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A balanced force refined level set grid method for
two-phase flows on unstructured flow solver grids

By M. Herrmann

1. Motivation and objectives

In liquid/gas flows, surface tension forces often play an important role. For example,
during the atomization of liquid jets by coaxial fast-moving gas streams, the details of the
formation of small-scale drops from aerodynamically stretched out ligaments is governed
by capillary forces (Marmottant & Villermaux 2004). From a numerical point of view,
surface tension poses a unique challenge since it is a singular force, active only at the
location of the phase interface. In addition, the situation is further complicated by the
fact that material properties, like density and viscosity, exhibit a discontinuity at the
same location. One of the prerequisites for correctly treating surface tension forces is
therefore the ability to locate the position of the phase interface accurately. To this end,
several phase interface tracking schemes exist for fixed grid flow solvers, among them the
marker method (Tryggvason et al. 2001), the Volume-of-Fluid (VoF) method (Gueyffier
et al. 1999), and the level set method (Sussman et al. 1994). Here we will use a variant
of the level set method, termed Refined Level Set Grid method (Herrmann 2004, 2005),
to ensure good fluid volume conservation properties.

Different strategies exist to discretize the surface tension force once the location of
the phase interface is known. The most commonly used method is due to Brackbill
et al. (1992) called Continuum Surface Force (CSF). Here, the ideally singular surface
tension force is spread into a narrow band surrounding the phase interface by the use of
regularized delta functions. These can take the form of a discrete derivative of a Heaviside
scalar, i.e., the volume fraction, in VoF methods, or spread out delta functions, like
the popular cosine approximation due to Peskin (1977) in level set methods. Especially
in level set methods, the use of spread out delta functions can be problematic, since
convergence under grid refinement is only guaranteed for certain, not commonly employed
delta function approximations (Engquist et al. 2005). An alternative to the CSF method
is the Ghost Fluid Method (GFM) proposed in Fedkiw et al. (1999) that aims to apply
the jump conditions and surface tension force as singular source terms within the context
of finite difference schemes.

Both the CSF and the GFM method, however, are prone to generating unphysical
flows, so-called spurious currents, near the location of the phase interface when surface
tension forces are present. In the canonical test cases of an equilibrium column and an
equilibrium sphere, these velocity errors can grow unbounded very fast, if they are not
artificially damped by introducing viscosity. The amplitude of the spurious currents when
damped by viscosity is of the order of u ∼ 0.01σ/µ for VoF and level set methods and
u ∼ 10−5σ/µ for marker methods (Scardovelli & Zaleski 1999), where σ is the surface
tension coefficient and µ is the viscosity. Thus, numerical simulations are limited by a
critical Laplace number, La = σρR/µ2, where ρ is the density and R is a characteristic
phase interface radius of curvature, since for large La, i.e., large σ, spurious currents
start to dominate the physical flow (Scardovelli & Zaleski 1999).
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The reason for the occurance of spurious currents is twofold. The major reason is a
discrete imbalance between the surface tension force and the associated pressure jump
across the phase interface (Francois et al. 2006). The second source of error is due to
errors associated with evaluating phase interface curvature. To address the former source
of error, Young et al. (2002) proposed a modification to the procedure of Kim & Choi
(2000) to regain discrete consistency. However, they were using the CSF method with
smeared out delta functions in a level set context and, hence, the exact discrete balance
was not achieved. Francois et al. (2006) proposed a so-called “balanced force algorithm”
for VoF schemes on structured Cartesian meshes that discretely balances the surface
tension force and the associated pressure jump across the interface. In that paper, the
discrete evaluation of the delta function as the derivative of the volume fraction scalar
naturally results in the discrete balance when following a similar approach to the one
proposed in Young et al. (2002). The approach by Francois et al. (2006) eliminates
spurious currents up to machine precision zero, if the interface curvature is prescribed
exactly.

Different strategies exist to increase the accuracy of curvature evaluation. For VoF
methods, the height-function approach (Sussman 2003) allows second-order converging
curvature calculation. However, the required stencil sizes are large and thus problematic
for interfaces close to each other. For level set methods, curvature at the node location
can be calculated with high-order accuracy, however, the phase interface curvature is
approximated to first order at most, due to the fact that nodal location and phase
interface position typically do not coincide.

In this paper, we will extend the balanced force algorithm of Francois et al. (2006) and
Young et al. (2002) to unstructured flow solver grids using the RLSG level set method
to track the phase interface. To achieve second-order converging curvature evaluation,
an interface projected curvature evaluation method is proposed. The performance of the
balanced force RLSG method is demonstrated analyzing equilibrium columns and spheres
on structured and unstructured flow solver grids. Finally, to demonstrate the capability
of the new method in complex flows, a Rayleigh-Taylor instability is presented.

