the accuracy of real-time detection procedures.
In biology and medicine there are usually differences amongst individuals when studying the time evolution of physiological parameters of a non-pathological human group.
Therefore, the use of dimensionless numbers to describe biological flow disturbances is of
higher relevance in conducting biological research flow studies. Since a Reynolds’ number
(Re) is usually defined for steady flow through rigid tubes, it may not reflect the actual
fluid behavior of intra-vascular pulsatile flow. The Womersley’ number (W o) which includes the pulsatile and frequency behavior of the flow is a better parameter, but has the
same limitation as Re. Because biological fluid dynamics invariably involves the interaction of visco-elastic and active tissue with viscous incompressible non-Newtonian fluid,
this interaction can not be neglected in biological fluid mechanics research and computation of biological models, as pointed out by Peskin et al. (1995) with the immersed
boundary method; and considered in their studies by Ye et al. (1999).
Since Leonardo Da Vinci’s studies of cardiovascular systems by using a simple aortic
glass model to simulate flow dynamics (Gharib et al. 2002), - 400 years ahead of Osborn
Reynolds’ famous pipe flow visualization studies -, the real-time detection of blood flow
behavior has gained more and more importance. This requires non-invasive and safe
vascular imaging techniques of the highest resolution in space and time. Since Schmidt
et al. (1970), significant advances in ultrasonic flow measurements have been made.
Ultrasonics are widely used in both medical and surgical areas (Cloutier et al. 1990), and
this device demonstrated in fluid mechanics its utility where opaque flow fields preclude
the use of optically-based diagnostic tools (Johari et al. 1998; Nowak 2002).
When analysing a scientific image, the main goal is to describe it quantitatively. This
goal is difficult to achieve without the use of mathematical tools because human interpretation can often be subjective. Recently, there has been increasing interest in the study
of scaling behavior in irregular objects: the velocity field of fully developed turbulent
flows (Farge et al. 1988; Meneveau 1991; Muzy et al. 1991; Frisch 1995; Arnéodo et al.
1995), financial time-series (Mantegna et al. 2000), telecommunication traffic (Abry et al.
2002), medical time-series (West 1990), random walks associated with DNA sequences
(Arnéodo et al. 1996).
Adapting the methodology of Farge (1992); Arnéodo et al. (1995), and in order to
analyze scaling behavior and singularities in pulsatile blood flows as previously done by
May et al. (2001a,b, 2002), the goal of this study is to use the wavelet signal processing
strategy on bidimensional vascular data:
• In part I, adapting the work of Farge (1992) & later Kailas et al. (1999), the basic
methodology is outlined to examine the 2D wavelet transform of vascular flow images
at various scales, especially when the images indicated the presence of intervals during
which the blood flow pattern downstream of the lesion contains shedding vortices. Kailas
et al. (1999) made this analysis from images taken of a mixing layer (Roshko 1954;
Bloor 1964).
• In part II, adapting the work of Arnéodo et al. (1995) & Haase (2000), the wavelet
transform modulus maxima (WTMM) method is applied on the same data for extracting
singularities of the velocity field by analyzing all vertical 1D cross sections of each image
(Figure 1).
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Figure 1. Turbulence induced by an ulcerated plaque located in a carotid artery and imaged
by Doppler ultrasound (General Electric Corporation, LaConte (2002)).

