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Detailed modeling of combustion noise using a
computational aeroacoustics model

By A. Giauque AND H. Pitsch

1. Motivation and objectives

When considering the noise produced by a turbulent flow, there are several methods to
describe acoustic sources and propagation with different levels of assumptions (Benoit &
Nicoud 2005; Crighton et al. 1992; Polifke & Sattelmayer 2003; Thme et al. 2006). Here,
in addition to the direct noise generated by the heat release and the associated density
changes in the combustor, indirect noise production is considered, i.e., the sound emitted
by hot spots traveling through pressure gradients. Indeed, indirect noise is currently seen
as one of the main sources of the core noise generated by auxiliary power units in aircraft.

Goldstein’s generalized acoustic analogy (Goldstein 2003) is an exact rearrangement
of the governing Navier-Stokes equations. The major advantage of this analogy is its ex-
pected ability to capture the indirect noise production phenomenon and its applicability
in confined geometries.

The main objectives of the present paper are
e Extend Goldstein’s acoustic analogy for reactive flows
e Develop an efficient and precise numerical solver for this analogy
e Validate the method with an incompressible or low Mach number LES solver for

an academic configuration with indirect noise production
e Study indirect combustion noise in realistic cases using low Mach reactive LES

2. Theoretical background
2.1. Euxtension of Goldstein’s acoustic analogy for reactive cases

In his original article, Goldstein (2003) derived a generalized acoustic analogy for non-
reactive flows. Yet, source terms arising from chemical reactions and heat transport by
species exist in reactive configurations and must be accounted for. The derivation of
the generalized acoustic analogy for the reactive case also requires that thermodymamic
quantities such as C, and r are not assumed constant anymore.

First, the Navier-Stokes equations in conservative form are considered:
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denotes the stagnation enthalpy, h the enthalpy, p the pressure, p the density, v is the
fluid velocity, o;; the viscous stress tensor, ¢ the heat flux vector and wr is the heat
release. The equation of state is taken to be the ideal gas law

p=prT, h=CT, (2.5)

where r = C), — C, is the gas constant, C}, and C, are the specific heats at constant

pressure and volume of the mixture, C} is defined by Ziv Y fOT Cp xdT /T where N is
the number of species in the mixture, and Y} the mass fraction of the species k. T is the
absolute temperature. With

p=p+p, p=p+p, h=h+h', v=70 4+ (2.6)
the dependent variables as well as in a similar way the viscous stress tensor o;j, the
heat flux ¢, and the heat release wp, are divided into their base flow components p, p,
h, ;, ij, @ and wr and their residual components p', p/, I/, v}, o;, ¢ and wp. The
overbar operator can denote any averaging operation applied to the flow variables. As an
example, if the base flow is statistically stationary, this operator could be the Reynolds
averaging operator. On the other hand, if the base flow is unsteady in the mean, the
overbar operator can also denote an ensemble average

N
— . 1
f=lim z;fi(x, ), (2.7)
1=
where N is the number of samples.
The tilde operator is defined as the Favre average @ = pe/p. Base flow components are
required to satisfy the Navier-Stokes equations

Dop =0, (2.8)
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where the non-linear operator Dy is defined by
af 0
Dof =—=+ —v; 2.11
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and
~ ~ 1
ho = h + 5@2 (2.12)

is the base flow stagnation enthalpy. The base flow variables, p, p and h are also required
to satisfy an ideal gas law equation of state,

- — Crp1
h=0C*T=-2_, 2.13
i (2.13)
The source “strengths” ﬁj, fNIO and I_NIZ- are defined as
Ty = —p (070; — Biby) (2.14)

- 1~
Hy = 5ij§Tij (2.15)
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H;=-p (50\171 - ilofﬂi) — Hyt;. (2.16)

To obtain the governing equations for the residual variables, substitute Eq. 2.6 into the
Navier-Stokes equations (2.1-2.3) and subtract out Eqs. 2.8-2.10 to obtain

3mj
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Dop' + =0 (2.17)
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where m; = pv}, m = ph’ + p'h and, e;; = — (pvz’-vé + Ty — Uz/'j).
Within the reactive framework,
~ C*p\’
w=ph +ph= <Lp) (2.20)
r
m =08y + 68D+ (67), (2.21)

where 3 = Cy /7.
Equations 2.18-2.19 can be simplified by differentiating the quadratic terms on the
left-hand sides by parts and using Egs. 2.8-2.10, Egs. 2.21 and 2.22
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Li

where
Fij = 03D — Tij — 045
hy = h' + 50", and o/ = + ('F)'.
These equations can be put into a more transparent form by introducing the new depen-
dent variables

1 1 ~
p,=p + 71 (§pv/2 + Hy (2.24)
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and source strengths

1 ~
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Two new terms are found in Eq. 2.33 that are related to the fluctuations of thermo-
dynamic quantities due to changes in temperature, composition of the mixture, and
to heat-release disturbances. Also note that the dependent variable p, and the source
strengths egj and €;; are modified compared to the original equations.