2. Governing equations

The equations governing the motion of an unsteady, incompressible, immiscible, two-
fluid system are the Navier-Stokes equations,

∂u

∂t
+ u · ∇u = −1

ρ
∇p+

1

ρ
∇ ·
(
µ
(
∇u+∇Tu

))
+ g +

1

ρ
T σ , (2.1)

where u is the velocity, ρ the density, p the pressure, µ the dynamic viscosity, g the
gravitational acceleration, and T σ the surface tension force which is non-zero only at
the location of the phase interface xf . Furthermore, the continuity equation results in a
divergence-free constraint on the velocity field,

∇ · u = 0 . (2.2)

The phase interface location xf between the two fluids is described by a level set scalar
G, with

G(xf , t) = 0 (2.3)

at the interface, G(x, t) > 0 in fluid 1, and G(x, t) < 0 in fluid 2. Differentiating Eq. (2.3)
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with respect to time yields the level set equation,

∂G

∂t
+ u · ∇G = 0 . (2.4)

Assuming ρ and µ are constant within each fluid, density and viscosity at any point x
can be calculated from

ρ(x) = H(G)ρ1 + (1−H(G))ρ2 (2.5)

µ(x) = H(G)µ1 + (1−H(G))µ2 , (2.6)

where indices 1 and 2 denote values in fluid 1, respectively 2, and H is the Heaviside
function. From Eq. (2.3) it follows that

δ(x− xf ) = δ(G)|∇G| (2.7)

with δ the Dirac delta function. Furthermore, the interface normal vector n and the
interface curvature κ can be expressed in terms of the level set scalar as

n =
∇G
|∇G| , κ = ∇ · n . (2.8)

Using Eqs. (2.7) and (2.8), the surface tension force T σ can thus be expressed as

T σ(x) = σκδ(x− xf )n = σκδ(G)|∇G|n = σκδ(G)∇G , (2.9)

with σ the surface tension coefficient.

3. Numerical method

In this section, we first briefly summarize the RLSG method used to solve the level
set equation and discuss how the RLSG level set solution is coupled to structured and
unstructured flow solver grids. Next, the level set-based balanced force algorithm for
unstructured flow solver grids is presented and the performance of the resulting method is
illustrated using the canonical test cases of equilibrium columns and spheres prescribing
curvature exactly. Then, the method to calculate second-order converging interfacial
curvatures is outlined. Finally, results are presented for curvature evaluation of columns
and spheres on structured and unstructured flow solver grids.

3.1. Refined Level Set Grid method

In the RLSG method, all level set-related equations are evaluated on a separate, equidis-
tant Cartesian grid using a dual-narrow band methodology for efficiency. This so-called
G-grid is overlaid onto the flow solver grid, which can be either structured or unstruc-
tured. Details on the method when used in conjunction with a structured, equidistant
Cartesian flow solver grid and its performance in generic test cases can be found in Her-
rmann (2006, 2005). To a certain extent the RLSG method is similar to the recently
proposed Narrow-Band Locally Refined Level Set (NBLR-LS) approach by Gomez et al.
(2005). However, the latter is limited to Cartesian grids, whereas the former can deal with
arbitrary unstructured flow solver meshes. In the following, we will discuss only recent
modifications to the RLSG method not contained in the aforementioned publications.

3.1.1. Re-initialization

For reasons of numerical accuracy, one would like to maintain G away from the interface
G = 0 as smooth a field as possible. Sussman et al. (1994) proposed defining the level
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Figure 1. Volume integration for unstructured flow solver grid cells.

set scalar away from the interface to be a signed distance function, i.e., |∇G| = 1. Since
solution of Eq. (2.4) will not maintain this property, a re-initialization procedure has to be
applied to force G 6= 0 back to |∇G| = 1. Several different strategies exist to achieve this,
the one used in this work is based on the PDE-based re-initialization by Sussman et al.
(1994) using the modified signed function due to Peng et al. (1999). Unfortunately, it is
well known that repeated application of the PDE-based re-initialization will inadvertently
move the G = 0 isosurface and hence will not conserve fluid volume and thus fluid
mass. It is therefore desirable to limit the application of the re-initialization procedure to
situations where the divergence from G being a signed distance function would adversely
impact numerical accuracy by using an appropriate trigger criterion.