2. Methods
2.1. Ultrasound data used
Ultrasound datasets were recorded upstream and downstream of an ulcerated atherosclerosis plaque located in the human carotid artery (LaConte 2002). The basic variable of
the images, f (x) is the grey-scale intensity correlated with the blood flow velocity, and x
is the two-dimensional position vector. The images were digitized with 512 × 128 pixels
and 8 bit accuracy providing 256 grey levels of image intensity.
2.2. The Fourier transform
The Fourier transform has long been a principle analytical tool in various fields such as
linear systems, optics, probability theory, quantum physics, antennas, and signal analysis.
This mathematical tool originally was used for analysis of stationary signals and systems.
The Fourier transform, with its wide range of applications, like many other mathematical
tools, has its limitations. For example, this transformation cannot be applied to nonstationary signals. These signals have different characteristics at different times or space
coordinates. The modified version of the Fourier transform, referred to as short-time (or
time-variable) Fourier transform, can resolve some of the problems associated with nonstationary signals but does not address all the issues of concern. The Fourier transform
is a classical tool for measuring the regularity of a function f (x) by investigating the
asymptotic decay of its Fourier transform fˆ(w) as w → ∞. However, since all local
information is unlocalized by the Fourier transform, the asymptotic decay can only give
overall information about singularities within the interval considered.
2.3. The wavelet transform
By definition, wavelet analysis acts as a mathematical microscope which allows one to
zoom in on the fine structure of a signal, or, alternatively, to reveal large scale structures
by zooming out. Therefore, when a signal or a process contains some form of scale invariance or some self-reproducing property under dilatation, wavelets are useful in identifying
them. The wavelet transform (WT) of a real valued function f , according to the analysing
mother wavelet ψ, is defined as the convolution product of the scaled and shifted mother
wavelet ψ with f (x) (Goupillaud et al. 1984),
1
Tψ [f ](a, b) =
a

+∞
Z
x−b
f (x)ψ(
)dx,
a

−∞

(a, b ∈ R, a > 0)

(2.1)
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Figure 2. The Mexican hat mother wavelet.

The wavelet transform (WT) decomposes a signal f (x) ∈ L2 (R) hierarchically in terms
of elementary components ψ( x−b
a ), which are obtained from a single mother function ψ(x)
by dilatations and translations. Here a denotes the scale parameter and b is the shift
parameter. The crucial point is to choose ψ(x) to be well localized both in physical and
Fourier space. In contrast to Fourier analysis, the WT does not lose information about
the position of transient phenomena and irregular structures. In order to detect singular
behavior one has to choose an analyzing wavelet ψ(x) that is orthogonal to polynomials
of up to order n. The first n moments of ψ(x) are vanishing (Mallat et al. 1992).
+∞
Z
xk ψ(x)dx = 0,

−∞

(0 ≤ k < n)

(2.2)

2.4. The Gaussian functions
A very common way to build admissible wavelets of arbitrary order n is to successively
differentiate a smoothing function. Confining to singularities, a family of real valued
wavelets constructed from a Gaussian distribution ψ0 (x) has proven to be very effective
and has good scale-space localization,
ψ0 (x) = e−x

2

/2

,

ψn (x) =

dn
ψ0 (x),
dxn

(n ∈ Z)

(2.3)

The mother wavelet adopted here is the second derivative of the Gaussian function:
the Mexican hat (Figure 2), which was the first function used to computationally detect
multiscale edges (Witkin 1983),
ψ(x) = (1 − x2 )e−(x

2

)/2

,

(2.4)

The wavelet transform is successfully applied to non-stationary signals for analysis and
processing and provides new techniques which deserve special attention in the area of
fractal analysis and synthesis since they can be used to extract microscopic information
on their scaling properties. Fractals have a complex geometrical shape and are charac-
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terized by a non-integer dimensionality defined as follows: the minimum number N of
balls of size ε required to cover the set completely behaves like,
N (ε) ∝

1
,
εD

(ε → 0)

(2.5)

