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Numerical simulation of scalar mixing from a
point source over a wavy wall

By R. Rossi† AND G. Iaccarino

1. Motivation and objectives

The mixing of transported scalars in turbulent flows is a classic topic in turbulence re-
search. The “diffusing power” of turbulent flows was originally recognized, among others,
by Taylor (1915) since the beginning of the last century. Later on, Taylor (1921, 1935)
also provided the first statistical framework to predict turbulent diffusion in air streams,
as well as the scalar mixing in pipe flows (Taylor 1953, 1954). Although such fundamental
work still forms the basis for the theoretical analysis of turbulent diffusion, over the last
fifty years laboratory experiments and numerical simulations have profoundly advanced
the understanding of the mixing process occurring in turbulent flows. An excellent review
of this topic has recently been presented by Dimotakis (2005), while the recent achieve-
ments in passive scalars mixing, when flow dynamics proceeds independently from the
mixing process, can be found in Warhaft (2000).

Among the several flow phenomena relevant to the analysis of turbulent mixing, our
attention and research efforts are directed towards the modeling of scalar dispersion from
localized sources in complex flows (Rossi & Iaccarino 2009b). The present analysis is mo-
tivated by the need to obtain a deeper insight into turbulent mixing occurring in the
presence of complex flow features, which may severely affect the reliability of simplified
theoretical and numerical models. For example (Rossi & Iaccarino 2008), the analysis of
scalar dispersion from a line source downstream of a square obstacle has clarified that
gradient-transport models based on the Standard Gradient-Diffusion Hypothesis (SGDH)
are unable to predict the streamwise component of scalar fluxes. On the other hand, a
preliminary evaluation of refined gradient-transport closures for the same flow setup
(Rossi & Iaccarino 2009a) suggests that Algebraic Flux Models (AFMs) yield reasonable
predictions of the scalar flux anisotropy. However, the limited amount of experimental
data for the obstacle flow made it difficult to perform a meaningful and comprehensive
validation of algebraic closures.

The release of a passive tracer from a point source over a wavy wall is adopted in this
work to investigate the scalar mixing over complex topography using Direct Numerical
Simulations (DNS). It is worth noting that a comparative analysis of low-order statis-
tics against the present DNS data (Rossi 2009b) established that algebraic flux models
are able to capture the complex development of scalar fluxes in the far field over the
wavy boundary, but not in the neighborhood of the source. Here, we intend to provide
a deeper insight into the physics of the scalar mixing process as well as some of the
rationale behind the capabilities and limitations of algebraic closures.

† Laboratorio di Termofluidodinamica Computazionale, Seconda Facoltà di Ingegneria di
Forl̀ı, Università degli Studi di Bologna, Via Fontanelle 40, 47100 Forl̀ı, Italy
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Figure 1. Some examples of distinguishing features of flows over wavy surfaces: left panel,
wavelength-averaged profiles of velocity R.M.S., thin lines show the corresponding profiles at
the flat plate; right panel, pressure-strain contributions to normal turbulent stresses on the
upslope side of the wave.

2. Distinguishing features of flows over wavy surfaces

The flow over wavy surfaces has been extensively adopted to mimic the interaction of
air streams with complex geometry. Examples consist of thermal convection in the lower
part of the atmosphere (Krettenauer & Schumann 1992), the gas-liquid interaction over
water waves (Fulgosi et al. 2003) or the enhancement of forced convection under laminar
(Fabbri & Rossi 2005) and turbulent (Rossi 2006) conditions.

The effect of surface wavyness is essentially felt by turbulence through the production
term in the Reynolds stress equation:

P
(R)
ij ≡ −Rik

∂Uj

∂xk

− Rjk

∂Ui

∂xk

, (2.1)

The additional mean rate of strain induced by the wave is responsible for increasing
the rate of production of streamwise velocity fluctuations, as well as determining the
direct production of vertical turbulent fluctuations (Hudson et al. 1996). However, the
wavelength-averaged profiles of turbulence intensities, shown in Fig. 1, do not only high-
light the marked increased of the vertical turbulence intensity. In fact, the spanwise
component undergoes a stronger enhancement compared to the vertical velocity.