Here we will use a slight modification to the criterion proposed by Gomez et al. (2005).
The PDE-based re-initialization procedure is applied only if

max(|∇G|) > αmax or min(|∇G|) < αmin , (3.1)

evaluated inside the transport band T -band (see Herrmann (2005, 2006) for definition of
the individual bands). Also, Eq. (3.1) is used as a convergence criterion for the pseudo-
time iteration of the re-initialization, while still limiting the maximum number of iteration
steps to nmax = CdN /hG, where dN is the width of the re-initialization band (N -band),
C is the CFL-number, and hG is the grid cell size of the G-grid. In the results presented
in this paper we use αmax = 2 and αmin = 10−4, resulting in typically 1-2 pseudo-time
iteration steps until convergence is reached, should re-initialization be triggered.

3.1.2. Coupling to flow solver

In the Navier-Stokes equation, the position of the phase interface influences two dif-
ferent terms. The first term is due to Eqs. (2.5) and (2.6), since H(G) is a function of
the position of the phase interface. For finite volume formulations, the volume fraction
ψcv of control volume cv is defined as

ψcv = 1/Vcv

∫

Vcv

H(G)dV , (3.2)

with Vcv the volume of the control volume cv. In the RLSG method, the above integral
is evaluated on the G-grid as

1/Vcv

∫

Vcv

H(G)dV =

∑
iG
Vcv,iGψiG∑
iG
Vcv,iG

, (3.3)

where Vcv,iG is the joined intersection volume of the G-grid cell iG and the flow solver
control volume cv (see Fig. 1), and the G-grid volume fraction ψiG is calculated using an
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analytical formula developed by van der Pijl et al. (2005),

ψiG = f(GiG ,∇GiG) . (3.4)

The joined intersection volumes Vcv,iG are calculated using CHIMPS (Alonso et al. 2006),
employing a Sutherland-Hodgman clipping procedure (Sutherland & Hodgman 1974) to
calculate the intersection volume between a Cartesian grid cell and convex tetra-, penta-,
and hexahedra.

The second term that is a function of the interface position is the surface tension force
term, Eq. (2.9). This term could be calculated first on the G-grid, using a smeared out
version of the delta function δε, and then volume averaged to the flow solver grid,

T σcv = 1/Vcv
∑

iG

Vcv,iGT σiG =

∑
iG
Vcv,iGσκiGδε(GiG)(∇G)iG∑

iG
Vcv,iG

. (3.5)

However, as will be seen later, this formulation is inconsistent with the balanced force
algorithm. Instead, only the interface curvature is transferred from the G-grid to the flow
solver grid,

κcv =

∑
iG
Vcv,iGδiGκiG∑
iG
Vcv,iGδiG

, (3.6)

where δiG = 0 if ψiG = 0 or ψiG = 1, and δiG = 1 otherwise. The use of δiG ensures that
κ is treated as a surface quantity and not a volume quantity.

In order to couple the level set equation, Eq. (2.4), to the Navier-Stokes equation, uiG
has to be calculated from ucv. Again the CHIMPS infrastructure is used and either tri-
linear or C1, isotropic tri-cubic interpolation (Lekien & Marsden 2005) is employed. It
should be pointed out that strictly speaking neither one of these velocity interpolations
can maintain a smooth curvature field under G-grid refinement. To achieve this property,
kint is defined as

kint = ∇ · (∇(uint · n)) , (3.7)

where uint is the interpolated velocity onto the G-grid and n is the interface normal
vector, would have to be continuous when switching between neighboring interpolation
cells. Clearly, for tri-linear interpolation, this is not the case and even the isotropic tri-
cubic interpolation of Lekien & Marsden (2005) does not guarantee this property, since
neither ∂,xx nor ∂,yy nor ∂,zz are kept continuous between neighboring interpolation
cells. Constructing an interpolation scheme that fulfills the above condition will be part
of future work.

To achieve second-order in time, the level set equation is solved staggered in time with
respect to the Navier-Stokes equation.

3.2. Balanced force algorithm

The solution method of the Navier-Stokes equations is based on the fractional-step
method for collocated variables on unstructured grids described in Mahesh et al. (2004).
In the following, outlined is only the part of the algorithm that ensures discrete balance
between surface tension forces and pressure gradient forces. It is based on the balanced
force method for Volume of Fluid methods on collocated Cartesian grids (Francois et al.
2006).

