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Scalar gradient and small-scale structure in
turbulent premixed combustion

By S. H. Kim AND H. Pitsch

1. Motivation and objectives

The scalar gradient is a key quantity in describing and modeling turbulent mixing
and combustion. In studies of scalar fields for non-reacting flows, it has been shown that
the gradient of a passive scalar tends to align with the most compressive strain and
that its magnitude is highly intermittent (Ashurst et al. 1987; Brethouwer et al. 2003;
Warhaft 2000). As compared with the non-reacting case, the statistical characteristics of
the gradient of a reactive scalar are not well understood due to the complexity in non-
linear turbulence/chemistry interaction. In chemically reacting flows, chemical reactions,
the rate of which is influenced by turbulence, can have leading-order effects on the scalar
gradient evolution, and the interaction of the scalar and turbulence fields can be strongly
affected by thermal expansion due to heat release (Swaminathan & Grout 2006).

The characteristics of the scalar gradient in turbulent premixed flames are quite differ-
ent from those in conserved scalar mixing. The evolution of scalar gradient fields for high
Damköhler number (Da) flames (Damköhler 1940) is governed by strong coupling of dif-
fusion and chemical reactions in relatively thin flame fronts, while, in non-reacting flows,
turbulent straining is the unique mechanism of generating small-scale scalar variations.
For the corrugated flamelet regime, where the thickness of the flame front is smaller than
all turbulence length scales, the laminar flamelet theory well describes the structure of
local flame fronts (Peters 2000), and the scalar gradient in turbulent flames is expected
to be similar to that in corresponding laminar flames. However, the small-scale structure
inside flame fronts is not fully understood for the moderate and low Da regime, such as
the thin reaction zones regime or the broken reaction zones regime (Peters 2000), where
the scale separation is not strictly valid.

The scalar gradient and flame broadening have been a subject of experimental and com-
putational studies of premixed flames, especially with high turbulence intensity. While
increasing turbulence intensity is generally expected to result in flame broadening, there
has been controversy in the literature whether turbulence makes flame fronts thinner or
thicker. The thickening of flame fronts has been reported by O’Young & Bilger (1997)
and Chen & Mansour (1998), while the increase of the scalar gradient has been observed
in other experiments (Buchsman et al. 1996; Soika et al. 1998) and direct numerical sim-
ulations (DNS) (Swaminathan & Bilger 2001). The importance of the Markstein number
in flame thickening in the thin reaction zones regime has been proposed on the basis
of the laminar flamelet theory (de Goey et al. 2005), while Law et al. (1994) and Sung
et al. (1996) reported the insensitivity of the flame thickness to the flame stretch in
their analysis of strained laminar flames. In general, large-scale turbulence contributes to
flame thinning via a straining velocity field, while small-scale turbulence thickens flame
fronts. The thickening process may depend on the relative importance of the effects of
the large- and small-scale turbulence (de Goey et al. 2005). The curvature of flame fronts
(Soika et al. 1998; Renou et al. 1998) and thermal expansion due to heat release are
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also expected to have significant effects on the local turbulent velocity field and flame
thickening/thinning processes. However, detailed physical mechanisms for flame thicken-
ing/thinning, and their relative importance have not been fully understood.

In this paper, we investigate the scalar gradient and the small-scale structure of tur-
bulent premixed flames with emphasis on flame thickening/thinning. The Lagrangian
equation for the evolution of the scalar gradient following an isoscalar surface is pre-
sented, which is useful in studying physical mechanisms for the scalar gradient evolution
in propagating reaction front problems. The terms in the Lagrangian form of the scalar
gradient equation are analyzed using DNS data for statistically 1-D planar flames with
high intensity turbulence. Emphasized in this paper are the following: detailed mecha-
nisms for flame thickening/thinning, the alignment of flame normal with turbulent strain,
and the effects of heat release on these processes.

2. The equation for scalar gradients on isoscalar surfaces

In turbulent premixed flames, relatively thin reaction fronts propagate into turbulent
medium, and the scalar gradient maintains itself due to the balance between diffusion
and reactions. In this reaction front propagating problem, the Lagrangian-type equation
is useful in studying the evolution of the local instantaneous reaction front structure. Of
particular interest here is the time evolution of the scalar gradient following the flame
surface.

