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1. Motivation and objectives
A realistic analysis and design of physical systems must take into account uncertainties contributed by various sources such as manufacturing variability, insufficient data,
unknown physics and aging. In a probabilistic framework these uncertainties are first
modeled as random quantities with assigned probability distributions. The probabilistic
nature of the response of the uncertain system under deterministic or random loading is
then estimated using various available methods such as stochastic finite element methods
(SFEM).
Let (Ω, F, P ) denote the underlying probability space of uncertainty, where Ω denotes
the set of elementary events, θ ∈ Ω, F denotes a σ-algebra on that event set, and P
denotes the probability measure. Let D denote the physical domain of the system, and
x ∈ D. Consider the following elliptic equation to hold almost everywhere (a.e.) on Ω
L(u(x, θ)) = f (x, θ) x ∈ D,
u(x, θ) = ub (x, θ) x ∈ ∂D,

(1.1)

where u(x, θ), f (x, θ) : D × Ω → R. The uncertain parameters in this equation are
embedded in the coefficients, and sometimes in the boundary conditions. The external
forcing function f also can be random. In a general probabilistic framework, some of
these random parameters and sometimes the force are modeled as random variables and
some as random processes. Since the random processes are infinite dimensional objects,
for computational purposes they are further discretized using a suitable basis set in the
space of square-integrable random variables L2 (Ω). For example, when the covariance of
a process is known, then the Karhunen-Loève (KL) expansion (Ghanem & Spanos 2003)
can be used for such discretization. The set of all these random variables completely
characterizes the uncertainty in the underlying system. These random variables may not
be completely independent of each other, and their joint distribution will be non-Gaussian
in general. This set can be transformed to a function of a set of independent standard
i=m
normal (Gaussian) variables {ξi (θ)}i=1
, also denoted by the m-dimensional vector ξ,
using various techniques (Ghanem & Doostan 2006; Das et al. 2006). In literature, m is
often referred to as the stochastic dimension of the problem. Since u, the response of the
system, will also be a function of ξ, therefore u(x, θ) can now be denoted as u(x, ξ).
The response of the system is next represented in a tensor product space as u(x, ξ) ∈
V (D) ⊗ L2 (Ω). Here V (D) may be a space of deterministic finite element bases, for
example. Similarly a set of orthogonal bases are chosen in L2 (Ω). Since the basic random
variables ξ are Gaussian, the natural choice of a set of orthogonal polynomials in these
variables becomes the set of Hermite polynomials, and the resulting representation is
called the polynomial chaos expansion (PCE) (Ghanem & Spanos 2003). Let us assume
that the physical domain is discretized using an n degrees of freedom (dof) finite element
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model, and the response is represented using a P -term PCE. For this problem, in order to
estimate the chaos coefficients when a Galerkin projection is used to minimize the residual
of the governing equation (Ghanem & Spanos 2003; Babǔska et al. 2005), the stochastic
problem is translated into the following system of linear deterministic equations
Ku = f , K ∈ RnP ×nP , u, f ∈ RnP .

(1.2)

Solving this large system of equations has drawn significant attention (Ghanem &
Kruger 1996; Pellissetti & Ghanem 2000; Keese & Matthies 2005; Sarkar et al. 2006),
however, it still remains as a major challenge in quantifying uncertainty in large-scale
systems. This system is block-sparse, and usually is solved using iterative solvers such as
conjugate gradient (CG). Like most large linear systems, a properly chosen preconditioner
could help the convergence of the iterative solver. In this work a Block-Jacobi type
preconditioner is used for this purpose, and is found to be very effective. To apply this
preconditioner an (n×n) system needs to be solved repeatedly, for different multiple righthand sides. To this end, a domain decomposition method called finite element tearing and
interconnecting - dual primal (FETI-DP) is used as the solver. In particular, a variant of
FETI-DP that is adapted to solve for multiple right-hand sides more efficiently is used.
The proposed method is successfully tested by a numerical study. It should be noted that
the presented framework is equally valid for other bases than the Hermite ones such as
other types of polynomials (Xiu & Karniadakis 2003) or wavelet bases (LeMaitre et al.
2004).
It is noted that an overlapping additive Schwarz domain decomposition method with
the similar multiple right-hand sides adaptation is used to apply a preconditioner in a
recent paper (Jin et al. 2007); however, there the uncertainty model remains only as a
special case of the general model considered. In another recent work on using domain
decomposition in SFEM ( Sarkar et al. 2006), a decomposition of the physical domain is
considered first, and the Galerkin projection is applied considering this decomposition.
Our work is completely different from this work, since we consider the entire physical
domain during the Galerkin projection, and the domain decomposition is only used while
implementing the preconditioner.