For simplicity, we will omit the viscous term in the following discussion. The term is
fully implemented and solved for in flux form, with the viscosity at the cell face calculated
by the harmonic mean of the centroid viscosities of the two control volumes cv and nbr
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sharing the face,

µf =
2µcvµnbr
µcv + µnbr

. (3.8)

The cell centroid values are calculated by

µcv = ψcvµ1 + (1− ψcv)µ2 . (3.9)

The algorithm then reads

Vcv
u∗i,cv − uni,cv

∆t
+
∑

f

u
n+1/2
f

u
n+1/2
i,cv + u

n+1/2
i,nbr

2
Af = Vcvg + VcvF

n+1/2
i,cv (3.10)

un+1
i,cv − u∗i,cv

∆t
= − 1

ρ
n+1/2
cv

∂pn+1/2

∂xi
, (3.11)

where Af is the face area, uf the face normal velocity, Fi,cv the density weighted surface
tension force defined below, and superscripts denote time levels.

To define the force F
n+1/2
i,cv at the control volume centroid, we first need to define the

surface tension force at the cell face,

Tn+1/2
σf

= σκ
n+1/2
f (∇ψ)

n+1/2
f . (3.12)

Here, the face curvature is calculated from the centroid curvature, Eq. (3.6),

κ
n+1/2
f =

α
n+1/2
cv κ

n+1/2
cv + α

n+1/2
nbr κ

n+1/2
nbr

α
n+1/2
cv + α

n+1/2
nbr

(3.13)

with

αn+1/2
cv =

{
1 : 0 < ψ

n+1/2
cv < 1

0 : otherwise
(3.14)

and

(∇ψ)
n+1/2
f = (ψ

n+1/2
nbr − ψn+1/2

cv )/|scv,nbr | . (3.15)

Here, scv,nbr is the vector connecting the cv and nbr control volume centroids. Then,
Fn+1/2 at the face becomes

F
n+1/2
f = Tn+1/2

σf
/ρ
n+1/2
f , (3.16)

with ρ
n+1/2
f = (ρ

n+1/2
cv + ρ

n+1/2
nbr )/2 and the centroid densities calculated from

ρn+1/2
cv = ψn+1/2

cv ρ1 + (1− ψn+1/2
cv )ρ2 . (3.17)

Finally, F
n+1/2
f defined at the cell face needs to be transferred to the control volume

centroid. It is crucial that for this, one uses exactly the same operation that is used
for transferring (∂p/∂n)f to (∂p/∂xi)cv in the pressure corrector step. Here we use the
face-area weighted least-squares method of Mahesh et al. (2004) by minimizing

εcv =
∑

f

(
F
n+1/2
i,cv ni,f − Fn+1/2

f

)2

Af . (3.18)

After solving Eq. (3.10) to obtain u∗i,cv , the cell face normal velocities u∗f are calculated,

u∗f =
1

2

(
u∗i,cv + u∗i,nbr

)
ni,f −

1

2
∆t
(
F
n+1/2
i,cv + F

n+1/2
i,nbr

)
ni,f + ∆tF

n+1/2
f . (3.19)
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This is essentially a modification of the procedure by Kim & Choi (2000), first proposed
by Young et al. (2002). To correct the face intermediate face velocities u∗f to be divergence
free, we then solve the following variable coefficient Poisson system,

∑

f

1

ρ
n+1/2
f

∂pn+1/2

∂n
Af =

1

∆t

∑

f

u∗fAf , (3.20)

and then apply the correction

un+1
f = u∗f −∆tPf , (3.21)

with

Pf =
1

ρ
n+1/2
f

(∇pn+1/2)f =
1

ρ
n+1/2
f

p
n+1/2
nbr − pn+1/2

cv

|scv,nbr |
. (3.22)

Next, the centroid-based density weighted pressure gradient Pcv is calculated from the
face-based density weighted gradient Pf using the same face-area weighted least-squares
method employed in calculating Ff (see Eq. 3.18),

εcv =
∑

f

(Pi,cvni,f − Pf )2Af . (3.23)

Finally, the control volume centroid velocity is corrected (cf. Eq. 3.11),

un+1
i,cv = u∗i,cv −∆tPi,cv , (3.24)

concluding the flow solver time step.