The equation for a scalar φ can be written as

Dφ

Dt
= (n · uφ)|∇φ| = Ωφ, (2.1)

where uφ is the velocity of the iso-surface relative to the fluid. Dg
Dt = ∂g

∂t + U · ∇g is the
Stokes derivative, where U is the fluid velocity. The normal vector n is defined as

n = − ∇φ|∇φ| . (2.2)

For a reacting scalar obeying Fickian diffusion, Ωφ = 1/ρ∇ · (ρD∇φ) + ωφ, where D
is the molecular diffusivity, ωφ is the chemical reaction rate, and ρ is the density. The
displacement speed can be written as

uφ =
1

ρ|∇φ| [∇ · (ρD∇φ) + ωφ] . (2.3)

Taking the gradient of eqrefphieq and the inner product with −n, we obtain

Dg

Dt
= −1

g
∇φ · S · ∇φ− n · ∇Ωφ, (2.4)

where |∇φ| ≡ g. S is a strain rate tensor defined by 1/2(∇U +∇UT ). The equation for
the evolution of g following the iso-φ surface can be written as

Dφg

Dt
= −gn · S · n− gn · ∇uφ, (2.5)

where
Dφg
Dt = ∂g

∂t + (U + uφ) · ∇g. This equation can be rewritten as

ρ
Dφg

Dt
= −ρgn · Ŝ · n− [ρg∇ ·U− guφn · ∇ρ]− gn · ∇ρuφ, (2.6)
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where Ŝ = S− (∇ ·U)I. I is the identity matrix. From the continuity equation, we have

Dφρ

Dt
= −ρ∇ ·U + uφn · ∇ρ. (2.7)

The equation for the normalized increase of the norm of the scalar gradient can therefore
be written as

1

g

Dφg

Dt
= −n · Ŝ · n +

1

ρ

Dφρ

Dt
− 1

ρ
n · ∇ρuφ. (2.8)

Note that each term on the right-hand side (r.h.s.) of the above equation vanishes in an
unstretched laminar premixed flame. Decomposing the diffusion term in the displacement
speed into the components normal and tangential to the isosurface, the displacement
speed can be written as

uφ = −Dκ+ unφ, (2.9)

where

unφ =
1

ρ|∇φ|

[
∂

∂n

(
ρD

∂φ

∂n

)
+ ρωφ

]
. (2.10)

κ = ∇·n is the mean curvature. κ is positive when an iso-scalar surface is convex toward
the unburned side. n denotes the coordinate along the normal direction n. With this
decomposition, (2.8) can be rewritten as

1

g

Dφg

Dt
= −n · Ŝ · n +

1

ρ

Dφρ

Dt
− 1

ρ
n ·
[
−∇(ρDκ) +∇(ρunφ)

]
. (2.11)

By taking conditional averaging we obtain
〈

1

g

Dφg

Dt
|φ = ϕ

〉
= 〈−n · Ŝ · n|φ = ϕ〉+

〈
1

ρ

Dφρ

Dt
|φ = ϕ

〉

+

〈
1

ρ
n · ∇(ρDκ)|φ = ϕ

〉
−
〈

1

ρ
n · ∇ρunφ|φ = ϕ

〉
,

(2.12)

where the angular brackets denote ensemble averaging conditioned on the quantity on
the right side of the vertical bar.

It is worthwhile to review the physical meaning of the first term on the r.h.s. of (2.8).
We have

n · S · n = n · ∇(U · n) =
∂Un
∂n

. (2.13)

The first term on the r.h.s. of (2.8) is thus the dilatation on the tangential plane of an
iso-φ surface, the so-called tangential strain rate:

−n · Ŝ · n = ∇T ·UT , (2.14)

where ∇T and UT are the gradient operator and the velocity projected on the tan-
gential plane, respectively. This represents the increase of surface area due to turbulent
stretching (Chung & Law 1986; Candel & Poinsot 1990). For non-reacting scalar mixing
in incompressible flows, the scalar gradient is aligned with the most compressive strain.
Then, the average tangential strain is positive, and the area of a non-propagating sur-
face increases (Batchelor 1954; Cocke 1963). For a propagating surface, the evolution of
the surface area is also influenced by the curvature of the surface (Pope 1988; Chung &
Law 1986; Candel & Poinsot 1990). The alignment characteristics are represented by the
eigen-decomposition of the rate-of-strain tensor S. Using the eigen-decomposition, the
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tangential strain rate can be written as

−n · Ŝ · n = −[(α1 −∆)ψ2
1 + (α2 −∆)ψ2

2 + (α3 −∆)ψ2
3 ]. (2.15)

αi is the eigenvalue of the strain rate tensor S, which satisfies α1 ≥ α2 ≥ α3 and
α1 + α2 + α3 = ∆. ψi = n · ei, where ei is the eigenvector corresponding to αi. The
eigenvectors of Ŝ are the same as those of S. Hereafter, the tangential strain rate term
is denoted by Tts.

The second term on the r.h.s. of (2.8) represents the effects of the time evolution of the
density along the trajectory of the iso-surface. In flames with unity Lewis number, this
term represents compressibility effects and thus is negligible for low Mach number flows.
This term also represents the effects of differential diffusion. In flames with non-unity
Lewis number, the iso-surface of the progress variable can propagate with different speed
from that of the density, even for the low Mach number limit. Hereafter, this term is
denoted by Tρ.

The last term of (2.8) represents the effects of variations of the mass flux along the
normal to the iso-surfaces. In stationary laminar flames, we obtain

0 = −n · Ŝ · n− 1

ρ
n · ∇ρuφ. (2.16)

This means that the mass flux through an isosurface varies in a straining velocity field.
The variation can be estimated as

|δ(ρuφ)|
ρusL

∼ lF
sL

ρ|Ŝ|
ρu

∼ Ka, (2.17)

where Ka is the Karlovitz number (Peters 2000), ρu is the density of the unburned gas,
and sL is the laminar flame speed. In the laminar flamelet regime with Ka � 1, the
variation will be negligible. In a highly strained flame with high Ka, the variation of the
mass flux can be significant. In turbulent flames with moderate and low Da, e.g., those in
the thin reaction zone regime, the small-scale wrinkling of flame fronts is significant such
that the radius of curvature is of the order of thickness of an unstretched laminar flame. In
that case, the radius of curvature can have significant variations for different iso-surfaces,
which results in variations of the propagation speed. The curvature variation term, the
third term on the r.h.s. of (2.11), emphasizes the role of the small-scale turbulence in
turbulent mixing and flame thickening. The term involving unφ represents the tendency
to return to the unstretched laminar flame structure. Hereafter, the term involving κ and
that involving unφ are referred as the curvature variation term Tκ and the normal mass
flux variation term Tn, respectively.

3. Direct numerical simulations

The compressible Navier-Stokes equations are solved:

∂ρ

∂t
+
∂ρuj
∂xj

= 0 (3.1)

∂ρui
∂t

+
∂

∂xj
(ρuiuj) = − ∂p

∂xi
+
∂τij
∂xj

+ ρfi (3.2)

∂ρe

∂t
+

∂

∂xj
[(ρe+ p)uj ] =

∂ujτij
∂xi

+
∂

∂xj

(
λ
∂T

∂xj

)
+ ρQωφ (3.3)
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u′/sL l/lF Da Ka Reλ
PF1 13.8 3.9 0.28 14 95
PF2 19.5 2.75 0.14 28 95

Table 1. Characteristics of the simulated premixed flames (u′: r.m.s. initial turbulent velocity, l:
initial integral length scale, SL: laminar flame speed, lF : flame thickness based on the maximum
temperature gradient, Da= SLl/(u

′lF ), Ka= D2
u/(SLlK)2, lK : Kolmogorov length scale, Du:

unburned mixture diffusivity, Reλ: Reynolds number based on the Taylor scale).