2. Detailed problem description and proposed solving strategy
2.1. Polynomial chaos expansion
In this paper the polynomial chaos bases (Ghanem & Spanos 2003) are used to represent
the stochastic counterpart of the response u(x, ξ). Accordingly, any square integrable
i=∞
random variable, vector or process can be represented using a basis set {ψi (ξ)}i=0
, where
the bases are chosen to be Hermite polynomials in the set of orthonormal variables ξ.
Let the function p(ξ) denote the joint probability density function of the random vector
ξ. Introduce the notation
Z
Z
·dP (θ) =
·p(ξ)dξ
E{·} =
Ω

Rm

to denote the mathematical expectation of a random quantity. Then the bases ψ i have
the following properties:
ψ0 ≡ 1 ,

E{ψi } = 0 for i > 0 ,

and E{ψi ψj } = δi,j E{ψi2 } ,
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where δi,j denotes the Kronecker delta function. For computational purposes, only a
finite number of bases — P are used. P depends upon m, the stochastic dimension of the
problem and the highest degree of polynomials retained — also referred to as the order
of expansion. Using both the deterministic or physical bases and the stochastic bases
j=P −1
{ψj (ξ)}j=0
, the approximation û(ξ) to the response u(x, ξ) can be represented as
û(ξ) =

P
−1
X

u(i) ψi (ξ) ,

i=0

û(ξ), u(i) ∈ Rn .

(2.1)

The chaos coefficients u(i) completely capture the probabilistic description of û(ξ). For
example, the mean and variance of the response at the j th node can be readily computed
from the above expansion as
Mean = ū = u(0) (j),

Variance = V ar(û) =

i=P
X−1

u(i) (j)

i=1

2

E{ψi2 } ,

(2.2)

where u(i) (j) denotes the j th element of the vector u(i) . To obtain the representation
(2.1) the coefficients u(i) need to be estimated. For most applications, the computationally fastest method for this estimation is the stochastic Galerkin finite element method
(Ghanem & Spanos 2003; Babǔska et al. 2005), where a variational formulation is constructed using the bases from the tensor product space V (D) ⊗ L2 (Ω). Accordingly, when
a Galerkin projection is taken on the deterministic bases, Eq. 1.1 can be written as
K(ξ)u(ξ) = f (ξ) , K(ξ) ∈ Rn×n , f (ξ) ∈ Rn ,

(2.3)

where
K(ξ) =

L−1
X

K(i) ψi (ξ) ,

f (ξ) =

i=0

K(i) ∈ R

P ≥ L, M,

M
−1
X

f(i) ψi (ξ) ,

i=0
n×n

, f(i) ∈ Rn .

(2.4)

Next, when Eq. 2.3 is projected on the chaos bases, it yields a system of systems of
deterministic equations
Ku = f , K ∈ RnP×nP , u, f ∈ RnP ,
where


L−1
X

K(i) E{ψi ψ0 ψ0 }

 i=0

 L−1
 X
K(i) E{ψi ψ0 ψ1 }

K=
 i=0

...

 L−1
X

K(i) E{ψi ψ0 ψP −1 }
i=0

u=









L−1
X

i=0
L−1
X
i=0

L−1
X
i=0

K(i) E{ψi ψ1 ψ0 }

...

K(i) E{ψi ψ1 ψ1 }

...

...

u(P −1)






...





,

f=









L−1
X

i=0
L−1
X
i=0

K(i) E{ψi ψ1 ψP −1 } . . .

u(0)
u(1)
·

(2.5)

f(0)
f(1)
·

f(P −1)

L−1
X
i=0









K(i) E{ψi ψP −1 ψ0 }
K(i) E{ψi ψP −1 ψ1 }
...

