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1. Motivation and objectives
Convection visible in the form of granulation on the sun represents the turbulent system
with the highest Reynolds number that is accessible to direct observation. Also characterized by large Reynolds numbers is mesoscale convection in the Earth’s atmosphere
as visualized by the cloud patterns seen in satellite images. Both cases, though highly
turbulent, exhibit surprisingly regular structures. Evidently, the presence of large-scale
regular structures at asymptotically high Reynolds and Rayleigh numbers is compatible
with a broad spectrum of highly chaotic motions at intermediate scales. Unfortunately,
this aspect of turbulent convection cannot be easily investigated in laboratory experiments. In their attempts to reach high Rayleigh numbers Ra, experimenters have focused
on convection layers with small aspect (height to horizontal width) ratios which do not
permit the realizations of spontaneous large-scale patterns in highly turbulent convection. In fact, typical high Rayleigh number experiments are carried out with an aspect
ratio of the order unity (e.g., Shang et al. 2003).
The numerical simulation of turbulent convection suffers from similar restrictions. High
aspect ratios can be attained only through a corresponding reduction in the numerical
resolution in the vertical direction. Since the thickness of the thermal boundary layers at
the top and bottom plates decreases in proportion to Ra −1/3 there are obvious limitations in reaching high Rayleigh numbers together with large aspect ratios. In contrast to
laboratory experiments, periodic boundary conditions can be assumed in the horizontal
directions. This allows the use of somewhat lower aspect ratios than would be needed to
capture the large-scale spontaneous turbulent patterns in experiments.
A compromise in attaining the simultaneous goals of large aspect ratios and high
Rayleigh numbers has been attempted in the numerical study of Hartlep et al. (2005).
Using aspect ratios of 10 and 20 in both horizontal dimensions and Rayleigh numbers
up to Ra = 107 convection in the presence of rigid boundaries at the top and bottom,
i.e., Rayleigh-Bénard convection, has been simulated for a range of Prandtl numbers Pr
between 0.7 and 60. In agreement with earlier experimental observations (Busse 1994),
a network of large-scale square cells has usually been found at the highest Rayleigh
numbers.
The square pattern is symmetric in both upward and downward plumes, and it could
be argued that this reflects the symmetry of the upper and lower boundary conditions.
For this reason it is of interest to study cases that are not symmetric in the conditions
for the hotter and colder parts of the convection layer, especially since this situation is
usually found in natural convection systems. In this paper we therefore consider the case
when the upper boundary is thermally insulating and stress-free, while the temperature
at the lower rigid boundary is assumed to be fixed. A time-averaged heat transport that is
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steady can be achieved in this case when the layer is cooled homogeneously. More easily
realizable in the laboratory is the mathematically equivalent case of a homogeneously
heated layer with a fixed temperature at the cold upper boundary and a thermally
insulating lower boundary. The stress-free lower boundary cannot be realized easily, of
course, but this would be of minor importance.
Convection in an homogeneously cooled layer is of interest in its own right, since this
case is often used as a model for convection in the Earth’s atmosphere where the cooling
is provided by infrared radiation (e.g., Parodi et al. 2003).

2. Mathematical formulation of the problem
We consider an infinitely extended horizontal fluid layer of height d between a lower
rigid plate that is kept at the temperature T0 and an upper, stress-free plate that is
thermally insulating. The layer is cooled homogeneously with a cooling source density
q. A cartesian coordinate system is used with the gravitational acceleration g acting
in negative z-direction. Periodic boundary conditions are imposed in x- and y-directions
with periodicity lengths lx and ly . The aspect ratio Γ is defined as Γ = lx /d = ly /d. Using
d, d2 /κ, and d2 q/κcp as units of length, time, and temperature, respectively, where κ is
thermal diffusivity and cp is the specific heat at constant pressure, one obtains nondimensional equations for the velocity field v(r, t) and the temperature T (r, t). When
the fluid is at rest, the (dimensionless) temperature depends only on z and varies as
T0 − (z − z 2 /2). In the general case, it is convenient to specify the temperature through
the deviation Θ from the static profile: T (r, t) = Θ(r, t) + T0 − (z − z 2 /2). The equations
of motion for v(r, t) and Θ(r, t) are:
∂t v + (v · ∇)v = −∇π + Pr ∇2 v + Ra Pr Θẑ,
∇ · v = 0,
∂t Θ + v · ∇Θ = ∇2 Θ + (1 − z)v · ẑ,