3. An accurate and efficient solver
3.1. Space and time discretization

A solver for the set of equations (Egs. 2.30-2.33) has been developed in the framework
of a structured, finite-difference code with staggering in time and space. This code has
been developed for accurate DNS and LES computations (Desjardin et al. 2007). The
GAA equations are solved explicitly in order to avoid excessive communications between
processors, which are needed for an implicit solution of the equations. This choice is
also motivated by the fact that the acoustic CFL number should not be greater than 1,
which makes an implicit solver less attractive. Time is advanced via an optimized Runge-
Kutta algorithm developed by Bogey & Bailly (2004). This implementation requires to
remove the time staggering of the NGA code. Yet, the advantages of spatial staggering
compared to a collocated scheme are retained. This has the advantage that, compared
with a collocated formulation, for a given order of accuracy and a specified number of
grid points, a bette r transport of acoustic waves is expected.

Different tests have been performed to study the accuracy of the solver depending on
the size of the spatial stencil and the number of Runge-Kutta steps. First, harmonic
acoustic waves with a different number of points per wavelength are propagated. Fig-
ure 1(a) shows the influence of the size of the spatial stencil on the velocity of propaga-



Combustion noise using computational aeroacoustics model 281

100

0y
Bl

-200 -

-300 -

-400 -

Exp. Factor

-500 -

-600 -

700 -

. . . . . . . -800 . . . . . i "
02 03 04 05 06 07 08 08 1 02 03 0.4 03 0.6 07 08 04 1
ki pi kipi

(a) (b)
FIGURE 1. (a): Propagation velocity normalized by the speed of sound. Size of the spatial stencil:
o 2 points 0 4 points A6 points V8 points.
(b): Exponential amplification coefficient of the envelope of the signal. Number of RK steps: —
zero amplification o 3 steps 0 4 steps Ab steps V6 steps

tion. Almost all stencils give the right velocity for k/7=0.2, which corresponds to a wave
discretized with 10 points per wavelength. Yet, differences between the stencils appear
as the number of points is decreased. For k/m=0.5 (i.e., 4 points per wavelength) the
2-points stencil produces a significant error. As expected, for k/m=1 (i.e., 2 points per
wavelength) all orders propagate the acoustic wave with a lower velocity than the speed
of sound. But it is important to note that the error is much smaller than with centered
schemes (used in collocated formulations), which, as shown by Colonius & Lele (2004
), tend to have negative propagation velocities as the number of points per wavelength
decreases to only 2.

Figure 1(b) shows the influence of the number of Runge-Kutta steps on the amplifica-
tion/dissipation of harmonic acoustic waves. This figure shows the exponential amplifi-
cation coefficient of the envelope of the time signal at a fixed point in the domain. This
coefficient should be zero when no amplification/dissipation occurs. Figure 1(b) shows
that small wavelengths are dissipated when using only 3 or 4 steps. Five RK steps amplify
short wavelengths. Only the use of 6 RK steps provides a small amplification coefficient.
Yet, this coefficient is positive for 2 points per period, which means that these waves
tend to be amplified by the solver.

When compared to the results obtained with centered operators (used in collocated
formulations) shown in Colonius & Lele (2004), these tests demonstrate the beneficial
behavior of the spatial staggering for the propagation of acoustic waves. In order to
account for small wavelengths, a number of 6 RK steps should be chosen.

3.2. Temporal and spatial order of accuracy
To further assess the stability and accuracy of the numerical method, the problem defined
by Bogey & Bailly (2004) is computed. The wave propagation equation
9%p 9%p
2t ‘0%
is solved with a time step derived from the mesh spacing as At = CFLAxz. The size

of the spatial stencil is given by the number of points used to compute spatial deriva-
tives. Changing the number of RK steps changes the order of accuracy of the discretized

=0
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FIGURE 2. Propagating wave test case: ® exact solution; (a): spatial stencils: ... 4 points

(CFL=0.5), - 6 points (CFL=1.0); (b): temporal scheme (CFL=1.0): ... 4 RK steps, - 6 RK
steps

time derivative. The initial disturbance has a Gaussian shape wavenumber spectrum,
centered around 8 points per wavelength. To study the propagation of this disturbance
over a large distance, periodic boundary conditions are implemented in the simulation
and comparisons are made between the initial disturbance and after 10 turnover times,
which corresponds to a propagation of 40 times the dominant wavelength. This problem
will be used to determine the minimal requirements in terms of stencil size, number of
RK steps, and use of explicit filtering.