Since lateral velocity fluctutations cannot be directly produced due to the spanwise
homogeneity of the flow, the wavy surface must also be responsible for increasing the
energy transfer between velocity components. This can be clarified by looking at the
pressure-strain term in the Reynolds stress equation:

Π
(R)
ij ≡ −

1

ρ
p

(

∂ui

∂xj

+
∂uj

∂xi

)

, (2.2)

For an incompressible flow Π
(R)
ii = 0 and Π

(R)
ij acts to redistribute the energy between

velocity fluctuations. In Fig. 1, the vertical profiles of pressure-strain terms arising in the
equation for the normal stresses are plotted on the upslope side of the wave, where the

lateral turbulence intensity shows a maximum at the wall. Although the Π
(R)
33 term goes to

zero toward the surface, immediately further away from the wall the energy transfer from
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A/λ H/A L × 2h × W Nx × Ny × Nz ∆x+ × ∆y+ × ∆z+ D+
s u∗w Re∗h Sc

0.05 13 4λ × λ × 2λ 256 × 96 × 128 9.6 × 0.09 − 2.9 × 9.6 22.5 0.09 300 1

Table 1. Summary of flow and numerical parameters.

the vertical (negative) term to the lateral (positive) component is significant. De Angelis
et al. (1997) argued that such a mechanism is controlled by splat and anti-splat events

(Perot & Moin 1995) which give rise to a different unbalance in Π
(R)
ij . This phenomenon is

similar to the flow impingement over a blocking wall, where in general splats occur owing
to kinematic constraints over the surface. For reasons of continuity, anti-splats must form
and the balance between splats and anti-splats is dictated by the dissipation over the
surface. Later on however, Henn & Sykes (1999) also reported large values of lateral
fluctuations in the case of non-separated conditions using large-eddy simulations. They
concluded that a possible mechanism in the production of u2

3 can be the Taylor-Göertler
instability (Göertler 1941); however, this scenario has not been clarified yet.

3. Flow and numerical setup

The numerical experiment consists of the release of a passive tracer from a point source
in a two-dimensional channel composed of a flat plate and a wavy surface. The general
setup and a sketch of flow and boundary conditions is shown in Fig. 2. The wavy profile
is prescribed by the following function:

yw = A

(

cos
2πx

λ

)

, (3.1)

where A denotes the wave amplitude and λ denotes the profile wavelength. The wave
steepness 2A/λ=0.1 and the Reynolds number adopted in the computations are such
that flow separation is observed in the region 0.13 ≤ x/λ ≤ 0.62 of each wave (see Fig.2),
in agreement with other DNS studies (Maaβ & Schumann 1994). The flow is assumed
to be fully-developed, thus periodic conditions are applied in the streamwise as well as
along the spanwise directions.

The source is located at x/λ=1, on top of the wave crest. Although the source size
is of no importance in the case of a ground release (Fackrell & Robins 1982), it should
be noted that the occurrence of flow separation downstream of the source may alter this
scenario. However, here the effect of the source size Ds has not been investigated yet.
The scalar injection rate relative to the mass flow rate in the channel is of the order of
numerical accuracy for the mass conservation (10−6). Therefore, it can be considered a
negligible contribution to the streamwise periodicity of the flow. The overall flow and
numerical parameters are reported in Tab. 1. Note that wall-units are computed from
the reference velocity u∗

w =
√

Πph/ρ, which is based on the constant pressure-gradient
Πp driving the flow and the average channel half-width h.

The flow and scalar governing equations are numerically solved using unstructured
finite-volume schemes. The solution is advanced in time using a fully-implicit second-
order accurate time-stepping method, while the pressure-velocity decoupling due to vari-
able co-location is controlled by the dissipation scheme of Rhie & Chow (1983). A low-
order symmetric central interpolation opearator is adopted for the convective term of the
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Figure 2. Sketch of flow and boundary conditions for the present study.

momentum equation to improve the accuracy in computing the momentum turbulence
(Mahesh et al. 2004), while the very sharp interface arising at the edge of the scalar
plume forced the introduction of an upwind-biased scheme for the advection term of the
scalar transport equation.