3.3. Exact curvature equilibrium inviscid column and sphere

To illustrate the performance of the balanced force algorithm, we analyze the canonical
test cases of the equilibrium inviscid column and sphere. In this case, the surface tension
forces should exactly balance the pressure jump across the phase interface, resulting in
the column and sphere remaining perfectly at rest. We employ the test case parameters
suggested by Williams et al. (1999) and used by Francois et al. (2006): a column (or
sphere), of radius R = 2 is placed at the center of an 8x8(x8) domain. The surface
tension coefficient σ is set to 73, resulting in a theoretical pressure jump across the
interface of ∆pex = 36.5 for the column and ∆pex = 73 for the sphere. The density
inside the column/sphere is set to ρ1 = 1 and the density outside the column/sphere ρ2

is varied. Equidistant Cartesian and unstructured prism and tetrahedral flow solver grids
are tested. The flow solver grid is characterized by the characteristic grid size h, whereas
the equidistant Cartesian G-grid size is denoted by hG.

The error in pressure is measured in two different ways (Francois et al. 2006),

E(∆pmax) = max(pcv)−min(pcv)−∆pex (3.25)

E(∆ppart) = pcv|r≤R/2 − pcv|r≥3R/2 −∆pex , (3.26)

where the bar indicates an arithmetic average over all control volumes fulfilling the given
condition.

Table 1 summarizes the errors in velocity, pressure, and kinetic energy Ekin for the
column after a single time step of size ∆t = 10−6 for varying density ratios if the exact
curvature of the column is used for κcv in Eq. (3.6) . As can be seen, both on the Cartesian
and the unstructured prism flow solver grid, errors are machine precision zero, even for
extremely large density ratios.
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ρ1/ρ2 L∞(u) Ekin E(∆pmax) E(∆ppart)

1 6.76e-20 6.86e-40 4.14e-16 3.41e-15
103 3.59e-17 6.28e-35 9.90e-14 9.21e-13
105 9.93e-19 2.26e-40 3.16e-16 1.58e-15
1010 9.77e-19 1.74e-40 7.30e-16 1.19e-15

ρ1/ρ2 L∞(u) Ekin E(∆pmax) E(∆ppart)

1 1.82e-16 1.06e-32 1.82e-16 4.58e-13
103 2.55e-16 7.84e-36 2.55e-16 1.97e-15
105 5.43e-16 8.43e-38 5.43e-16 2.29e-15
1010 3.93e-18 3.39e-39 3.93e-18 7.40e-15

Table 1. Errors in velocity and pressure after single time step for varying density ratio in the
inviscid, equilibrium column test case using exact curvature and h = hG = 0.2; Cartesian flow
solver grid (left) and prism flow solver grid (right).

ρ1/ρ2 L∞(u) Ekin E(∆pmax) E(∆ppart)

1 5.49e-17 6.95e-34 6.57e-14 1.19e-12
103 1.15e-17 1.40e-36 1.15e-14 9.41e-14
105 1.21e-16 3.30e-39 5.30e-15 1.38e-14
1010 5.47e-16 8.24e-36 3.54e-13 2.74e-13

ρ1/ρ2 L∞(u) Ekin E(∆pmax) E(∆ppart)

1 3.31e-16 8.20e-33 1.31e-11 1.25e-14
103 1.07e-15 5.96e-35 4.81e-14 1.50e-15
105 2.58e-15 2.76e-36 1.42e-14 1.02e-15
1010 9.95e-11 2.73e-35 2.40e-15 5.60e-16

Table 2. Errors in velocity and pressure after single time step for varying density ratio in the
inviscid, equilibrium sphere test case using exact curvature and h = hG = 0.2; Cartesian flow
solver grid (left) and tetrahedral flow solver grid (right).

Table 2 summarizes the same quantities in the sphere test case. Again, both on the
Cartesian and the tetrahedral flow solver grid, machine precision zero errors are achieved
for varying density ratios, if the exact curvature is employed.

Thus, provided that the exact curvature is known, the balanced force algorithm results
in machine zero spurious currents, even in the inviscid case. However, the exact curvature
is rarely known, instead it has to be evaluated and is prone to errors. These curvature
errors are then the sole source of error for spurious currents.

3.4. Curvature evaluation

As noted in the previous section, only curvature errors result in spurious currents when
employing the balanced force algorithm. Hence the task of minimizing spurious cur-
rents is equivalent to increasing the accuracy of curvature evaluation. In standard level
set methods (Sethian 1999), curvature is evaluated at G-node locations by discretizing
Eq. (2.8),

κ =
G2
,xx(G2

,y +G2
,z) +G,yy(G2

,x +G2
,z) +G,zz(G

2
,xG

2
,y)

(G2
,x +G2

,y +G2
,z)

3/2

−2
G,xyG,xG,y +G,xzG,xG,z +G,yzG,yG,z

(G2
,x +G2

,y +G2
,z)