(2.1)
(2.2)
(2.3)

where ẑ is the unit vector in z-direction and terms that can be written as gradients
have been combined into ∇π. Since we have employed the Boussinesq approximation,
two dimensionless control parameters have entered the equations, the Rayleigh number
Ra and the Prandtl number Pr ,
Ra = gαd5 q/(cp κν),

Pr = ν/κ,

(2.4)

where ν is the kinematic viscosity of the fluid and α is its coefficient of thermal expansion.
The velocity field can be uniquely represented by a poloidal scalar φ(r, t), a toroidal
scalar ψ(r, t), and a mean flow U (z, t):
v = ∇ × ∇ × φẑ + ∇ × ψẑ + U ,

(2.5)

where φ and ψ are bounded functions with vanishing average over the xy-plane, and the
z-component of U is zero. The boundary conditions are given by
Θ = φ = ∂z φ = ψ = 0 at z = 0,
2
∂z Θ = φ = ∂zz
φ = ∂z ψ = 0 at z = 1,

(2.6)

U = 0 at z = 0,
∂z U = 0 at z = 1.

(2.7)

and
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Equations of motion for φ, ψ, and U are obtained from the z-component of the curl
of the curl of Eq. (2.1), the z-component of the curl of Eq. (2.1), and the average over
horizontal planes of Eq. (2.1), respectively,
h
i
∆2 ∇2 [∂t − P r∇2 ]φ = −ẑ · ∇ × ∇ × [(∇ × v) × v] − RaP r∆2 Θ,
(2.8)
h
i
∆2 [∂t − P r∇2 ]ψ = ẑ · ∇ × [(∇ × v) × v] ,
(2.9)
D
E
2
[∂t − P r∂zz
]U = (∇ × v) × v ,
(2.10)

2
2
where ∆2 is the horizontal Laplacian, ∆2 = ∂xx
+ ∂yy
, and h· · · i denotes the average
over horizontal planes.
A spectral method (Moser et al. 1983; Kerr 1996; Hartlep & Tilgner 2003) is used to
solve Eqs. (2.3) and (2.8)–(2.10) numerically. Space is discretized with Chebychev polynomials in the z-direction and with Fourier modes in the x- and y-directions. Dealiasing using the two-thirds rule has been implemented. The time-marching procedure is a
second-order Adams Bashforth scheme for the advection and buoyancy terms coupled to
a Crank-Nicolson scheme for the diffusive terms. An adaptive time step is used to speed
up the transients. Computations have been started from random noise as initial conditions or from cases with neighboring parameter values and have been run for several tens
of convective time scales τ = (2Ekin )−1/2 , with Ekin being the average kinetic energy
density. The code is a slightly modified version of the code used for the work of Hartlep
et al. (2005). By restricting the expansion in terms of Chebychev polynomials for φ to
those that are symmetric with respect to z = 0.5 and the Chebychev polynomials for Θ
and ψ to those that are antisymmetric with respect to z = 0.5, we can satisfy boundary
conditions (2.6) at z = 0.5 instead of z = 1. A simple rescaling will thus convert the
numerical results to those obeying boundary conditions (2.6) at z = 1. Spatial resolution was 65 Chebychev polynomials, of which only those with the proper symmetry were
actually used, and 1282 grid points in horizontal planes.