The scalar variable is thus interpolated at cell-faces using the following one-sided linear
reconstruction:

C(x, y) = C(x0, y0) + α
∂C

∂xi

∣

∣

∣

0
Ri , (3.2)

where Ri is the displacement vector from the cell centroid to any point within the cell
volume. The slope-limiter technique developed by Barth & Jespersen (1989) is employed
to keep the linear reconstruction bounded within the local extrema of the scalar field.
The limiter is computed over each cell face as follows:

αf =















min
(

1, Cmax−C0

Cf−C0

)

if (Cf − C0) > 0

min
(

1, Cmin−C0

Cf−C0

)

if (Cf − C0) < 0 ,

1 otherwise

(3.3)

and finally set as α = min(αf ). Although similar techniques have also been employed in
other DNS studies of turbulent mixing (Brethouwer et al. 1999), the non linear character
of the slope-limiting procedure may considerably affect the spectrum of scalar fluctuations
(Rossi 2009a) and this should be kept in mind in the analysis of turbulence statistics,
especially when these are related to the rate of scalar dissipation.

The computational grid is composed of hexahedral cells uniformly distributed along the
streamwise and spanwise homogeneous directions, while hyperbolic stretching is applied
between the wavy surface and the flat plate. No-slip and zero-flux conditions are applied
at the solid boundaries. Note that the coefficients of the discrete scalar transport equation
are properly modified at periodic boundaries to achieve a convective outlet condition for
the scalar plume (see Fig. 2).

4. Results

In this section we present turbulence statistics computed by time-averaging statistical
samples collected every t+=6.35 × 10−3 time units, where t+=tu∗

w/h, for a total inte-
gration time of t+=190. The results are compared to measurements of dispersion from
elevated (ES) and ground (GS) sources over a flat plate performed by Fackrell & Robins
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Figure 3. Structure of the instantaneous scalar plume above the wavy wall as a function of
normalised time units t∗ = tU/H ; the arrow highlights the eduction of one large-scale structure
at the wave upslope (upper panel) and tracks the subsequent development and entrainment of
the structure in the bulk of the flow.

(1982). Note that, for the sake of brevity, the following analysis is limited to the scalar
field. For a detailed discusssion of flow field results and the validation of the numerical
technique, the reader is referred to Rossi (2006).

4.1. Structure of the scalar plume

The structure of the scalar plume at early development stages is presented in Fig. 3.
The effect of flow separation occuring over the first half of the profile wavelength can be
clearly noticed in Fig. 3(a), where the scalar plume detaches from the wall at x/λ ≥ 2.
The figure also highlights the eduction of one large-scale structure, originating at the
wave upslope, which is probably connected with abrupt ejections of fluid from the wave
trough toward the center of the channel (Cherukat et al. 1998). The shape of such a
structure is essentialy preserved over one wavelength downstream, as shown in Fig. 3(b),
corresponding approximately to 17 normalised time-units t∗=tU/H . The macroscopic
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Figure 4. Vertical (δ2) and lateral (δ3) plume widths (left panel) and maximum concentration
(right panel) over the wavy wall: +, ×, vertical and lateral plume widths from Fackrell &
Robins (1982), ReH≈270,000; ▽, lateral plume width from Wagner et al. (2007), ReH≈18,000;
#, 2, maximum concentration downstream elevated and ground sources from Fackrell & Robins
(1982), ReH≈270,000.

mixing of the blob appears to initiate after one subsequent time-interval of similar extent,
when the initial development of another structure can be noted at x/λ ≈ 2 in Fig. 3(c).