K(i) E{ψi ψP −1 ψP −1 }









,






(2.6)
(2.7)

146

D. Ghosh, C. Farhat and P. Avery
2.2. Solving the linear system

The matrix K is block-sparse, where each of the blocks is of size (n × n) and is also
sparse itself. The block-sparsity results from the properties of the inner products of
the polynomial chaos bases, while the sparsity within the individual blocks results from
the deterministic finite element discretization. Clearly the problem size — which can
be characterized by the number nP — depends on (i) the size of the physical system
and spatial mesh resolution — that affects n, and (ii) the level of uncertainty — that
affects P . The majority of the current literature addresses solvability of Eq. 2.5 for
small or medium problems. However, as the problem size grows, solving this system
becomes more challenging, as the memory and computational time requirement tend
to a prohibitive range. Development of efficient computational techniques to solve this
problem has therefore emerged as an active area of research in recent years.
The system (2.5) can be efficiently solved using an iterative technique such as the
MINRES, or conjugate gradient (CG) algorithm (Ghanem & Kruger 1996; Pellissetti
& Ghanem 2000; Keese & Matthies 2005) — the solver used in this paper. For solving
large-scale linear systems, the preconditioners have been playing an important role (Benzi
2002). Using a preconditioning matrix M, the system (2.5) is transformed as
solve MKu = Mf ;

(2.8)

here M should be chosen such that (i) MK is well-conditioned, if possible M ≈ K−1 ,
(ii) M should be easily computable. To this end, the matrix K needs to be examined
closely.
Using the orthogonality of the chaos polynomials, it can be shown that the matrix K (0) ,
stiffness of the mean system, contributes only toward the diagonal blocks of the matrix
K and not to the off-diagonal blocks. This can be interpreted as the diagonal blocks have
a contribution from the mean system properties, and often also from the fluctuation part
of these properties — depending upon the expansion of K(ξ) in Eq. 2.4, whereas the
off-diagonal blocks have contributions only from the fluctuation part. Thus the diagonal
blocks are dominant in some sense. For such matrices it is often expected and has been
observed that a block-Jacobi preconditioner helps to accelerate the convergence. In this
paper a block-Jacobi-type preconditioner is used, which is defined as


1
K −1
E{ψ02 } (0)



M=


0
...
0

0
1
K −1
E{ψ12 } (0)
...
0

...
0
...
...

0
0
...
−1
1
K(0)
2
E{ψP
−1 }





 .


(2.9)

The reason for deviating from the usual block-Jacobi preconditioner is as follows. In
general, the diagonal blocks of the matrix K are not equal, therefore in the usual blockJacobi preconditioner the diagonal blocks in M also will be different. However, in our
construction of the preconditioner all the diagonal blocks in M are kept as same — except
the scaling factors, which allows using a multiple right-hand sides version of a linear solver
without sacrificing the power of the block-Jacobi preconditioner. It can be shown that for
a Gaussian model of K(ξ), that is, when in Eq. 2.4 the only non-zero coefficients K(i) -s
are K(0) and the ones corresponding to ξi -s, the preconditioner M coincides with the
usual block-Jacobi preconditioner (Ghanem & Kruger 1996, Pellissetti & Ghanem 2000).
In Keese & Matthies 2005, a preconditioner similar to the one described above was used,
except there was no E{ψ1 2 } factor in the diagonal blocks. The reason we chose the factor is
i
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that in the ith diagonal block of K, the coefficient of K(0) is E{ψi2 }. Although the results
are not mentioned in this paper, it was also verified through numerical experiments that
this factor helps improving the convergence.
Each application of the preconditioner M requires the same matrix K(0) to be inverted
P times. Note that this is the count for each PCG iteration. However, in the PCG
algorithm the action of the preconditioner is implemented as a system solving approach
−1
rather than requiring the access to K(0)
. Thus, a system K(0) z = d needs to be solved
−1
instead of computing K(0) explicitly, where z, d ∈ Rn , and d varies. The matrix K(0) is
sparse, and large for large-scale problems. Thus an iterative solver can be used to this
end. Since this system needs to be solved repeatedly for different right-hand sides, a
solution method that can reduce the computational cost in successive solving is greatly
desired.
Here a domain decomposition based solver named FETI-DP is used to solve K(0) z =
d. Since the application of the preconditioner requires solving the same linear system
repeatedly with different right-hand sides, a multiple right-hand sides version of FETIDP (Farhat & Chen 1994) is used here that accelerates the convergence of the PCG
method. Typically any algorithm for solving a linear system with multiple right-hand
sides requires storing a set of vectors. This set is used in subsequent solving to estimate
the initial iterate. The size of the storage depends on the size of the vectors. For FETIDP, these vectors correspond only to the interface dof. Since the number of interface dof
is much smaller than the total dof in the whole domain, FETI-DP is storage-efficient.