∂ρφ

∂t
+

∂

∂xj
(ρujφ) =

∂

∂xj
(ρD

∂φ

∂xj
) + ρωφ, (3.4)

where

ρe =
1

2
ρujuj +

p

γ − 1
(3.5)

τij = µ

(
∂ui
∂xj

+
∂uj
∂xi
− 2

3
δij
∂uk
∂xk

)
. (3.6)

p is pressure, e is the total internal energy, ωφ is the chemical reaction rate of the scalar
φ, Q is a heat release parameter. The thermal conductivity λ and the diffusion coefficient
D are given as

λ = µcp/Pr and D = µ/(ρSc), (3.7)

where cp is the specific heat at constant pressure. The dynamic viscosity µ is given as

µ = µu(T/Tu)0.7. (3.8)

The Prandtl number Pr and the Schmidt number Sc are set to 0.7. The gas mixture is
assumed to be a perfect gas with a specific heat ratio of γ=1.4. The Mach number based
on the root mean square (r.m.s.) velocity fluctuations is below 0.1 for all the cases studied
here. The equations are integrated using a low-storage fourth-order Runge-Kutta method
with a sixth order compact finite difference scheme for spatial discretization (Kennedy
et al. 2000; Lele 1992).

The simulated flames are statistically 1-D premixed flames propagating in decaying
homogeneous turbulence. The reaction rate is given by

ωYR = AYR exp

(
−Ta
T

)
, (3.9)

where YR is the mass fraction of the deficient species in the reactant. The activation
temperature Ta is set to be 4Tb, where Tb is the burned gas temperature. The heat
release parameter Q is chosen such that the density ratio between unburned and burned
gas, γ, is equal to 6. The reaction progress variable is defined here as C = 1− YR/YR,u,
where the subscript u denotes the unburned side.

A non-reflecting boundary condition is used for the x1 direction, while the x2 and x3

directions are periodic (Poinsot & Lele 1992). The equations are solved on 512×256×256
grid points. Initial turbulence is homogeneous and isotropic. The characteristics of the
premixed flames are shown in Table 1. The initial turbulence intensity u′/sL is larger than
10, while the length scale ratio l/lF is approximately 3–4. The laminar flame thickness
lF is based on the maximum temperature gradient. The initial Da for the cases PF1 and
PF2 are 0.14 and 0.28, respectively.
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(a) (b)

Figure 1. Instantaneous fields of the reaction progress variable C for (a) PF1 and (b) PF2
(dashed dotted line: C = 0.1, solid line: C = 0.5, dashed line: C = 0.9).
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Figure 2. PDFs of the normalized scalar gradient conditioned on C = ζ for (a) PF1 and (b)
PF2 (solid line: ζ = 0.03, dashed line: ζ = 0.08, dashed dotted line: ζ = 0.13, dashed dotted
dotted line: ζ = 0.18).

4. Results and discussion

4.1. Characteristics of flame and scalar gradient field

Figure 1 shows the instantaneous C-field for PF1 and PF2 at τ ≈ 4.5, where τ is the time
normalized by the initial eddy turnover time l/u′. There is significant small-scale wrin-
kling as well as large-scale wrinkling for both cases. In the region with large curvature,
where the small-scale turbulence is intense, the preheat zone is thickened. Variations of
the curvature along the flame normal are also evident near this region. For PF2, flame
thickening is more evident while, in some regions, thin flame fronts are also observed.

Figure 2(a) shows the conditional probability density function (PDF) of different nor-
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Figure 3. PDFs of the normalized scalar gradient conditioned on C = ζ for (a) PF1 and (b)
PF2 (solid line: ζ = 0.43, dashed line: ζ = 0.48, dashed dotted line: ζ = 0.53, dashed dotted
dotted line: ζ = 0.58).

malized scalar gradients for C < 0.2 for PF1. For low values of C, the PDF is skewed
with the peak at g/gL < 1. While the preheat zone is thickened on average, the local
scalar gradient can be significantly higher than the corresponding laminar flame value
gL. The conditional PDF for PF2 is shown in Fig. 2(b). For the lower Da case, the shift
of the peak of PDF toward the higher g/gL occurs more slowly with increasing C, which
indicates that the flame is more broadened at these values, and has a wider distribution
than that for PF1. The conditional PDFs for 0.45 < C < 0.65 are shown in Fig. 3.
For 0.45 < C < 0.65, the PDF peaks around g/gL ∼ 1. The variance of the PDF be-
comes smaller as C increases. The conditional average of g is similar to the corresponding
laminar value gL.

