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A dynamic global-coefficient subgrid-scale model
for large-eddy simulation of turbulent scalar
transport in complex geometries

By D. You AnND P. Moin

1. Motivation and objectives

The “local-equilibrium” hypothesis that assumes a local balance between the viscous
dissipation and the subgrid-scale dissipation at the same physical location in turbulent
flow has been commonly used for turbulence modeling. For example, based on the lo-
cal equilibrium hypothesis, Germano et al. (1991) and Moin et al. (1991) developed
dynamic procedures for determining the model coefficients of the Smagorinsky-model-
based subgrid-scale eddy viscosity as a function of space and time. The local equilibrium
assumption results in both favorable and unfavorable consequences to large-eddy simu-
lation. The dynamic modeling procedure allows vanishing eddy viscosity by the model
coefficient vanishing in regions where the flow is laminar or the eddy viscosity should
be zero. However, the dynamic model coefficient can cause numerical instability since its
value often becomes negative and/or highly fluctuates in space and time. The unfavor-
able feature of the dynamic model coefficient is closely related to the fact that the chance
of local equilibrium between the subgrid-scale dissipation and the viscous dissipation is
low as observed by da Silva & Metais (2002) and Borue & Orszag (1998). Therefore,
the numerical instability has been remedied by additional numerical procedures such as
an averaging of the model coefficient over statistically homogeneous directions or an ad
hoc clipping procedure (e.g., Meneveau et al. 1996). However, the numerical stabilization
procedure becomes complicated when the dynamic model is applied to a complex flow
configuration in which there are no homogeneous directions.

The shortcoming of the dynamic Smagorinsky models based on the local-equilibrium
hypothesis was overcome by Park et al. (2006). They proposed a dynamic procedure for
determining the model coefficient of an eddy-viscosity model developed by Vreman (2004)
utilizing a “global equilibrium” hypothesis that assumes a global balance between the
subgrid-scale dissipation and the viscous dissipation. However, the dynamic procedure
of Park et al. (2006) requires two-level test filters of which utilization is difficult and
impractical, especially with unstructured grid topology where defining the second-level
test filter is not straightforward.

More recently, an improved dynamic procedure for a closure of Vreman’s model (2004)
has been proposed by You & Moin (2007). The model by You & Moin (2007) also assumes
global equilibrium between the subgrid-scale dissipation and the viscous dissipation, and
requires only a single-level test filter, which improves the applicability of the model for
complex flow configurations. In the global-equilibrium approaches (You & Moin 2007;
Park et al. 2006), the model coefficient is determined to be globally uniform in space
but to vary in time, and does not require any ad hoc numerical stabilization or clipping
operations. Even with a non-zero constant model coefficient, the global-coefficient models
still guarantee zero eddy viscosity in the laminar and fully resolved flow regions by the
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inherent advantage of Vreman’s eddy-viscosity model (2004) in which vanishing subgrid-
scale dissipation for various laminar shear flows is theoretically guaranteed.

The local-equilibrium hypothesis has also been employed for a closure of the subgrid-
scale scalar flux (e.g., Moin et al. 1991). However, the chance of local balance between
the subgrid-scale scalar diffusion and the molecular diffusion is also found to be small,
especially at high Reynolds and Schmidt numbers as reported by da Silva & Pereira
(2005) in their direct numerical simulations of homogeneous isotropic turbulence. The
local imbalance also causes a numerical instability and requires additional numerical
procedures such as an averaging of the model coefficient over statistically homogeneous
directions or an ad hoc clipping procedure (Moin et al. 1991).

In this study the global-equilibrium-based modeling approach of You & Moin (2007),
which has been successfully utilized for large-eddy simulation of incompressible turbu-
lent flow, is generalized for large-eddy simulation of turbulent flow with scalar transport,
especially in complex configurations. The present dynamic procedure assumes “global
equilibrium” between the subgrid-scale scalar diffusion and the molecular diffusion. Sim-
ilarly to the dynamic procedure for determining eddy viscosity (You & Moin 2007), the
present model necessitates only a single-level test filter and does not require any nu-
merical stabilization procedures. Therefore the proposed model is suitable for large-eddy
simulation of turbulent flow with scalar transport in complex configurations.

A generalization of the dynamic global-coefficient model by You & Moin (2007) to tur-
bulent scalar transport is introduced in Section 2. In Section 3, the predictive capability
of the present model is evaluated by considering turbulent channel flow at two different
Reynolds and Prandtl (or Schmidt) numbers. A brief summary is presented in Section 4.