3/2
, (3.27)

typically using a 27-point stencil. It is important to point out that this approach ap-
proximates the curvature of the G-isosurface that passes through the nodal point itself.
It is therefore, at best, only a first-order approximation to the curvature of the phase
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G=0

G=R1-R
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Figure 2. Inherent phase interface curvature error when evaluating curvature at nodes.
Curvature is determined to be κ = 1/R1 = 1/(R+O(hG)) instead of κ = 1/R.
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Figure 3. Initial column curvature errors under G-grid refinement; flow solver grid h = 0.2;
Cartesian flow solver grid (top), prism flow solver grid (bottom); nodal curvature (circles), direct
front curvature (squares), Chopp front curvature (triangles), first- and second-order convergence
(dashed lines).

interface, which can be a distance hG away from nodes directly adjacent to the inter-
face (see Fig. 2). Figures 3 and 4 demonstrate this first-order convergence rate under
G-grid refinement for both the column and the sphere test case using either Cartesian
flow solver grids (column and sphere), unstructured prism grids (column), or tetrahedral
grids (sphere) with h = 0.2.

Since the root cause of the first-order convergence rate is the fact that curvature is
not calculated at the interface itself, different approaches can be taken to overcome this
problem. Introducing a polynomial representation of the interface in terms of interface-
based coordinates is a viable approach in two dimensions, but becomes cumbersome
in three dimensions. Here, we will follow an alternative approach using the fact that a
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Figure 4. Initial sphere curvature errors under G-grid refinement; flow solver grid h = 0.2;
Cartesian flow solver grid (top), prism flow solver grid (bottom); nodal curvature (circles), direct
front curvature (squares), Chopp front curvature (triangles), first- and second-order convergence
(dashed lines).

quantity defined only on the interface itself, like curvature, can be distributed to the
whole computational domain in a meaningful way by solving

∇κ · ∇G = 0 . (3.28)

This effectively sets κ constant in the front normal direction. Note that due to Eq. (3.6),
Eq. (3.28) needs to be solved only for G-nodes adjacent to the interface. The problem is
therefore similar to determining the initially accepted values in the Fast Marching Method
(Adalsteinsson & Sethian 1999). For this purpose, Chopp (2001) developed a Newton’s
method that determines the nearest point on the interface (called “base-point” in the
following) for a given node in two dimensions. The method relies on approximating the
level set scalar within each computational cell close to the interface by a bi-cubic spline.
For this purpose, G need not be a distance function. We have extended Chopp’s method
to three dimensions using C1, isotropic tri-cubic interpolations (Lekien & Marsden 2005).
We typically find the base-point within 2–4 Newton iterations. However, the algorithm
can find base-points that lay outside of the considered G-grid cell for which the tri-
cubic interpolation is valid. In this case, the base-point is rejected, unless none of the
alternative eight G-cells the node belongs to yields a valid base-point. Once the base-point
coordinates have been determined, the base-point’s curvature is calculated by tri-linear
interpolation using the surrounding nodal curvature values. Using Eq. (3.28), the nodal
curvature is then set equal to its base-point’s curvature.

The resulting curvature errors under G-grid refinement using Chopp’s method are
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Figure 5. Equilibrium inviscid column and sphere velocity (circle) and pressure (triangle) errors
after 1 time step under G-grid refinement; flow solver grid h = 0.2, density ratio ρ1/ρ2 = 103;
from left and right: column Cartesian flow solver grid, column prism flow solver grid, sphere
Cartesian flow solver grid, and sphere tetrahedral flow solver grid; dashed lines mark sec-
ond-order convergence.

shown in Figs. 3 and 4. They show second-order convergence, and even on coarse grids,
Chopp’s method yields more than one order of magnitude better curvature estimates
than the nodal-based evaluation. The drawback of Chopp’s method is that for complex
interface geometries in three dimensions, the Newton algorithm does not always converge.
The method thus lacks the stability required for complex interface geometries typically
found in liquid/gas flows. Thus, the following method is proposed as an alternative.

Assuming that G is smooth in the vicinity of the phase interface, the base-point xB
for a given node xG close to the interface can be explicitly calculated from

xB = xG − dn = xG −
G

|∇G|
∇G
|∇G| , (3.29)

where all gradients are calculated using central differences. This approach is termed direct
front curvature in the following. It gives good base-point estimates only for nodes close
to the interface. However, due to the way Eq. (3.6) is evaluated, κ needs to be calculated
only on nodes close to the interface, making the direct front curvature method viable. As
before, once base-points have been determined, their curvature is again calculated using
tri-linear interpolation from the surrounding nodal curvature values. Then, according to
Eq. (3.28), the curvature values of nodes are set to their respective base-points’ curva-
ture values. Figures 3 and 4 also include the curvature errors calculated by the direct
method. As can be seen, they are virtually indistinguishable from the values obtained
using Chopp’s method yielding second-order convergence.