4.2. Balance of terms in the scalar gradient equation

The terms in the scalar gradient equation are evaluated and shown in Fig. 4. The terms
are averaged over the whole domain with the condition that C = ζ, where ζ is the sample
space variable of C. The balance of the terms for PF1 at τ ≈ 2.5 are shown in Fig. 4(a). On
average, the local flame fronts are being thickened in the preheat zone. The conditional
average of the normalized Lagrangian time derivative of g, 〈1/gDg/Dt|φ|ζ〉, is almost zero
for C > 0.5, which indicates that there is no significant variation of the average flame
thickness in the reaction zone. For PF1, there is a significant change in flame thickening
processes in the preheat zone and the reaction zone. The balance of the terms for PF2
at τ ≈ 2.5 are shown in Fig. 4(b). For the lower Da case, the reaction zone as well as the
preheat zone are being thickened. The conditional average 〈1/gDφg/Dt|ζ〉 shows almost
linear dependence on ζ, which indicates decreasing strength of the thickening processes
with increasing ζ. The balance of the terms at a later time τ ≈ 4.5 for PF1 is shown in
Fig. 4(c). The dependence of the average time derivative of g on ζ is qualitatively the
same as that in Fig. 4(b), but the magnitude of each term is decreased due to decaying
turbulence. As shown in Fig. 4(d), for PF2, the strength of the thickening process in
the reaction zone is reduced more rapidly than that in the preheat zone. The terms on
the r.h.s. of (2.11) show the same qualitative behavior for all plots shown in Fig. 4. The
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Figure 4. Balance of terms for (a) PF1 at τ = 2.5, (b) PF1 at τ ≈ 4.5, (c) PF2 at τ ≈ 2.5 and (d)
PF1 at τ ≈ 4.5 (squares: tangential strain rate term 〈Tts|ζ〉, upside down triangles: Lagrangian
time derivative of the density 〈Tρ|ζ〉, diamonds: normal mass flux variation term 〈Tn|ζ〉, triangles:
curvature variation term 〈Tκ|ζ〉, filled circles: 〈1/gDφg/Dt|ζ〉; terms are normalized by the flame
time scale tF ).

tangential strain rate term Tts, which represents the turbulent stretching of the isoscalar
surface, is a primary source of the scalar gradient generation. The curvature variations
tend to thicken the flame fronts throughout. The major sink term in the scalar gradient
equation is the curvature variation term Tκ in Fig. 4. The density variation term Tρ is
negligible in the present unity Lewis number flames. In the preheat zone, Tts is balanced
primarily with the normal mass flux variation term Tn, and the average time derivative
〈1/gDφg/Dt|ζ〉 is almost equal to the curvature variation term Tκ. On the other hand, for
0.5 < C < 0.8 with significant reaction rates, Tn does not contribute to flame thickening
in the present flames. 〈Tn|ζ〉 increases with ζ, and is balanced primarily with 〈Tκ|ζ〉 for
ζ ≈ 1.
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Figure 5. PDFs of the tangential strain rate term Tts conditioned on C = ζ at (a) τ ≈ 2.5 and
(b) τ ≈ 4.5 (solid line: ζ = 0.03, dashed line: ζ = 0.28, dashed dotted line: ζ = 0.53, dashed
dotted dotted line: ζ = 0.93; PF1).

4.3. Tangential strain rate term and alignment characteristics

Figure 5(a) shows the PDFs of the tangential strain rate term Tts conditioned on C = ζ
for PF1 at τ ≈ 2.5. The PDF is close to Gaussian with the peak at the positive value.
As shown in Fig. 4, the conditional average 〈Tts|ζ〉 is positive for the whole range of ζ.
This is consistent with the conjecture of Batchelor (1952). The positivity of the average
stretching rate has been rigorously proven in an incompressible and isotropic field (Cocke
1969). Note that the variance becomes smaller with increasing ζ. This suggests the in-
tensity of the small-scale turbulence becomes weaker when going to the burned side, as
expected. The PDFs of Tts at a later time τ ≈ 4.5 are shown in Fig. 5(b). While the level
of the variance is reduced, the decreasing rate of the variance with ζ is similar to that at
τ ≈ 2.5.