where D is the f ractal dimension.
In this respect, every point is associated with a singular behavior. Fractals are invariant
under a group of self-affine transformations including translations and dilatations which
are the basic operations in wavelet theory.
2.5. Detection of signal singularities
A standard way of characterizing irregular distributions is to extract macroscopic information about the underlying hierarchical structure and to statistically describe the
scaling properties using concepts such as the generalized fractal dimensions D and the
multifractal spectrum f (α). Wavelet analysis represents a generalization of the standard
box-counting technique. It allows the estimation of the entire spectrum of singularities
D(h) (h is the Hölder exponent) of fractal distributions as well as functions.
In order to locally characterize the irregularity of an object, one generally uses the
notion of Hölder exponent h. This exponent can be seen as a measurement of the strength
of the singularity behavior of a given function f (x) around a given point x = x 0 . It is
defined as the greatest exponent h so, that f is Lipschitz h at x√
0 , and x0 is a singularity
called cusp with Hölder exponent h(x0 ). For example, f (x) = x has a cusp at x0 = 0
with Hölder exponent h(0) = 1/2, the Heaviside function has a “jump”at x 0 = 0 with h(0)
= 0. In that sense, the Hölder exponent generalizes the notion order of dif f erentiability
and measures the strength of irregularities in the function or in its derivative. f is said
to be Lipschitz h at x0 if and only if there exists a constant C and a polynomial P (x)
of order smaller than h so that, for all x in a neighborhood of x0 (Mallat 1998),
|f (x) − P (x − x0 )| ≤ C|x − x0 |h .

(2.6)

The higher the exponent h(x0 ), the more regular the function f. In the case where f is
made up of an accumulation of singular behavior (which is the case in a fractal function),
the direct estimation of h(x0 ) and the estimation of the singularity spectrum D(h) of
a singular function f , requires the multifractal formalism (Frisch 1995; Arnéodo et al.
1995), which provides a “global”method for estimating this singularity spectrum based on
the computation of a partition function. It can be shown (Mallat et al. 1992) that for cusp
singularities, the location of the singularity can be detected, and the related exponent
can be recovered from the scaling of the WT along the so-called maxima line, converging
towards the singularity. This is a line where the WT reaches local maximum (with respect
to the position coordinate). Connecting such local maxima within the continuous wavelet
transform “landscape”gives rise to the entire tree of maxima lines. It incorporates the
main characteristics of the WT: the ability to reveal the hierarchy of (singular) features,
including the scaling behaviour. This Wavelet Transform Modulus Maxima (WTMM)
tree has been used for defining the partition function based multifractal formalism,
Z(q, a) =

X
i

|Tψ [f ](xi (a), a)|q ,

where q are the moments of the measure distributed on the WTMM tree.

(2.7)
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Figure 3. Vortex street induced by an ulcerated plaque located in a carotid artery and
imaged by Doppler ultrasound (General Electric Corporation, LaConte (2002)).
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Figure 4. Wake induced by an ulcerated plaque located in a carotid artery and imaged by
Doppler ultrasound (General Electric Corporation, LaConte (2002)).
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Figure 5. Singularity spectrum of a vertical cross section, (analysing wavelet ψ2 ).

Arnéodo et al. (1995) demonstrated that all the local maxima xi (a) of |Tψ [f ](x, a)|
can be considered as a function of x and proved that, for a large class of fractal functions,
Z(q, a) follows a power law scaling
Z(q, a) ∼ aτ (q) ,

a → 0+

(2.8)

The Z(q, a) is the partition function of the q-th moment of the measure distributed
over the wavelet transform maxima at the scale a considered and the exponents τ (q) are
related to the D(h) singularity spectrum (Figure 5) through the Legendre transform
D(h) = minq (hq − τ (q)).

(2.9)

Haase (2000) successfully applied the WTMM method to turbulent data from an
axisymetric jet with helium at low temperature (Chabaud et al. 1994) previously used
to analyze turbulent intermittency. The range of Hölder exponent h was between 0 and
0.8, with the most frequent exponent h found for the maximum of the spectrum close to
the classical Kolmogorov value of 1/3.