3. Domain decomposition
In domain decomposition methods the computational domain is decomposed into a set
of subdomains, and a divide-and-conquer strategy is developed that permits using multiple processors more efficiently than the traditional single domain approaches. In this
work a particular domain decomposition method called FETI-DP (Farhat et al. 2000)
is used. It is an iterative method where the subdomains communicate with each other
through a set of Lagrange multipliers defined at subdomain boundaries. The equilibrium
of each subdomain is satisfied at each iteration, whereas the continuity of the displacement field is achieved at convergence. The FETI-DP solver is scalable for fourth-order
plate and shell problems. It was further adapted to repeatedly solve a given system for
multiple right-hand sides efficiently (Farhat & Chen 1994). This adapted version, referred
to here as the FETI-DP-mrhs, is described in Section 3.2, and will be used for applying
the preconditioner (2.9).
3.1. Description of the FETI-DP method
Let the physical domain D be divided into Ns subdomains, denoting the sth subdomain
by D (s) and its boundary ∂D (s) , as shown in Fig. 1. For the subdomain D (s) denote
the stiffness matrix as K (s) , the component of the displacement field as u(s) and the
component of the external force as f (s) , respectively. Let the displacement field u(s) be
partitioned as

u

(s)

=

"

(s)

ur
(s)
u bc

#

,

where

u(s)
r

=

"

(s)

uint
(s)
u br

#

;

(3.1)
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Figure 1. Decomposition of the physical domain D

here the subscript bc denotes the dof corresponding to the corner nodes, int denotes the
internal dof, and br refers to dof at the nodes at the subdomain boundaries except the
corners. The subscript r is to abbreviate the word remainder, referring to all the internal
and boundary dof in the subdomain except the ones in the corners. The subdomain
stiffness matrix K (s) and the force component f (s) can be partitioned accordingly as

K (s) =

"

(s)

(s)

Krr

Krc

(s) T

(s)

Krc

Kcc

#

,

f (s) =

"

(s)

fr
(s)
f bc

#

.

(3.2)

At the subdomain interfaces, the continuity of the displacement field can be expressed
as
(s)

(q)

ubr − ubr = 0 on ∂D (s) ∩ ∂D (q) .

(3.3)

However, at the corner nodes, the continuity of some or all components of the displacement field is enforced at each iteration. To implement this, a global vector is introduced
to denote the corner dof as
uc =



c
u1c , · · · , ujc , · · · , uN
c

T

,

(3.4)

where Nc denotes the total number of corner nodes, ujc denotes a subset or all of the
displacement dof associated with the j th global node that is also a corner node. Let λ
denote a vector-valued Lagrange multiplier defined globally over the subdomain interface
dof except the corner points, that is, on the dof denoted by br .
Detailed derivation of the equations can be found at Farhat et al. 2000. However, it
can be summarised as follows. First, the equilibrium equations for each subdomain on
the residual dof level are constructed. Then, the equilibrium equation at global corner
dof level is constructed, considering contribution from all the subdomains. Finally, after
a few algebraic operations of these equilibrium equations and the continuity condition
Eq. 3.3, a symmetric positive definite dual interface problem is formed as
Aλ = g

A ∈ RNλ ×Nλ , g ∈ RNλ ,

(3.5)

where Nλ denotes the size of the vector λ, expressions of the matrix A and the vector g
can be found in Farhat et al. 2000. Eq. 3.5 is solved using a PCG algorithm. We will call
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this PCG as the inner-PCG to distinguish it from the PCG used to solve Eq. 2.5, which
we will refer to as the outer-PCG.
Let λk denote the iterate at the k th inner-PCG iteration. To compute the corresponding
matrix-vector (mat-vec) product, the following linear system needs to be solved
∗ k
Kcc
x = yk ,