Figure 6 shows the joint PDF of the curvature κ and the tangential strain rate term Tts
for PF1 at τ ≈ 4.5. For the ensemble with 0.4 < C < 0.8, Tts has a negative correlation
with the κ. The negative correlation has been observed previously in DNS (Chakraborty
& Cant 2005) and in experiments (Soika et al. 1998). The correlation for the ensemble
with 0.05 < C < 0.15 is much weaker than that with 0.4 < C < 0.8.

The correlation of the tangential strain rate and the curvature can be explained by the
following decomposition of the tangential strain rate:

Tts = −n · Š · n +
2

3
∆, (4.1)

where

Š = S− 1

3
∆I. (4.2)

In the first term on the r.h.s. of (4.1), the first-order effects of the dilatation is removed
in the sense that the trace of the tensor Š vanishes. The joint PDF of the curvature κ and
the dilatation ∆ is shown in Fig. 7. The dilatation shows a strong negative correlation
with the curvature for the ensemble with 0.4 < C < 0.8 in Fig. 7(b). The correlation
becomes weaker for low values of C in Fig. 7(a). For the ensemble with 0.4 < C < 0.8,
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Figure 6. The joint PDFs of the curvature and the tangential strain rate term for (a) the
ensemble with 0.05 < C < 0.15 and (b) the ensemble with 0.4 < C < 0.8 (PF1, τ ≈ 4.5).
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Figure 7. The joint PDFs of the curvature and the tangential strain rate term for (a) the
ensemble with 0.05 < C < 0.15 and (b) the ensemble with 0.4 < C < 0.8 (PF1, τ ≈ 4.5).

the slope of the conditional dilatation as a function of the curvature is steeper than that
of the tangential strain rate by a factor of approximately 1.5, as indicated in (4.1). The
conditional dilatation is known to be important in the structure of turbulent premixed
flames (Swaminathan et al. 1997). In a flame with unity Lewis number and low Mach
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Figure 8. PDFs of the cosine angle, ψi, between the flame normal n and the principal axis of the
strain tensor, conditioned on (a) κ = −0.5 and (b) κ = 0, for the ensemble with 0.4 < C < 0.8
(dashed dotted line: ψ1, dashed line: ψ2, solid line: ψ3; PF1; τ ≈ 4.5).

number, the dilatation can be written as

∆ =
β

ρu
(∇ · ρD∇C + ρωC) = βg

ρuC
ρu

= βg
1

ρu
(ρunC − ρDκ), (4.3)

where β = (Tb − Tu)/Tu. (4.3) shows that the dilatation is closely related to the propa-
gation property of the flame front. The dependence of the tangential strain rate on the
curvature is mainly determined by the curvature dependence of the displacement speed,
while the correlation with the scalar gradient can be of significance. As in the above
equation, the displacement speed uC has a negative correlation with the curvature κ.

In Figs. 6 and 7, the tangential strain rate is more scattered than the dilatation espe-
cially for the negative curvature, and the conditional average 〈Tts|ζ〉 is lower than 〈∆|ζ〉
for large |κ|. These can be explained by investigating the alignment characteristics of
the flame normal n with the principal axis of the strain. Figure 8 shows the PDF of
the cosine angle, ψi, between the iso-surface normal vector n and the eigenvector of the
strain rate tensor ei, conditioned on the curvature κ. PDF is evaluated for the ensemble
with 0.4 < C < 0.8. For κ = −0.5, which is normalized by sL/Du, the normal vector n
is more aligned with the most extensive strain. Considering that the eigenvectors of Š
are the same as those of S and that the trace of Š is equal to zero, the term, −n · Š · n,
becomes negative, and therefore contributes in the opposite direction to the dilatation
term. Turbulent fluctuations of this term are responsible for the weaker correlation be-
tween Tts and κ. In Fig. 8, n has no evident preferential alignment for very low values
of |κ|, while the PDF for ψ3 is slightly higher than those for ψ2 and ψ3 near ψi = 1.
Overall, the term −n · Š ·n tends to reduce the scalar gradient for large |κ| in the present
flame.