3. Evolution of convection patterns
Convection is known for its rich variety of patterns which appear to persist even into the
regime of fully developed turbulence as indicated by the examples of cloud patterns in the
atmosphere and of solar granulation. Many of the characteristic patterns are associated
with special boundary conditions or deviations from the Boussinesq approximation. Here
we shall focus on the role of the up-down symmetry of the convection layer. Due to the
asymmetric way in which the heat transport enters and exits the fluid layer, it may be
expected that the pattern of turbulent convection will differ strongly from that seen under
conditions of symmetry as visualized, for instance, in the work of Hartlep et al. (2005).
As will be demonstrated in the following, the large-scale cells in which the turbulent
convection organizes itself are rather similar in symmetric and asymmetric cases, while
the small-scale structures and many quantitative properties differ considerably. Similar
to the work of Hartlep et al. (2005), a series of Prandtl numbers ranging from Pr = 0.3
to Pr = 30 were considered. Some computations at Pr = 0.1 have also been made.
Figures 1 and 2 provide a good illustration of the convection flow which is dominated
by sheets of hot rising flow that tend to entrain the colder surrounding fluid. As a result,
the rising fluid cools and loses buoyancy until near the upper boundary only small hot
plumes are left. The initial thickness of the rising sheets corresponds to the thickness of
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Figure 1. Contour plots of the instantaneous temperature distribution in horizontal planes near
the bottom boundary (z ≈ 0.12, left column), at the center (z = 0.5, center column), and near
the top boundary (z ≈ 0.9, right column) for simulations at Rayleigh number Ra = 4 × 10 5 and
four different Prandtl numbers Pr : 0.3, 0.7, 7, and 30 (from top to bottom row). The aspect
ratio Γ in these simulations is 8, except for the case of Pr = 7 (third row), where Γ = 10. Dark
and bright areas indicate cold and hot fluid, respectively.
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Figure 2. Contour lines of the vertical velocity for the same parameters and at the same instant
in time as Fig. 1. Solid lines correspond to positive and broken lines to negative values of the
vertical velocities.
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Figure 3. Horizontally averaged temperature difference ∆T between upper and lower boundary
as a function of Prandtl number Pr . Rayleigh numbers are 2×104 (plus signs), 105 (star), 2×105
(diamonds), and 4 × 105 (triangles).

the thermal boundary layer at the bottom. At the highest Prandtl number, P r = 30,
the plume-like structures manifest themselves already close to the lower boundary. It
is of interest to note that at the higher Prandtl numbers also cold sheet-like structures
become visible in the temperature field near the upper boundary. These represent the
cell-like downward flows generated by the rising plumes.
The distribution of the rising sheets is not uniform. They tend to organize themselves
into a network of centers similar to the “spoke centers” in Rayleigh-Benard convection
(Busse & Whitehead 1974; Busse 1994; Hartlep et al. 2005). This phenomenon is especially apparent in the case Pr = 7 of figures 1 and 2, but the cases of lower values of
the Prandtl number also show the tendency toward large wavelength structures. It is
less evident, though, in the Pr = 30 simulation. The observed network structures in the
Rayleigh-Bénard case are typically square-like.

4. Heat transport
The effectiveness of the heat transport in Rayleigh-Bénard convection is commonly
measured by the Nusselt number N u which is defined as the ratio between the actual,
vertical heat flux through the convection cell and the heat flux that would be observed
if there were no flows (i.e., pure conduction). In the present case, though, the constant
cooling rate effectively prescribes the heat flux, and the Nusselt number cannot be used
as a measure of the transport. The temperature at the upper boundary is not prescribed,
though, and will assume different values depending on how effective heat is carried from
the bottom to the top by the convection. The resulting temperature difference between
the upper and lower boundary for the simulations performed for this study are shown in
figure 3 as a function of Pr . Apparently, for a given Rayleigh number heat is transported
most effectively at the highest Prandtl numbers considered here.
Averaged densities of the kinetic energy of the convection flow have been plotted as
a function of the Prandtl number in figure 4 for given values of the Rayleigh number.
The plot indicates that the optimal conversion of potential energy into kinetic energy
occurs at a moderate value of the Prandtl number somewhere between 0.7 and 7. This

Convection in an internally cooled fluid layer heated from below

361

PSfrag replacements

Ekin

104

103

102
0.1

1.0

10.0
Pr

˙
¸
Figure 4. Time- and volume-averaged kinetic energy density Ekin = v 2 /2 txyz as a function
of Prandtl number Pr . As in figure 3, Rayleigh numbers are 2 × 104 (plus signs), 105 (star),
2 × 105 (diamonds), and 4 × 105 (triangles).

is different from the behavior in standard Rayleigh-Bénard convection where, at least
for values of Pr between 0.3 and 120, the kinetic energy increases monotonically with
Prandtl number (Hartlep 2004).

5. Conclusion and future work
The preliminary results presented in the preceding sections indicate that convection
with highly asymmetric transport of thermal energy can serve as an example for the
study of changes in the structure of turbulent convection that occur when the flow is
governed by a single thermal boundary layer instead of two antisymmetric ones. Instead
of large scale hexagon-like cellular structures that might have been expected, it is found
that the large-scale structure of the turbulent convection does not differ greatly from
that seen in the case of Rayleigh-Benard convection. Significant differences are found,
though, in quantitative measures such as the kinetic energy density or the effectiveness of
the heat transport. A more detailed study of the properties of this type of convection is
still needed, and an extension of the computations to higher Rayleigh numbers is highly
desirable.
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