(3.6)

where the matrix Kcc is defined over the global corner dof. Eq. 3.6 is called the FETI-DP
coarse problem. The words dual-primal appear in the name FEDI-DP because it involves
the dual Lagrange multipliers λ and the primal displacement field uc . Implementation
details of the FETI-DP method, and finer improvements such as augmentation of the
coarse problem can be found in Farhat et al. 2000 and Farhat et al. 2005 .
3.2. FETI-DP with multiple right-hand sides
As can be seen in Eq. 2.9, application of the block-Jacobi-type preconditioner requires
solving the same system of equations with different right-hand sides. When a FETIDP solver is used to implement this preconditioner, effectively the problem reduces to
solving repeatedly Eq. 3.5 for different right-hand sides. Here one advantage is that the
storage requirement for the Krylov subspace corresponds to λ, a vector defined only on
the interface dof and not on the entire domain, which is a significant saving. Eq. 3.5 can
be written in its multiple right-hand sides form as
Aλj = gj ,

A ∈ RNλ ×Nλ ,

λj , g j ∈ R Nλ ,

j = 1, . . . , nrhs ,

(3.7)

where nrhs denotes the number of right-hand sides for which the system is to be solved,
Nλ denotes the size of the vector λj . A and gj denote the matrix on the left and the vector
on the right-hand sides of Eq. 3.5, respectively. Computational cost of this repetitive
solving can be greatly reduced by re-using the Krylov subspaces used by the iterative
method used in solving Eq. 3.7.
For FETI-DP, a strategy of re-using the Krylov subspace (referred to here as FETIDP-mrhs), was demonstrated in Farhat & Chen 1994. Here this strategy is described for
the first two right-hand sides, that is, how the Krylov subspace S1 generated to compute
λ1 is used to compute λ2 . For the subsequent right-hand sides the same strategy follows.
Consider for j = 1 the system Aλ1 = g1 is solved, the generated Krylov subspace S1 is
stored. For j = 2 the initial iterate λ02 will be chosen from subspace S1 and the successive
iterates will be selected from the space A-orthogonal to S1 , denoted here as S1∗ . For
achieving this, first the space RNλ is decomposed as
RNλ = S1 ⊕ S1∗ .

(3.8)

Then the solution λ2 to be decomposed as
λ2 = λ02 + λ∗2 ,

T

where λ02 ∈ S1 , λ∗2 ∈ S1∗ , λ02 Aλ∗2 = λ∗2 T Aλ02 = 0 .
λ02 ,

λ∗2 .

(3.9)

λ2 is computed in two steps: first to find
and then to find
The first step is
done as follows. Let S1 denote a rectangular matrix of size Nλ × s1 whose columns
are A−orthogonal and span the subspace S1 , where s1 denotes the dimension of the
subspace S1 . Note that S1T AS1 is a diagonal matrix, let us denote the diagonal elements
as βi , {i = 1, . . . , s1 }, then λ02 is computed as
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Figure 2. A finite element model of the cylinder head

λ02 = S1 y20 ,
where the elements

[y20 ]j

of

y20

∈R

s1

(3.10)

are computed as

[S1T g2 ]j
j = 1, . . . , s1 .
(3.11)
βj
Once λ02 is computed, then the PCG iterations are begun to solve Aλ2 = g2 , taking λ02
as the initial iterate and taking search directions as A−orthogonal to λ02 , as follows from
Eq. 3.9.
[y20 ]j =