Comparing the obtained curvature errors to those calculated by Francois et al. (2006),
both Chopp’s and the direct method give curvature errors an approximate factor of 5
lower than the 7x3 stencil height function method employed in that paper. While a height
function approach could be employed in the RLSG method as well, since volume fractions
ψ are readily available, the effective G-stencil needed would be 9x5x5 (cf. Eq. 3.2), as
compared to 4x4x4 in the direct front curvature method. Smaller stencil sizes are espe-
cially important for complex interface geometries, since both the height function and all
level set curvature methods are based on the assumption that all ψ and G values in the
stencil relate to one continuous interface segment only. Auxiliary, non-contiguous, inter-
face segments inside the stencil can introduce significant errors. Hence, smaller stencil
sizes are preferred to limit these errors.

In the following, we will employ the direct front curvature method to calculate nodal
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Figure 6. Temporal evolution of kinetic energy for equilibrium inviscid column (top) and sphere
(bottom) for 500 time steps under G-grid refinement: hG = 0.4 (circle), hG = 0.2 (triangle),
hG = 0.1 (box); flow solver grid h = 0.4, density ratio ρ1/ρ2 = 103; Cartesian flow solver grids
(top left and bottom left), prism flow solver grid (top right), and tetrahedral flow solver grid
(bottom right).

curvature values on the G-grid. Figure 5 shows the errors in velocity and pressure after
a single time step of size ∆t = 10−6, using ρ1 = 1 and ρ2 = 10−3 and refining the
resolution hG of the G-grid. As expected, due to the balanced force algorithm, errors in
curvature evaluation result in errors in velocity and pressure, showing the same second-
order convergence behavior (cf. Figs. 3 and 4).

4. Results

4.1. Long-time evolution of the equilibrium inviscid column and sphere

As shown in the previous section, errors in curvature evaluation result in spurious currents
that are small, but non-zero. Thus, the long-time behavior of the equilibrium column and
sphere is of interest, since errors might accumulate and result in large erroneous velocities.

Figure 6 shows the temporal evolution of the kinetic energy in the computational
domain for both the inviscid column and sphere on Cartesian and unstructured flow
solver grids. The flow solver characteristic grid size is h = 0.4 in all simulations, ρ1 = 1,
ρ2 = 10−3, σ = 73, and the fixed time step size is ∆t = 10−3. As observed by Francois
et al. (2006), the column seems to enter an oscillatory mode that appears quite stable on
a Cartesian flow solver grid (top left), but shows a slight growth on the prism flow solver
grid (top right). The inviscid sphere results, on the other hand, do not exhibit such a
clear periodic behavior. In the Cartesian flow solver grid case, different periods seem to
be superposed, and the unstructured tetrahedral grid shows an increase in kinetic energy
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without reaching a periodic state. This is due to the fact that the unstructured grid lacks
the symmetry of the Cartesian grids of the flow solver and the G-grid. This symmetry
seems to initiate a periodic oscillation instead of a constant growth in spurious currents
and is thus beneficial in this particular test case, but not indicative of the method’s
performance in a more general setting. In the general case, one can expect a growth
of the kinetic energy along the lines of the unstructured grid results, necessitating at
later times the use of viscous dissipation to control the spurious currents. However, the
balanced force method exhibits very low levels of spurious currents and indeed, this
level can be made even smaller if the G-grid is refined to increase the accuracy of the
interface curvature evaluation. Figure 7 shows the convergence rates for the maximum
velocity error under G-grid refinement, using a flow solver resolution of h = 0.4. Close
to second-order convergence can be observed both on structured and unstructured flow
solver grids.

4.2. Rayleigh-Taylor instability

To demonstrate the performance of the proposed method, the complex flow of a Rayleigh-
Taylor instability is computed. This is a common test problem performed by a variety
of different methods (Bell & Marcus 1992; Puckett et al. 1997; Popinet & Zaleski 1999;
Gomez et al. 2005). A heavy fluid, ρ1 = 1.225, µ1 = 0.00313, is placed above a light
fluid, ρ2 = 0.1694, µ2 = 0.00313, inside a domain of size 1x4. The interface between
the two fluids is placed in the middle of the domain and is perturbed by a cosine wave
of amplitude 0.05. The gravity constant is set to g = 9.81. We set the time step size
constant to ∆t = 2.5 · 10−4 and simulate up to t = 0.9. Figure 8 shows the interface
shape at different instances in time for a Cartesian flow solver grid of h = 1/512 and a
G-grid of hG = 1/512. As will be demonstrated below, this grid resolution ensures grid
converged results and thus will be used as a reference solution in the following.

