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Well-posedness and stability of a coupled fluid
flow and heat transfer problem

By J. Lindström† AND J. Nordström†‡

1. Introduction

The coupling of fluid and heat equations is an area that has many interesting scientific
and engineering applications. From the scientific side it is interesting to mathematically
derive conditions to make the coupled system well posed and compare with actual physics.
The applications for conjugate heat transfer range between cooling of turbine blades,
electronic components, nuclear reactors or spacecraft re-entry, to name just a few. The
particular application we are working towards here is a microscale satellite cold gas
propulsion system with heat sources that will be used for controlling the flow rate, see
Lindström et al. (2009).

This paper is the first step in understanding the coupling procedure within our frame-
work. The computational method that we are using is a finite difference method on
Summation-By-Parts (SBP) form with the Simultaneous Approximation Term (SAT).
This method has been developed in many papers e.g. Strand (1994); Mattsson & Nord-
ström (2004); Carpenter et al. (1999); Gong & Nordström (2006) and used for many
difficult problems where it has proven to be robust, Svärd et al. (2007); Svärd & Nord-
ström (2008); Mattsson et al. (2007). The extension to multiple dimensions is relatively
straightforward once the one-dimensional case has been investigated. The difficulty in
extending to multiple dimensions lies rather in a high performance implementation than
in the theory.

2. The continuous problem

The equations we studied in this paper are motivated by a gas flow in a long channel
with heat sources. The channel is long compared to the height and hence the changes in
the tangential direction are small in comparison to the changes in the normal direction.
The equations are an incompletely parabolic system of equations for the flow and the
scalar heat equation for the heat transfer,

wt +Awx = εBwxx, −1 ≤ x ≤ 0, (2.1)

and

Tt = kTxx, 0 ≤ x ≤ 1, (2.2)
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where

w =

 ρ
u
T

 , A =

 a b 0
b a c
0 c a

 , B =

 0 0 0
0 α 0
0 0 β

 . (2.3)

We can view Eq. (2.1) as the Navier-Stokes equations linearized and symmetrized around
a state with some mean velocity. In that case we would have

a = ū, b =
c̄
√
γ
, c = c̄

√
γ − 1
γ

, α =
λ+ 2µ
ρ̄

, β =
γµ

Prρ̄
, (2.4)

where ū, ρ̄ and c̄ are the mean velocity, density and speed of sound respectively. γ is the
ratio of specific heats, Pr the Prandtl number and λ and µ are the second and dynamic
viscosities, Svärd et al. (2007). At this point the only assumption on the coefficients is
that a, α, β > 0 to keep the discussion general. Our objective is to couple Eq. (2.1) and
Eq. (2.2) at x = 0 and investigate which interface conditions that will lead to a well-posed
coupled system.

2.1. Boundary and interface conditions
Since we are concerned with the interface between the equations in this report, the
boundary conditions will not be analyzed. At the left boundary x = −1 we have the semi
characteristic boundary conditions

1√
2d

(−
√

2cρ+
√

2bT ) = f1(t), (2.5)

1√
2d

(bρ+ du+ cT ) = f2(t) (2.6)

αdux − βcTx = f3(t), (2.7)

which is a well-posed set of boundary conditions. At the right boundary x = 1 we use a
Dirichlet boundary condition on the temperature.

The energy method is used to derive the interface conditions. Define the energy norm
of w as

||w||2 =
∫
Ω

wTwdΩ. (2.8)

By multiplying Eq. (2.1) with wT , Eq. (2.2) with T , integrating them over their respective
domains and adding them together, we get (when ignoring boundary terms)

d

dt
(||w||2 + ||T ||2) = −wTAw+2εwTBwx−2kTTx−2ε

0∫
−1

wTxBwxdx−2k

1∫
0

T 2
xdx. (2.9)

Since we are considering the interface as a solid wall which separates the fluid from the
solid and since we want a continuous heat transfer we impose

u = 0, T = T. (2.10)

Using the interface conditions in Eq. (2.10), Eq. (2.9) reduces to

d

dt
(||w||2 + ||T ||2) = 2T (βεTx − kTx)− 2ε

0∫
−1

wTxBwxdx− 2k

1∫
0

T 2
xdx (2.11)
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and we can easily see that if we impose

βεTx − kTx = 0 (2.12)

as the final interface condition we get an energy estimate. Without Eq. (2.12), the inter-
face can act as an unphysical heat source or sink.

3. The semidiscrete problem

Eq. (2.1) is discretized on the single domain [−1, 0] on a uniform grid of M + 1 grid
points. The vector w = [w0, w1, . . . , wM ]T = [ρ0, u0, T0, ρ1, u1, T1, . . . , ρM , uM , TM ]T is
the discrete approximation of w. The derivatives are approximated by the operators on
SBP form†

wx ≈ (DL
1 ⊗ I3)w = (P−1

L QL ⊗ I3)w (3.1)
wxx ≈ (DL

2 ⊗ I3)w = (P−1
L QL ⊗ I3)2w (3.2)

where PL is a symmetric positive definite matrix and QL is an almost skew symmetric
matrix satisfying QL + QTL = BL = diag(−1, 0, . . . , 0, 1), Strand (1994); Mattsson &
Nordström (2004). I3 is the 3× 3 identity matrix. Eq. (2.2) is similarly discretized on a
uniform grid of N + 1 grid points.