To further investigate the alignment characteristics, the PDFs of ψi conditioned on
C = ζ are shown in Fig. 9. For low and high values of ζ, the scalar gradient is more
aligned with the most compressive strain, but the degree of the alignment is not as
strong as in conserved scalar mixing (Asherst et al. 1987). No preferential alignment of
the scalar gradient is observed in the middle of the flame front, while the PDF of ψi is
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Figure 9. Alignment characteristics on iso-scalar surfaces with (a) C = 0.05, (b) C = 0.25,
(c) C = 0.55, and (d) C = 0.95 (dashed dotted line: ψ1, dashed line: ψ2, solid line: ψ3; PF1;
τ ≈ 4.5).

slightly higher than others in Fig. 9(c). For ζ = 0.6, the dilatational velocity induced by
the heat release is largest.

As shown in Figs. 8 and 9, the alignment characteristics in premixed flames are sig-
nificantly different from those in non-reacting flows, due to the heat release effects and
the different origin of the generation mechanism of the scalar gradient. In their study of
the alignment characteristics in turbulent premixed flames with high Da, Swaminathan
& Grout (2006) found that the scalar gradient in high Da premixed flames aligns with
the most extensive strain in contrast to non-reacting scalars. This is because in high Da
flames the velocity field induced by heat release is dominant over the turbulent velocity
field. The dilatational velocity is mostly in the flame normal direction in high Da flames.
In non-reacting flows, the preferential alignment of the scalar gradient with the most
compressive strain has been reported (Ashurst et al. 1987; Warhaft 2000). The present
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Figure 10. The joint PDFs of the curvature and the curvature variation term for (a) the
ensemble with 0.05 < C < 0.15 and (b) the ensemble with 0.4 < C < 0.8 (PF1, τ ≈ 4.5).

results show that the alignment of the scalar gradient with the most extensive strain rate
becomes less evident with decreasing Da. Alignment characteristics are determined by
the relative importance of the dilatation and the turbulence. Since the dilatation is of
the order of β/τc, where τc is the chemical time scale, and the strain rate is of the order
of the small-scale turbulent time scales, the relative importance of the dilatation can be
estimated by the parameter β/Ka. The dependence of the aligment characteristics on ζ
is primarily due to that of the dilatation on ζ. In addition, due to the correlation between
the dilatation and the curvature, the alignment characteristics in premixed flames show
stronger dependence on the curvature than in non-reacting scalars.

The dependence of the tangential strain rate on the curvature is a direct consequence
of the heat release effects in premixed flames. The relationship between the dilatation
and the displacement speed is primarily responsible for this dependency. In reaction front
propagation with no heat release, such dependence of the tangential strain rate on the
curvature will not be observed. It is expected that, in the front with no heat release, the
tangential strain rate has a maximum near κ = 0 and decreases with increasing |κ|.

4.4. Effects of the tangential strain rate and the curvature on the mass flux variation
term

Figure 10 shows the joint PDF of the curvature κ and the curvature variation term Tκ for
PF1. Tκ has a negative correlation with the |κ| for the ensemble with 0.4 < C < 0.8. This
implies that smaller-scale wrinkling is more responsible for flame thickening. Tκ always
has a negative value when |κ| is large. For low values of |κ|, Tκ can be positive, while it is
much more probable for Tκ to be negative. For large |κ|, the wrinkling is of the order of
the flame thickness and significant variations of the curvature across flame fronts occur.
Tκ then plays a key role in the thickening of flame fronts. Significant scattering in the
joint PDF means the importance of small-scale turbulence that can locally make high
curvature and associated curvature variation near the iso-surface with small curvature.
As shown in Fig. 11(b), Tκ has essentially no correlation with the curvature for the
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Figure 11. The joint PDFs of the tangential strain rate and the curvature variation term for
(a) the ensemble with 0.05 < C < 0.15 and (b) the ensemble with 0.4 < C < 0.8 (PF1, τ ≈ 4.5).
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Figure 12. The joint PDFs of the tangential strain rate and the normal mass flux variation
term for (a) the ensemble with 0.05 < C < 0.15 and (b) the ensemble with 0.4 < C < 0.8 (PF1,
τ ≈ 4.5).