Figures 9–11 show the interface shape for different flow solver and G-grid resolutions.
Using the coarsest flow solver grid of h = 1/64 presented in Fig. 9, one can already
notice deviations from the reference solution at early times. While the stem and bubble
shape is well captured, the fine scale geometry of the side arms is not well maintained.
Up to t = 0.8, there appears almost no difference between the results using hG ≥ 1/128.
This indicates that the deviations from the reference solution are due to errors in the
flow representation and not due to errors in the interface tracking scheme. However, at
t = 0.9, the very fine connecting bridge at the side arms can only be maintained by
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Figure 9. Rayleigh-Taylor instability interface shapes under G-grid refinement hG = 1/64,
1/128, 1/256, and 1/512 (left to right in each group) at t = 0.6, 0.7, 0.8, and 0.9 (top left to
bottom right) and flow solver grid h = 1/64. Thin line denotes reference solution.

hG = 1/512. Note that except for the difference in the details of the connecting bridge,
the larger scale geometric features are consistent between different G-grid resolution with
hG ≥ 1/128.

At a flow solver grid of h = 1/128 presented in Fig. 10, virtually no difference can
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Figure 11. Rayleigh-Taylor instability interface shapes under G-grid refinement hG = 1/256
and 1/512 (left to right in each group) at t = 0.6, 0.7, 0.8, and 0.9 (left to right) and flow solver
grid h = 1/256. Thin line denotes reference solution.

be discerned between the reference solution and G-grid resolutions of hG ≥ 1/128 up to
t = 0.8. At t = 0.9, however, the thin connecting bridge is only supported by hG = 1/512.
Comparing the results at t = 0.9 of h = 1/128 to those of h = 1/64 (cf. Fig. 9), the
finer grid flow solver results capture the shape of the interface significantly better. This
indicates that the flowfield is well resolved by the h = 1/128 grid.

This observation is further substantiated by refining the flow solver grid further to
h = 1/256, presented in Fig. 11. Virtually no difference to the reference solution can be
discerned, with the exception of hG = 1/256 at t = 0.9, where again the complete fine
connecting bridge is not supported by that G-grid resolution. Nonetheless, those parts
of the bridge that can be maintained by the grid are in excellent agreement with the
reference solution.
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To ascertain the volume/mass conservation properties of the method, Fig. 12 depicts
the normalized volume error, defined as

EV (t) =
|∑cv ψcv(t)Vcv −

∑
cv ψcv(t = 0)Vcv|∑

cv ψcv(t = 0)Vcv
. (4.1)

Except for hG = 1/512, all solutions show an increase in error at late times. This is due to
the disappearance of the thin connecting bridge. Also, at constant flow solver grid size h
and G-grid refinement, the volume errors converge to a non-zero value. Furthermore, the
converged error decreases when increasing the flow solver grid resolution. This indicates
the source of this error: because uiG is used to solve the level set transport equation
(Eq. 2.4), u is not discretely divergence free. An improved interpolation scheme to de-
termine uiG could therefore eliminate this error and will be investigated in the future.
Nonetheless, the observed volume errors on fine G-grids are very small and well within
acceptable limits.

5. Conclusion and future work

A balanced force RLSG method has been presented for structured and unstructured
flow solver grids. The method ensures machine precision zero spurious currents for arbi-
trary density ratios if the curvature can be evaluated exactly. Spurious current magni-
tude is directly related to errors in the evaluation of the interface curvature. To minimize
spurious currents in actual applications, a robust second-order converging curvature eval-
uation scheme has been presented that significantly reduces spurious currents compared
to the traditional first-order converging curvature evaluation schemes. The performance
and good volume conservation properties of the RLSG method have been demonstrated
using the Rayleigh-Taylor instability.

Future work will focus on enhancing the velocity interpolation scheme from the cur-
rently employed tri-linear or tri-cubic interpolation. Furthermore, subgrid models for
surface tension-induced subgrid velocities are necessary when extremely refining the G-
grid. Finally, the employed methods will be used to study the primary atomization of
liquid jets and sheets to help develop a LES-type model for primary atomization.
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