4.2. Mean scalar concentration

The spatial development of the mean scalar field is quantified in Fig. 4 by plotting the
vertical and lateral plume width, defined as the location where the mean concentration
is half of the local corresponding maximum value. Note that the vertical spread refers to
y = 0 and the lateral spread is computed at the ground, y = yw. In order to compare
our DNS results with measurements, the plume spread and the distance from the source
xs are normalised by the equivalent boundary layer thickness in the channel, H , defined
as the wavelength-averaged vertical location of the maximum of streamwise velocity (see
also Tab. 1). The vertical spread is initially close to the flat plate results. The slope sig-
nificantly increases downstream of the first wave upslope, xs/H ≈ 1.5, and the vertical
size of the plume is significanlty larger than over the flat plate. Since the Reynolds num-
ber of the computations is considerably lower compared to the experiments, the plume
has certainly more time to diffuse. However, turbulent fluctuations and thus turbulent
transport would be reduced at a lower Reynolds number over the flat plate. The wavy
surface must thus be able to mitigate such reduction. The estimated lateral spread is also
larger compared to the flat plate profile, while the slope is similar to the measurements
for a wavy wall reported by Wagner et al. (2007). However, it is found much larger within
the separated region, 0.2 ≤ xs/H ≤ 0.95, than at the wave upslope. Fig. 4 also shows
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Figure 5. Vertical profiles of mean scalar concentration at the wave crest (left panel) and at the
wave trough (right panel) above successive wave locations: the solid line on the left panel shows
the empirical fit of Fackrell & Robins (1982); thin lines on the right panel shows the reflected
Gaussian model (4.2).

the streamwise decay of maximum concentration. The rate of decay along the first wave-
length seems to fit well with the initial slope for the elevated source reported by Fackrell
& Robins (1982). In the far-field, the decay rate reduces toward the slope of the ground
release. It is also interesting to note that the normalised maximum concentration profile
lies between the GS and ES curves reported in the experiments.

The vertical profiles of mean concentration above the wave crests, shown in Fig. 5,
seem to achieve self-similarity in the far field. At the last station available from the com-
putational domain, xs/H = 4.6, the profile is well described by the following empirical
correlation (Robins 1978):

C = C0 exp {−0.693(y/δ2)
s} , (4.1)

where the exponent s = 1.7 is taken from a rough boundary-layer experiment. The profiles
above wave troughs are shown on the right panel of Fig. 5. Here the plume is separated
from the wavy surface and qualitatively resembles the profiles of elevated sources. An
empirical fit with the following reflected Gaussian model adopted in Fackrell & Robins
(1982) has therefore been attempted:

C ∼
{

exp(−0.693(y + ys)
2/δ2

2) + exp(−0.693(y − ys)
2/δ2

2)
}

, (4.2)

but none of the profiles seem to be reasonably described by such empirical formulae, even
when some tuning of the parameters appearing in Eq. (4.2) is performed.



460 R. Rossi and G. Iaccarino

0 1 2 3
0

0.5

1

1.5

0 1 2 3
0

0.5

1

1.5

0 1 2 3
0

0.2

0.4

0.6

0.8

1

1.2

0 1 2 3
0

0.2

0.4

0.6

0.8

1

1.2

Figure 6. Lateral profiles of concentration R.M.S. at the wave crest (left panels) and at the wave
trough (right panels) above successive wave locations; cross sections are taken at y/δ2 ≈ 0.5 (up-
per panels) and y/δ2 ≈ 1.5 (lower panels); the solid line shows the polynomial fit to experimental
data of Fackrell & Robins (1982) at similar vertical locations and xs/H = 5.92.

4.3. Concentration fluctuations

The lateral profiles of scalar fluctuations above the wavy surface are presented in Fig. 6
and compared to the flat plate measurements. An off-centre maxmimum can clearly be
distinguished from the computed and measured profiles at similar locations below the
vertical plume half-width δ2. This is essentially determined by local production of scalar
fluctuations, which is maximum at locations where the mean scalar gradient is the highest
(Lavertu & Mydlarsky 2005). The off-centre maximum disappears at the first crest and
trough close to the source, and similar results have been found in the case of the flat plate
at xs/H = 0.85. At the wave trough, the magnitude of normalised scalar fluctuations
is much larger compared to experimental profiles. This indicates that the wavy surface
leads to increased local production across the shear-layer originating from the separation
point on the downhill side of the wave.
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Figure 7. Budget of scalar fluxes at the first wave trough (left panels) and crest (right panels)
downstream of the source: from top to bottom, uc budget, vc budget, wc budget; Ad, advection,
P , production, Π, scalar-pressure-gradient correlation, Td, turbulent diffusion, ǫ, dissipation.