The discretizations of Eq. (2.1) and Eq. (2.2) with the boundary and interface condi-
tions using the SAT method are

wt = −(DL
1 ⊗A)w + ε(DL

2 ⊗B)w
+ (P−1

L EL0 ⊗ Σ0
1)(XTw0 − g0

1)
+ (P−1

L EL0 ⊗ Σ0
3)(αd(DL

1 u)0 − βc(DL
1 T )0 − g0

3)
+ (P−1

L (DL
1 )TEL0 ⊗ Σ0

5)(cu0 + dT0 − g0
5)

+ (P−1
L ELM ⊗ ΣM1 )(wM − gM1 )

+ (P−1
L ELM ⊗ ΣM2 )(wM − gM1 ) (3.3)

+ (P−1
L ELM ⊗ ΣM3 )(TM − T0)

+ (P−1
L (DL

1 )TELM ⊗ ΣM4 )(TM − T0)
+ (P−1

L ELM ⊗ ΣM5 )(βε(DL
1 T )M − k(DR

1 T )0)
− DIL

Tt = kDR
2 T

+ τ0
1P

−1
R ER0 (T0 − TM )

+ τ0
2P

−1
R (DR

1 )TER0 (T0 − TM ) (3.4)
+ τ0

3P
−1
R ER0 (k(DR

1 T )0 − βε(DL
1 T )M )

+ τN1 P−1
R ERN (TN − hN1 )

− DIR.

The matrices EL0 = diag(1, 0, . . . , 0), ELM = diag(0, . . . , 0, 1) and ER0,N similarly defined
are used to select boundary elements. The 3× 3 matrices Σ0,M

i and coefficients τ0,N
j are

called penalty matrices and penalty coefficients which have to be determined for stability,

† The drawback to the approximation in Eq (3.2) is that the computational stencil is wide.
Compact formulations that use minimal bandwidth do, however, exist. See Mattsson & Nord-
ström (2004).
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Strand (1994); Mattsson & Nordström (2004). The last term in Eq. (3.3) and Eq. (3.4) are
artificial dissipation operators which reduce spurious oscillations. An extensive study of
these operators can be found in Mattsson et al. (2004). The details are beyond the scope
of this paper. They do not cause stability or accuracy problems and will be assumed to be
treated correctly in the rest of the paper, and hence omitted in the stability derivations
to keep the notation as simple as possible.

3.1. Stability conditions at x = 0
At x = 0 we have the two interface schemes

wt = −(DL
1 ⊗A)w + ε(DL

2 ⊗B)w
+ (P−1ELM ⊗ ΣM1 )(wM − gM1 )
+ (P−1ELM ⊗ ΣM2 )(wM − gM1 ) (3.5)
+ (P−1ELM ⊗ ΣM3 )(TM − T0)
+ (P−1(DL

1 )TELM ⊗ ΣM4 )(TM − T0)
+ (P−1ELM ⊗ ΣM5 )(βε(DL

1 T )M − k(DR
1 T )0)

Tt = kDR
2 T

+ τ0
1P

−1
R ER0 (T0 − TM ) (3.6)

+ τ0
2P

−1
R (DR

1 )TER0 (T0 − TM )
+ τ0

3P
−1
R ER0 (k(DR

1 T )0 − βε(DL
1 T )M ).

We let gM1 = 0 and multiply w, T from the left with (wT⊗ I3) and TT, respectively. By
using the SBP property of the operators we obtain

d

dt
(||w||2PL

+ ||T||2PR
) = −wTMAwM + 2εwTMB(DL

1 w)M

− 2ε(DL
1 w)T (IN ⊗B)(DL

1 w)
+ 2wTMΣM1 wM + 2wTMΣM2 wM

+ 2wTMΣM3 (TM − T0) + (DL
1 w)TNΣM4 (TM − T0)

+ 2wTMΣM5 (βε(DL
1 w)M − k(DR

1 T )0) (3.7)
− 2kT0(DR

1 T )0 − 2k(DR
1 T)TPR(DR

1 T)
+ 2τ0

1T0(T0 − TM ) + 2τ0
2 (DR

1 T )0(T0 − TM )
+ 2τ0

3T0(k(DR
1 T )0 − βε(DL

1 T )M ).

By definition, Gustafsson et al. (1995), the interface scheme will be stable if we can prove
that d

dt (||w||
2
PL

+ ||T||2PR
) ≤ 0. Hence we need to choose appropriate penalty matrices

and coefficients such that this condition is satisfied.
We choose the penalty matrices as