2. Global-coefficient subgrid-scale model for turbulent scalar transport

The incompressible continuity, momentum, and scalar transport equations are consid-
ered as follows:
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where v and « (= 1/PrRe or 1/ScRe) are the molecular viscosity and diffusivity, respec-
tively.

By applying a “grid” filter () to (2.1)-(2.3), one obtains the following filtered governing
equations of motions:
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where 7;; and ¢; are the subgrid-scale stress tensor and scalar flux, respectively. The
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subgrid-scale stress tensor 7;; is modeled by an eddy-viscosity model:
1 —
Tij — géijTij = —2V%Sij, (27)

where v, is the eddy viscosity. In the present study an eddy-viscosity model by Vreman
(2004) is considered for determining v

v = C,IlY, (2.8)
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A, is the grid-filter width in the m-direction, ()9 denotes a grid-filter-level quantity, and
C, is the model coefficient. A novel feature of the model that makes it superior to the
Smagorinsky model with a constant coeflicient, is that the kernel II9 becomes zero for
canonical cases where the eddy viscosity should be zero. More details of the derivation
of the model and its characteristics can be found in Vreman (2004).

You & Moin (2007) proposed a dynamic procedure using a single-level test filter to
determine the model coefficient C, based on a transport equation for L;; (= Tj; — 74)

OL;;
ot

d — ann — o~ ou; O — ~
P {—(ﬂmﬂj — uuiy) — 2(u;p —u;p) + v ( — - #> — 2(7i;u; — Tiﬂi)}

(2.9)

aij =

al'j 6,Tj 6,Tj

8%75@- ou; ou; o ~
2 - 211,84, — T1;9:;)- 2.1

Taking the volume average of (2.10) assuming “global equilibrium” finally results in
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A, is the test-filter width in the m-direction and ()! denotes a test-filter-level quantity.

The present model coefficient is dynamically determined from the instantaneous flow
field and computational resolution by utilizing only a single-level test filter. It was found
that the temporal variation of the model coefficient is mild and the mean value of the
coefficient often quite differs from the fixed value of 0.07 proposed by Vreman (2004) for
channel flow and mixing layer simulations (You & Moin 2007).

Besides the advantage of utilizing only a single-level test filter, which improves the
applicability of the model for complex flow configurations, the present volume-averaging
process in (2.11) obviates a possibility of obtaining different model coefficients when two
different computational domains that contain the same turbulent flow field but differ-
ent laminar shear flow regions are employed. This is because both the v1scous dissipation
(v (O‘W @;j — ;i) and the subgrid-scale dissipation (HHSW S;;—1It S” S”) in (2.11) van-
ish in the laminar flow region. Therefore, in the present method, the regions where both
the subgrid-scale dissipation and the viscous dissipation vanish are naturally excluded
from the averaging process in (2.11).

The dynamic modeling procedure based on the global-equilibrium hypothesis is gener-
alized to model the subgrid-scale scalar flux. A transport equation for the scalar variance
in the grid-filter level is derived as follows:
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In a similar way, a transport equation for the scalar variance in the test-filter level can
be derived as:
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Extractlng test-filtered (2.13) from (2.14) finally results in a transport equation for
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channel flow at Re; = 180 and Pr = 1 and 25. , fine mesh LES (LES180F); -------- ,
coarse mesh LES (LES180C).

where I'y is the redistribution term and €, and egggs are the molecular and the subgrid-
scale diffusion terms, respectively.

Taking the volume average () of the terms in (2.15) over the entire computational do-
main assuming that the volume averages of the redistribution term and the time variation
term Ty are negligible, yields
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v is defined in (2.8) and vk = C,II'.

Similarly to the modeling approach for determining eddy viscosity, the present dy-
namic procedure for determining turbulent diffusivity requires only a single-level test
filter and therefore is easy to utilize for large-eddy simulation in complex flow configu-
rations. The present volume-averaging process also obviates the possibility of obtaining
different turbulent diffusivity when two different computational domains that contain
the same turbulent flow and scalar fields but different lamini{\ shear flow regions are
employed. This is because both the molecular diffusion (a%% — %%) and the
subgrid-scale scalar diffusion (l/tTaa—fj aa—fj - u%ga—fj 8‘9—&) in (2.16) vanish in the laminar flow
region. Therefore, in the present method the regions where both the subgrid-scale scalar
diffusion and the molecular diffusion vanish, are naturally excluded from the averaging

process in (2.16).
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Re, L L, L. N, Ny N. Azt Ay+ Azt

DNS180 180 276 20 w6 128 128 128 8.8 0.10-7 4.4
LES180F 180 2w 26 o 48 64 48  23.6 0.60-17 11.7
LES180C 180 276 20 w6 32 48 32 354 07024 177
DNS300 300 276 256 2n/36 192 192 192 9.8 0.07-5 3.2
LES300 300 276 26 27/30 48 64 48 393 04538 131

TABLE 1. Grid parameters for large-eddy and direct numerical simulations of turbulent channel
flow. L., Ly, and L. are the streamwise, vertical, and spanwise domain sizes, respectively. Ny, -)

and Ax(y, z)T are the number of mesh points and the resolution in wall units, respectively.