ensemble with 0.5 < C < 0.15. The response of the reaction fronts to wrinkling is
different for different iso-surfaces, while the curvature variations contribute to reduce the
scalar gradient for all ranges of C. The curvature variation term has no correlation with
the tangential strain rate term in Fig. 11.

Figure 12 shows the joint PDF of the tangential strain rate term Tts and the normal
mass flux variation term Tn for PF1. Tn has a negative correlation with Tts for both
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Figure 13. The joint PDFs of the curvature and the normal mass flux variation term for (a)
the ensemble with 0.05 < C < 0.15 and (b) the ensemble with 0.4 < C < 0.8 (PF1, τ ≈ 4.5).

ensemble with 0.05 < C < 0.15 and that with 0.4 < C < 0.8. This correlation is
determined by the response of the unstretched flame to the straining velocity field. For
the preheat zone with no reaction, the normal mass flux term has the contribution only
from diffusion normal to the iso-surface, and the positive tangential strain rate enhances
the normal diffusion, which reduces the scalar gradient. The same argument applies to
the reaction zone, since the reaction rate on an iso-surface does not change for unity
Lewis number. In Fig. 12(b), Tκ has a negative correlation with the tangential strain
rate. This can be explained by (2.16).

Figure 13 shows the joint PDF of the curvature κ and the normal mass flux variation
term Tn. For the ensemble with 0.4 < C < 0.8, Tn has a positive correlation with the
κ, but the correlation is weaker than that between the tangential strain rateTts and the
normal mass flux Tn. This correlation does not indicate the direct influence of κ on the
normal mass flux variations, but comes from the correlation between κ and Tts. The
correlation between κ and Tn for the ensemble with 0.4 < C < 0.8 is weaker than that
with 0.4 < C < 0.8.

5. Conclusion

The scalar gradient and the small-scale structure of turbulent premixed flames with
high turbulence intensity are investigated using DNS data for statistically 1-D planar
flames. The evolution equation for the scalar gradient following an iso-scalar surface is
presented. In the Lagrangian form of the scalar gradient equation, which is useful in
propagating reaction front problems, the evolution of the scalar gradient on an iso-scalar
surface is governed by the tangential strain rate, the Lagrangian time derivative of the
density, and the mass flux variations along the normal to the iso-scalar surface. The
mass flux variation term is decomposed into the normal and the tangential components
to investigate the effects of the curvature.

The major sink term in the scalar gradient equation is shown to be the curvature
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variation term, while the tangential strain rate term is a major source term. In the
preheat zone, the average of the tangential strain rate term conditioned on the progress
variable is balanced with that of the normal mass flux variation term, and the conditional
average Lagrangian time derivative of the scalar gradient is approximately equal to the
conditional average curvature variation term. In the reaction zone, the curvature variation
term is primarily balanced with the tangential strain rate term. It is observed that the
thickening process in the reaction zone is much weaker than that in the preheat zone.
In one of our simulated flames, a sudden drop of the strength of flame thickening in the
reaction zone was observed.

The statistics of each term in the scalar gradient equation are investigated. The tangen-
tial strain rate and the curvature are found to have a negative correlation. It is shown that
the negative correlation is due to the relation between the dilatation and the displacement
speed of an iso-scalar surface. This implies that the heat release effects are of significant
importance in the evolution of the scalar gradient in premixed flames. The dependence
of the dilatation on the curvature is also shown to affect the alignment characteristics of
the flame normal with the principal axis of the strain. The curvature variation term is
found to have a negative correlation with the magnitude of the curvature, which suggests
that smaller-scale wrinkling is more responsible for flame thickening.
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