4.4. Budgets of scalar fluxes

As the complexity of flow phenomena increases, some level of modeling must be intro-
duced in order to ameliorate the computational effort required by numerical simulations.
In the framework of heat and mass transport computations, it is customary to assume the
scalar flux proportional to the mean scalar gradient, leading to gradient-transport type
closure models. However, it should be noted that these type of closures are legitimate
only when the budget of scalar fluxes is essentially dictated by a balance between the
production term and pressure effects (Launder 1978). An inspection of scalar fluxes over
the wavy surface is therefore presented to address the validity of the gradient-transport
hypothesis in the present flow configuration.
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The budget equation of scalar fluxes for a non-buoyant fluid reads as follows:

Uj

∂

∂xj

(uic) = −

(

uiuj

∂C

∂xj

+ ujc
∂Ui

∂xj

)

−
∂

∂xj

(ujuic) +
c

ρ

∂p

∂xi

+

−

(

ν
∂

∂xj

c
∂ui

∂xj

− D
∂

∂xj

ui

∂c

∂xj

)

− (ν + D)
∂ui

∂xj

∂c

∂xj

, (4.3)

where the advection by the mean flow appears on the left-hand side and the terms on
the right-hand side denote production, turbulent diffusion, the scalar-pressure-gradient
correlation, molecular diffusion and dissipation, respectively. Note that molecular diffu-
sion has been found negligible in the present case and thus is not reported. Fig. 7 shows
the scalar flux budgets above the first wave trough (x/λ = 1.5) and crest (x/λ = 2)
downstream of the source. Each term in Eq. (4.3) is normalised by the friction velocity
u∗

w, the local maximum concentration Cm, and the channel half-height h. Note that here
the vertical coordinate is a measure of the distance from the wavy surface. It is also
important to note that due to the inhomogeneity of the scalar field, the budgets have
been computed only by time-averaging the local instantaneous values. As a consequence,
the present profiles are not perfectly converged in the statistical sense. Nonetheless, it is
possible to observe some interesting features from the inspection of DNS results.

The wavy surface has a significant impact on the streamwise flux budget, not previ-
ously reported in similar studies. In a simple-shear flow, the balance between production
and dissipation prevails for this component (Kasagi et al. 1992). However, from Fig. 7
it is clear that dissipation is almost negligible in the present case, and production is es-
sentially balanced by the scalar-pressure-gradient correlation and turbulent diffusion. A
similar picture is found for the vertical flux, where turbulent diffusion dominates among
the production-balancing terms within the separated region, while the scalar-pressure-
gradient correlation is found more pronouned at y/2h ≥ 0.05. The local-equilibrium
between production and the scalar-pressure-gradient correlation required by gradient-
transport closures seems satisfied to a larger extent in the case of the spanwise flux
budget above the wave trough. At the wave crest and close to the surface however,
turbulent diffusion as well as the mean flow advection are significant.

5. Summary and future work

We presented a DNS study of scalar mixing from a point source over a wavy wall. This
particular flow configuration is found very useful in order to increase the complexity of the
scalar mixing process and to maintain an accurate control over boundary conditions. The
initial characterization of the scalar plume dispersal shows close similarity between the
present results above the wave crests and dispersion from ground sources in smooth tur-
bulent boundary layers. Major differences exist for mean concentration and concentration
fluctuations over the wave trough, where the flow is separated and a strong shear-layer
originates from the downhill side of the wave. The budget of scalar fluxes close to the
source do not present a distinguished local-equilibrium between two-dominant terms.
However, the lateral budget seems to be essentially dictated by the production and the
scalar-pressure-gradient correlation, in agreement with the results from the a-posteriori
test of algebraic flux models performed in Rossi (2009b). The established DNS database
is now being further post-processed in order to present the a-priori analysis of the hy-
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potheses which form the basis of algebraic models, aiming at clarifying the applicability
of such closures to fully-inhomogenous flows.
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