3. Results and discussion

Turbulent flow through a plane channel has been widely considered as a benchmark
for validating turbulence models. Two different Reynolds numbers of 180 and 300 based
on the channel half-height § and friction velocity u, are considered. Two different Pr
numbers of 1 and 25 are considered at Re, = 180, while only Pr = 0.72 is consid-
ered at Re, = 300. Large-eddy simulation results with the present dynamic model and
the dynamic Smagorinsky model (Moin et al. 1991) with Lilly (1992)’s modification are
compared with direct numerical simulation results. The computational parameters for
large-eddy simulations and direct numerical simulations at the two different Reynolds
numbers are summarized in table 1. For both the large-eddy and direct numerical simu-
lations, a second-order finite-volume solver (Ham & Iaccarino 2004) on a collocated grid
arrangement of the primary variables is employed.

Periodic boundary conditions are imposed in the streamwise and spanwise directions,
while no-slip conditions are imposed on the top and bottom walls. The scalar is added to
the fluid from the top wall and removed from the bottom wall by using Dirichlet boundary
conditions of 6,4 = *1. Flow and coordinate variables are normalized by using the
friction velocity u, (= /¥(0yT)wau) and the friction scalar 6, (= a(8y5)wall/u7).

Figure 1 shows the temporal evolution of the model coefficient for the subgrid-scale
scalar flux D7 in turbulent channel flow at Re, = 180 after the flow has reached a
statistically steady state. The model coefficient for the subgrid-scale scalar flux D is
found to be dependent on the molecular diffusivity. Dy at Pr =1 (D ~ 1) is predicted
to be smaller than that the value at Pr = 25 (Dp ~ 11). Furthermore, figure 1 indicates
that the model coefficient is dependent on grid resolution.

3.1. Case A: Re, = 180 and Pr =1

In figure 2, the profiles of the mean streamwise velocity, Reynolds shear stress, and
rms velocity fluctuations at Re, = 180 obtained using the present dynamic model at
two different grid resolution ( and ---- ) and the dynamic Smagorinsky model
(- ) are compared with direct numerical simulation data (DNS180, o ). On a coarse
mesh (LES180C), the LES results predicted by the present model (---- ) are comparable
to those obtained with the dynamic Smagorinsky model (-------- ). LES results predicted
by the present model are found to converge to the DNS data as the mesh is refined
(LES180F).

The present dynamic global-coefficient model predicts the mean scalar and rms scalar
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FIGURE 2. Profiles of the (a) mean streamwise velocity and (b) Reynolds shear stress and rms
velocity fluctuations in turbulent channel flow at Re, = 180 and Pr = 1. , the present
dynamic model (LES180F); ———~ , the present dynamic model (LES180C); -------- , dynamic
Smagorinsky model (LES180C); o , direct numerical simulation (DNS180).

fluctuations with a similar or slightly better accuracy than the dynamic Smagorinsky
model predicts, as shown in figure 3. LES results agree well with the DNS data near the
wall in the viscous sub-layer, while they deviate from the DNS data away from the wall.
LES results predicted by the present model are found to converge to the DNS data with

mesh refinement. The present model predicts an overshoot in the peak of o profile,
while the overshoot is comparable to that predicted by the dynamic Smagorinsky model.

On the other hand, the present model results in favorable prediction of 7o

Figure 5 shows the profiles of the turbulent Prandtl number, which is defined as:
g
_ y
Pry = ik (3.1)
dy

The present model shows favorable agreement with the DNS in the turbulent Prandtl
number, especially near the wall.

3.2. Case B: Re, = 180 and Pr = 25

The present dynamic global-coefficient model is also found to predict favorable results at
high Prandtl number (Pr = 25). It is worth noting that the local equilibrium between
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FIGURE 3. Profiles of the (a) mean scalar (b) rms scalar fluctuations in turbulent channel flow at
Re; =180 and Pr = 1. , the present dynamic model (LES180F); ———- | the present dy-
namic model (LES180C); -------- , dynamic Smagorinsky model (LES180C); o , direct numerical

simulation (DNS180).

the subgrid-scale scalar diffusion and the molecular diffusion is less likely, especially at
high Prandtl (Schmidt) numbers (da Silva & Pereira 2005).