4. Numerical study
Three finite element models of a cylinder head of a car engine with three different
mesh sizes are considered for implementing the proposed methodology and studying its
effectiveness. These three models will be referred to here as CH1, CH2 and CH3; a
typical model is shown in Fig. 2. The model CH1 has 54 198 dof, CH2 has 335 508 dof
and CH3 has 2 290 437 dof. All the models are built using three types of elements: 3-D
8-node brick elements with 3dof/node, 3-D 3-AQR shell elements with 6dof/node, and
3-D 6-node pentahedral elements with 3dof/node. The cylinder head is made with five
different components. The Young’s modulus Ei of the materials of these five components
are assumed to be independent random variables, expressed as
σE
Ei = Ēi + √ i (ξi2 − 1)
i = 1, . . . , 5 .
(4.1)
2
Here Ēi are the mean values, σEi are the standard deviations, and ξi are independent
standard normal random variables. To ensure positivity of the Young’s modulus a conσ
straint is imposed as √E2i < Ēi for all i. In the present study σEi is assumed to be
20% of Ēi for all i, which satisfies this constraint. The system is loaded with a constant
body force of 10g. This loading is chosen arbitrarily and without loss of generality. Since
a linear static analysis is carried out here, the qualitative nature of the results should
also follow for any other loading. The rigid body modes are removed from the system
by properly constraining at the boundary. The displacement field is represented using
fourth-order polynomial chaos expansion, the total number of chaos polynomials in this
expansion becomes P = 126. The chaos coefficients are estimated by solving Eq. 2.5 by
the PCG method, and using a block-Jacobi-type preconditioner as defined in Eq. 2.9. The
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Number of subdomains Total solution time (sec.) Time taken in preconditioning (sec.)
22
44
223

361
317
453

257
233
371

Table 1. CPU time required in solving for Model CH1, the output displacement field is represented in fourth-order chaos expansion, total 8 processors are used. The total simulation time
includes the time taken in preconditioning.

initial iterates for the PCG iterations are taken as zero vectors, and the stopping criteria
is set as the relative residual — defined as the ratio of the 2-norms of the residual and
the right-hand side — to be less than 10−8 . The FETI-DP-mrhs is used to implement
this preconditioner, storing at most 1000 vectors from the Krylov subspaces generated
by the FETI-DP solver.
Only the model CH1 is considered first. For this model, Eq. 2.5 is solved using 8
processors and three different domain decompositions: dividing the entire domain into
22, 44 and 223 subdomains, respectively. The computational time required to solve Eq.
2.5 including preconditioning, and the time required only at the preconditioning stage are
presented in Table 1. It is observed from this table that in terms of computational time,
there exists an optimal number of subdomains, which is 44 in this case, among the three
decompositions considered. It is also observed that the majority of the computational
work is in the preconditioning stage. This observation underscores the importance of
accelerating the preconditioner. In Fig. 3 the number of PCG iterations within the FETIDP solver — also referred to here as the inner-PCG iterations — is plotted against the
number of times the FETI-DP solver is called. It is observed here that compared to
the first few solves, the number of iterations dropped significantly afterward, that is,
the mrhs version of FETI-DP helped significantly in reducing the computational cost of
preconditioning. It is further observed in this figure that the trend of reduction of the
number of inner-PCG iterations is almost similar for all three domain decompositions.
In the next step of the numerical study, all three models are considered. The models
CH1, CH2 and CH3 are decomposed into 48, 64 and 320 subdomains, respectively. These
numbers are chosen considering (i) an optimality study as presented in the previous paragraph, and (ii) load balancing — trying to keep the number of subdomains allocated per
processor to be an integer value, in most cases. For three models and their corresponding domain decompositions Eq. 2.5 is solved using various numbers of processors, and
the computational time and iteration counts are presented in Tables 2 and 3. The main
observations from these tables are as follows.
The number of outer-PCG iterations, denoted here by Niter,cg , does not change considerably with the mesh refinement of the models. However, the number of inner-PCG
iterations, Niter,F ET I , increases noticeably as the mesh resolution (and simultaneously
the number of subdomains) increases. Apparently it is expected that each outer-PCG
iteration should call the FETI-DP solver P = 126 times, since there are 126 diagonal
blocks in the preconditioner. However, in these tables, when the outer-PCG iteration
count Niter,cg changes from 16 to 17, then the number of FETI-DP calls Ncall,F ET I
increases by 21, and not by 126. To resolve this contradiction, a closer examination of
the final solution u revealed that among 126 number of u(i) -s, only 21 turned out to be
non-zero.
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120
Number of iterations (within FETI−DP)

Number of iterations (within FETI−DP)