Figure 2(a) shows the disturbance after 10 turnover times for both the 4-points and
the 6-points stencils compared with the exact solution. To perform a fair comparison of
the stencils, the computation with the 4-points stencil is performed with CFL = 0.5,
whereas CFL = 1 is used for the 6-points stencil. This is done to keep the computational
cost almost constant. Six RK steps are used in both cases. The discrete L2 relative error
(enum), defined as

enum = (Z (pcalc - pcxact)Q/ szxact) 1/2 (31)

is equal to 0.301 for the 6-points stencil and 0.909 for the 4-points stencil. This shows
that at least 6 points are needed to propagate this disturbance over 40 times its dominant
wavelength.

Figure 2(b) shows the disturbance after 10 turnover times from 4- and 6-step RK
compared with the exact solution. The CFL is fixed at 1 in both cases and 6 points
are used for the spatial stencil. The error enum = 0.737 for the 4-steps RK and enum
= 0.301 for the 6-steps RK. Consistently with the earlier results, this shows that 6 RK
steps should be used to propagate such disturbances over a large distance.

The 6-steps RK scheme used so far employs of an optimized formulation developed by
Bogey & Bailly (2004). This scheme minimizes the temporal dispersion by modifying the
RK coefficients. Figure 3 shows that compared to the classical sixth-order scheme, the
signal is in better agreement with the exact solution when using the optimized scheme.
An error of enum = 0.301 is obtained for the optimized RK, while the error for the
classical scheme is enum = 0.391.
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FIGURE 3. Propagating wave test case: e exact solu-
tion, CFL=1.0; ... classical 6-steps RK, - optimized
6-steps RK.

3.3. Explicit spatial filtering

Preliminary tests using harmonic signals show that short wavelengths may be amplified
by the solver. To address this issue, a highly selective filter is tested. This filter is designed
to damp 4 points or less per wavelength, and keep larger waves unmodified. The damping
function of the filter versus k/m is shown in Fig. 4. There is a three order of magnitude
difference between the amplitude of the damping for 2-points waves (k/7=1) and 8-points
waves (k/m=1/4), which makes this selective filter almost spectral-like.
To assess the influence of the filter on small wavelengths, a disturbance having a dominant
component at 4 points per wavelength is propagated. Figure 5(a) shows the disturbance
after 20 turnover times, which corresponds to a distance of 250 times the dominant
wavelength. Without the selective filter, the disturbance is still visible, and although it
is not amplified, its spatial spectrum and propagation velocity are wrong. The selective
filter damps the major part of the perturbation. Figure 5(b) shows that this filter has
almost no influence on the propagation of the 8-points disturbance, and the numerical
error is even slightly decreased (enum = 0.301 with filter, enum = 0.304 without filter).
The numerical scheme selected to solve Goldstein’s acoustic analogy includes a 6-points
stencil for spatial derivatives and a 6-steps optimized Runge-Kutta for time advancement.
A highly selective explicit filter may also be used to damp small wavelengths, that are not
well-propagated on the mesh. This combination shows good properties for the computa-
tion of acoustic waves down to 8 points per wavelength, even with a unity CFL number.

4. Concluding remarks

A numerical solver implementing Goldstein’s acoustic analogy has been developed, and
preliminary results show that poorly resolved acoustic waves can be accurately propa-
gated as long as both spatial and temporal order of accuracy are at least of order 6.
Because of the spatial staggering, to achieve the same accuracy, the required spatial or-
der is divided by 2 compared to a collocated solver. First comparisons with experimental
results of noise emissions in a canonical configuration are expected soon.
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FIGURE 4. Damping function of the selective filter,
termed SFo9p in Bogey & Bailly (2004).
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FIGURE 5. e Exact solution; (a): High-wavenumber propagating wave (CFL=1.0): ... No filtering,
- 4th order filtering; (b): Propagating wave test case (CFL=1.0): ... No filtering, - fourth order
filtering
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