Wavelet analysis of ultrasound data

357

3. Results
3.1. First description of the ultrasound data used
A Doppler ultrasound image of an ulcerated plaque located in the wall of a carotid artery
is shown in Figure 1. The velocity blood flow is digitized with a lighter shade of gray
scale. The real-time analysis of the blood flow behavior during each heart cycle, indicates
the presence of intervals during which the blood flow pattern downstream of the lesion
contains shedding of vortices. Upstream of the lesion, the flow is radially uniform except
in the boundary layer near the wall of the artery. As reported by Owsley (2000), the flow
of the plaque is wave-like with a velocity variation wavelength that can be related, under
ideal static lesion symmetry conditions, to the Strouhal vortex shedding rate frequency,
fs = S(vp /dp )(Ap /Ac )1.5 . Here S = 0.2 is the Strouhal number (S = fs .dp /vp ), vp is the
average upstream flow velocity, dp is the proximal artery diameter, Ap and Ac are the
proximal and lesion-constrained artery cross sectional areas respectively (Owsley 2000).
In practice, the lesion morphology is neither symmetric nor static in time. For d p =
3.18 mm, using the ranges of values 30 < vp < 60 cm/s and 2 < (Ap /Ac ) < 9, the
vortex shedding frequencies are ranged between 50 and 1000 Hz (Owsley 2000). This
downstream turbulence dissipates blood flow kinematic energy to the artery wall through
boundary layer effects and is able to promote morphological changes of the cellular tissue
surrounding the artery. Using these velocity values, the estimated Reynolds number in
two smooth and rectilinear pipes with a diameter of 3 to 5 mm is respectively 239 Remin
and 795Remax . With ρ = 1060 kg/m3 and µ = 0.004 kg/(m.s).
In a purely oscillating case, according to Hino et al. (1983), the oscillating flow remains
stable for Re < 400, for 400 < Re < 800 the flow undergoes a periodically transition
between laminar and turbulent states; finally, it becomes fully turbulent for Re > 800.
3.2. Part I: the 2D wavelet transform
The WT was used on ultrasound images taken at the middle of a heart cycle when the
existence of blood flow coherent structures, mostly generated downstream of a singularity,
is unambiguous. Figures 3 and 4 depict two different states of the shedding vortices
produced and the WT at three different scales (0.1, 2 & 6). In addition, the isolines of
each WT were represented to clarify our purpose. At the smallest scale a = 0.1, the fine
scale structure is apparent and in comparison with the raw data the coherent structures
are easily identified. However as a increases we can easily identify, at each scale, the
regions of stronger and weaker gradients. In Figure 3 the vortices (white cross) and the
connectedness between them are clearly shown for the scales larger than a = 2. In Figure
4 the connectedness of the two main wakes are evident in the raw data. Again for scales
larger than a = 2, a discontinuity is observed between the two main wakes. The same flow
characteristics were seen for all the images taken at the middle of a heart cycle. These
results demonstrated that the WT captures the profile of the sharp density gradients
more clearly than the raw data.
3.3. Part II: singularity signal analysis in ultrasound images
The WTMM method was applied to the 512 vertical cross sections of each image (Figure
1) in order to compute the singularity spectrum (Figure 5) of each 1D signal cross section.
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Figure 6. 3D representation of the singularity levels calculated for all the frames.
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Figure 7. Means and SEM of the singularity levels calculated for all the frames.
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A numerical code (May et al. 2001b)‡ was used to compute the variation of the
Hölder exponent h and of D(h). These computations allowed the representation of the
singularity level of each 1D signal cross section as a function of the position X and of the
time/frame (3D graphical representation of Figure 6). The means of the singularity level
of each 1D signal cross section in function of the position X are shown in Figure 7 with an
ultrasound frame in the background. As observed by Owsley (2000), after visualizing the
ultrasound data, Figure 6 and Figure 7 showed the constant decrease of the singularity
level for the upstream region over the plaque for all frames. This singularity decrease is in
good comparison with the turbulence decrease of a boundary layer over a two-dimensional
bump, experimentally observed by Webster et al. (1996).

4. Future plans
The present study has employed a numerical analysis method which is used in other
research areas in studying fluid mechanics. In particular, singularity information was extracted from one- and two-dimensional data by this method. This wavelet based method
is able to capture the real-time complex biological flows behavior and for instance to evaluate the effect of pharmacological drugs on hemodynamics, and thus its validity should
be checked using other flow data behavior taken from simulation and/or experimental biological fluid mechanics. Future work will focus on the validation of this wavelet analysis
method with simulation data of biological fluid mechanics.
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