120
100
223 subdomains

80

44 subdomains
22 subdomains

60
40
20
0

50

100

150

200

250

300

223 subdomains

100

44 subdomains

80

22 subdomains

60
40
20
0

Number of times FETI−DP called

5

10

15

20

25

30

Number of times FETI−DP called

Figure 3. Efficiency of FETI-DP with multiple right-hand sides: Here the number of inner-PCG
iterations — PCG iterations within the FETI-DP solver— is plotted as successive times this
solver is called in the preconditioning stage of the large system arising from the stochastic
Galerkin scheme. The figure on the right is a magnified part of the figure on the left. For the
Model CH1, the output displacement field is represented in fourth-order chaos expansion.

Model Nproc Niter,cg Ncall,F ET I Niter,F ET I Tsol (sec.) Tprec (sec.)
CH1
CH2

12
8
4
12
8

16

301

17

322

2687
2687
2686
4466
4466

322
376
465
2265
2673

241
281
347
1734
2025

Table 2. Computational performance details for models CH1 and CH2, with different number of
processors. The output displacement field is represented in fourth-order chaos expansion. N proc
: number of processors, Niter,cg : total number of outer-PCG iterations, Ncall,F ET I : number
of times the FETI-DP-mrhs solver is called, Niter,F ET I : total number of inner-PCG iterations
(within FETI-DP-mrhs), Tsol : total solve time, Tprec : time taken at the preconditioning stage,
here Tsol includes Tprec . The 8 processors are a subset of the 12 processors; the 4 processors are
further a subset of these 8 processors. The model CH1 is divided into 48 subdomains, and CH2
into 64 subdomains.

To study the scalability properties, variation of the preconditioning time Tprec with
respect to mesh resolution and number of processors should be observed. From these two
tables it is observed that for a fixed number of processors, solving a problem that is 6
times larger — measured in terms of dof — takes approximately 6-7 times CPU time.
Finally, the sensitivity of the total number of inner-PCG iterations with respect to
the dimension of the stored Krylov subspace in FETI-DP-mrhs is studied. For the model
CH2, three different storages, 1000, 2000 and 4000 vectors are considered, and the corresponding inner-PCG iteration counts are computed and presented in Table 4. This
study helps in deciding the computational budget considering the trade-off between the
memory and CPU time requirement.
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Model Nproc Niter,cg Ncall,F ET I Niter,F ET I Tsol (sec.) Tprec (sec.)
CH2
CH3

60
60

17
16

322
301

4475
7042

1041
5621

834
4934

Table 3. Computational performance details for models CH2 and CH3, with different number of
processors. The output displacement field is represented in fourth-order chaos expansion. N proc
: number of processors, Niter,cg : total number of outer-PCG iterations, Ncall,F ET I : number
of times the FETI-DP-mrhs solver is called, Niter,F ET I : total number of inner-PCG iterations
(within FETI-DP-mrhs), Tsol : total solve time, Tprec : time taken at the preconditioning stage,
here Tsol includes Tprec . The model CH2 is divided into 64 subdomains, and CH3 into 320
subdomains.

max(si ) Niter,F ET I
i
1000
4466
2000
3184
4000
2838
Table 4. Effect of the maximum dimension of the stored Krylov subspace stored on the FETI-DP-mrhs acceleration. max (si ) : maximum number of orthogonal bases stored from any Krylov
i

subspace Si , and Niter,F ET I : total number of inner-PCG iterations (within FETI-DP-mrhs).
Model CH2.

5. Conclusions and future work
The numerical study demonstrated the success of the proposed methodology of analyzing uncertainty in large-scale problems. Using the block-Jacobi type preconditioner, the
preconditioned conjugate gradient PCG method could solve the large problems within a
few iterations. The domain decomposition based solver referred to as finite element tearing and interconnecting - dual primal (FETI-DP) worked successfully in implementing
this preconditioner. The multiple right-hand sides (mrhs) version of FETI-DP helped
significantly in reducing the total computational time.
The domain decomposition-based approach is a major step toward uncertainty quantification of real engineering systems through efficient usage of parallel computation.
Future research directions in this area will include applications to various other kinds of
engineering problems.
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