Similarly to the case with Pr = 1, the present dynamic gobal-coeflicient model predicts
the mean scalar and rms scalar fluctuations with a similar to or slightly better accuracy
than the dynamic Smagorinsky model predicts, as shown in figure 6. The mean scalar
profiles predicted by the present LES agree well with the DNS profile in the viscous
sub-layer, while they deviate from the DNS data away from the wall (figure 6(a)). It is
found that, in the Pr = 25 case, the present model as well as the dynamic Smagorinsky
model show better agreement with the DNS result for the rms scalar fluctuations than
in the Pr =1 case (figure 6(b)).

Similarly to the case with Pr = 1, the present model predicts an overshoot in the
peak of Wt profile (figure 7(a)), while it relatively well predicts v'6’ * (figure 7(b)).
The present model shows favorable agreement with the DNS in the turbulent Prandtl
number, especially in the fine mesh simulation (LES180F, ).

3.3. Case C: Re, = 300 and Pr =0.75

The predictive capability of the present global-coefficient model is also evaluated at a
higher Reynolds number (Re, = 300). In general, the present model predicts compara-
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FIGURE 4. Profiles of (a) w0 and (b) 0" in turbulent channel flow at Re, = 180 and Pr = 1.
, the present dynamic model (LES180F); ———- | the present dynamic model (LES180C);

ble results to those predicted by the dynamic Smagorinsky model in terms of the mean
and turbulent velocity and scalar quantities. The present model as well as the dynamic
Smagorinsky model are found to predict overshoots in the log-layers of the mean veloc-
ity (figure 9(a)) and scalar profiles (figure 10(a)). The present model shows consistent
predictive behavior observed in the simulations at lower Reynolds number (Re, = 180)
in the prediction of the rms velocity (figure 9(b)) and scalar fluctuations (figure 10(b)).
Similarly to the case with Re, = 180, the present model predicts an overshoot in the

peak of W profile (figure 11(a)), while it relatively well predicts o (figure 11(b)).

4. Conclusions

The dynamic global-coefficient subgrid-scale eddy-viscosity model by You & Moin
[Phys. Fluids 19, 065110 (2007)] has been generalized for large-eddy simulation of tur-
bulent flow with scalar transport. The model coefficients for eddy viscosity and subgrid-
scale scalar flux which are globally constant in space but vary in time are dynamically
determined based on the “global conservation” of transport equations for the trace of
Germano identity and scalar variance, respectively. Large-eddy simulations of turbulent
channel flow show that the present model has a similar predictive capability to the dy-
namic Smagorinsky model of Moin et al. [Phys. Fluids A 3, pp. 2746 (1991)] for both
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FIGURE 5. Profiles of turbulent Prandtl number in turbulent channel flow at Re, = 180 and

Pr = 1. , the present dynamic model (LES180F); ———- | the present dynamic model
(LES180C); -------- , dynamic Smagorinsky model (LES180C); o , direct numerical simulation
(DNS180).
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FIGURE 6. Profiles of the (a) mean scalar (b) rms scalar fluctuations in turbulent channel flow
at Re, = 180 and Pr = 25. , the present dynamic model (LES180F); ——-- , the
present dynamic model (LES180C); -------- , dynamic Smagorinsky model (LES180C); o , direct

numerical simulation (DNS180).
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FIGURE 7. Profiles of (a) w0 and (b) 0" in turbulent channel flow at Re, = 180 and
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FIGURE 8. Profiles of turbulent Prandtl number in turbulent channel flow at Re, = 180 and
Pr = 25. , the present dynamic model (LES180F); ——-- , the present dynamic model
(LES180C); ===+ , dynamic Smagorinsky model (LES180C); o , direct numerical simulation

(DNS180).
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FIGURE 9. Profiles of the (a) mean streamwise velocity and (b) Reynolds shear stress and rms
velocity fluctuations in turbulent channel flow at Re; = 300 and Pr = 0.72. , the present
dynamic model (LES300); -------- , dynamic Smagorinsky model (LES300); o , direct numerical
simulation (DNS300).

turbulent velocity and scalar fields. The present dynamic model is especially suitable
for large-eddy simulation of turbulent flow with scalar transport in complex geometries
since it does not require any ad hoc spatial and temporal averaging or clipping of the
model coefficient for numerical stabilization, and requires only a single-level test filter.
The present model is not more complicated in implementation and not more expensive
in terms of the computational cost than the dynamic Smagorinsky model.
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