ΣM1 =

 0 σH1 0
0 σH2 0
0 σH3 0

 , ΣM2 =

 0 0 0
0 σM2 0
0 0 0

 (3.8)

ΣM3 =

 0 0 0
0 0 0
0 0 σM3

 , ΣM4 =

 0 0 0
0 0 0
0 0 σM4

 , ΣM5 =

 0 0 0
0 0 0
0 0 σM5

 , (3.9)

where ΣM1 is the penalty matrix for the hyperbolic part of u, ΣM2 for the parabolic part
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of u and ΣM3,4,5 for the coupling terms. With these choices of penalty matrices, Eq. (3.7)
can be expanded and all coefficients determined as

σH1 =
b

2
, σH2 ≤ 0, σH3 =

c

2
, σM2 ≤

−αε
4pLM

, σM3 = τ0
1 ≤ 0 (3.10)

where pLM > 0 such that P (M,M)
L − pLM ≥ 0. See Carpenter et al. (1999); Gong & Nord-

ström (2006) for more details. Moreover, we have

s ∈ R, σM4 = −βε(1 + s), σM5 = s, τ0
2 = −ks, τ0

3 = 1 + s. (3.11)

With these coefficients we have the energy estimate d
dt (||w||

2
PL

+ ||T||2PR
) ≤ 0 and hence

the interface treatment is stable. Details on the technique used in this derivation can be
found in Carpenter et al. (1999) and Gong & Nordström (2006).

4. Numerical results

The order of convergence is studied by the method of manufactured solutions. A small
enough time step has been chosen in order to minimize the errors from the time dis-
cretization, which in this case is done by the classical 4th-order explicit Runge-Kutta
method. We use the functions

ρ = xe−κt, u = sin(x)e−κt, T =
1
ε

sin(x)e−κt, T =
1
k

sin(x)e−κt, κ = 0.1, (4.1)

which, when inserted into Eq. (2.1) and Eq. (2.2), gives a modified system of equations
with additional forcing functions. The functions Eq. (4.1) have been chosen since they
satisfy the interface conditions in a non-trivial way. Using Eq. (4.1) we create exact initial
and time-dependent boundary conditions while no data are created at the interface. The
rate of convergence is obtained as

qij = log10

(
||uij−1 − vij−1||
||uij − vij ||

)
/ log10

(
hj
hj−1

)
, (4.2)

where qij denotes the convergence rate for either of the variables i = ρ, u, T , T at mesh
refinement level j. uij is the exact analytic solution for either of the variables i at mesh
refinement level j and vij is the discrete solution. The ratio hj/hj−1 is the ratio between
the number of grid points at each refinement level. The results can be seen in Table 1.
The rates of convergence in Table 1 agree with the theoretically expected results, cf.
Mattsson & Nordström (2004) and Gong & Nordström (2006).

An example of a solution, where the coefficients are chosen as

a = 0.5, b =
1
√
γ
, c =

√
γ − 1
γ

, γ = 1.4, α = β = 1, ε = 0.1, k = 1, (4.3)

is given in Figure 1. We start with zero initial data and at time t = 0 we let ρ = 0,
u = 0.5 and T = 1 at the left boundary while T = 0 at the right boundary. The values
at the left boundary are transformed into data for the boundary conditions.

5. Summary and conclusions

An incompletely parabolic system of equations has been coupled with the heat equation
in one space dimension. The energy method has been used to derive well-posed boundary
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Table 1. Order of convergence

M = N 2nd order 3rd order 4th order 2nd order 3rd order 4th order

ρ ρ ρ u u u

32 0.2895 2.0197 2.5359 1.6700 2.7938 3.7233
64 1.0769 3.0137 3.7153 2.0652 3.3314 3.9939
128 1.7340 3.5255 4.1774 2.1487 3.1518 4.3242
256 2.0922 3.3945 4.1646 2.1047 3.0587 4.1851
512 2.2167 3.1591 4.1140 2.0588 3.0229 4.0531

T T T T T T

32 0.9780 2.7634 3.8021 2.3601 3.1699 4.0291
64 1.7613 2.7542 3.3286 2.1627 3.2639 3.9000
128 2.0164 2.9310 3.5881 2.0824 3.1205 3.9133
256 2.0277 2.9789 3.7798 2.0420 3.0492 3.9476
512 2.0212 2.9928 3.8895 2.0213 3.0226 3.9711

and interface conditions and the resulting numerical scheme has been proven stable using
finite differences on SBP form and the SAT boundary and interface treatment. The rate
of convergence is verified by the method of manufactured solutions and the result is
consistent with the theory within the SBP framework.
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Figure 1. ρ (lines with ◦), u (lines with +), T (lines with ×), T (lines with �). A sequence of
solutions for different times using M = N = 32 grid points and 3rd-order operators. The last
figure shows the steady-state solution where the ratio Tx/Tx of the heat fluxes at the interface
is exactly the ratio k/ε of the diffusion coefficients.
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