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1. Motivation and objectives

With the advent of high-supersonic transport aircraft, supersonic jet noise becomes a major technological problem and there is a strong need for a reliable prediction approach. Our present interest is the mixing noise component induced by
the turbulent ow itself. The physics of shock-associated noise is very dierent and
must be treated in another context (see Tam 1995).
Traditional jet mixing noise predictions are based on a steady statistical description of the turbulent ow, which may be obtained using analytical models as in
Ribner (1969) or more recently in Bechara et al. (1995) from a steady Reynolds
averaged computation (RANS). Some interesting aspects of the problem can be
predicted, such as the decrease of the acoustic emission for a coaxial jet, but this
approach provides little insight about the nature of the acoustic sources and necessarily relies on strong modeling assumptions which limit its generality.
A more di cult but promising method consists in directly using the history of the
turbulent uctuations obtained from a numerical simulation. The task is not trivial
since the constraint of capturing the wide range of acoustic space and time scales
adds to the already complex problem of a turbulent ow computation. Depending
on the method chosen to obtain the acoustic radiation, it may be necessary to
also represent a weak amplitude acoustic near- eld very sensitive to dissipation and
dispersion errors. This is why this di cult problem has been tackled progressively
at both ends of the Reynolds number range. At Stanford a sequence of projects
of increasing complexity led Mitchell, Lele & Moin (1995) to treat the case of an
excited laminar axisymmetric jet by directly simulating Navier-Stokes equations
(DNS). They compare dierent methods to derive the acoustic eld, which is also
directly represented in the simulation. At the other end, Bastin, Lafon & Candel
(1995) considered unsteady RANS of high-Reynolds-number two-dimensional plane
jets and obtained the radiated noise using exclusively Lighthill's (1952) aeroacoustic
analogy.
It is now time to take the next step and treat a real con guration where results
could be compared to an experiment. This will provide the rst opportunity to
directly evaluate the suitability of the whole approach for prediction purposes. For
this we selected the case of a supersonic circular jet at Mach number M = 1:37, for
which both ow and acoustic measurements are available, respectively by Lau et al.
(1979) and Tanna et al. (1976). The experiment was designed to produce a fully
expanded jet near ambient temperature (TJ =T0 = 0:94) so that the \acoustic" Mach
number, de ned as Ma = UJ =c0, is 1.33. The Reynolds number based on the jet
diameter and exit velocity is 1:5 106. For such a case, large eddy simulation (LES)
seems the only technique that may provide a realistic description of the turbulent
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Figure 1. Schematic section of the ow and computational domain.

uctuations contributing to the radiated noise. Therefore, the rst objective of this
project is to set up the large eddy simulation of a \real" (i.e. high-Reynolds-number
and spatially developing) supersonic jet. The con guration of the computational
problem is presented in Fig. 1. Note that a part of the nozzle is included in the
computational domain: indeed it is intended not to provide any arti cial excitation
of the ow, which is a major dierence with previous studies. We hope to obtain a
natural ow by letting the intrinsic spatial instabilities develop on a well designed
grid. The second part of the project consists in applying dierent known methods to
obtain the acoustic eld radiated by the computed ow, then analyzing the results
in the light of the experimental data. The present brief describes the activity of the
past year, which was entirely devoted to preparing the simulation of the ow.
In the following, the length, velocity, and time scales are respectively the jet
exit diameter D, the ambient speed of sound c0, and D=c0. x, r, and  are the
coordinates of the cylindrical system associated with the jet, with the x origin at
the nozzle exit. xi refers to the cartesian coordinate system.

2. Accomplishments

2.1 Choice of the method - feasibility
It was decided that the starting point for the simulation would be a nite element
code solving the compressible Navier-Stokes equations, developed by various contributors in the group of Prof. T. Hughes at Stanford (see e.g. Shakib 1988, Johan
et al. 1992 or Jansen et al. 1993), and which was recently used by Jansen (1995)
to perform the large eddy simulation of the ow around an airfoil at high angle of
attack ( = 12 ). Two issues were addressed before making this choice. First the

Jet noise using large eddy simulation

117

use of an unstructured grid allows an easy representation of a three-dimensional
con guration while reducing the number of grid points by taking advantage of the
inhomogeneous grid resolution requirements. However, nite element methods are
more expensive per grid point than nite dierences. Therefore, we had to verify
that the savings in terms of grid points are enough to justify the use of nite elements. Second, recent work by Beaudan & Moin (1994) has shown that numerical
dissipation can easily overwhelm the eect of the subgrid-scale model, giving little reliability to any large eddy simulation. It was therefore useful to assess the
dissipation of the present method.
To obtain an estimate of the number of grid points necessary for this simulation,
the resolution requirements were de ned as follows. It seems from experimental
observations that the internal boundary layer is laminarized by the favorable pressure gradient in the nozzle, so that the grid only needs to resolve the mean velocity
gradient. Consequently the nozzle interior represents a negligible fraction of the
whole grid. In the mixing layer region, previous LES studies of temporally evolving
free shear ows by Ragab & Sheen (1993), Vreman et al. (1994), or Fatica et al.
(1994) led us to opt for an isotropic grid with 5 points in the radial direction across
each vorticity thickness ! . Using the experimental growth rate of the jet, this
de nes a grid that is very ne at the tip of the nozzle and coarsens linearly with
the streamwise distance:
xi = 0:016 x:
This must be modi ed at the nozzle exit (x = 0), where the relevant length
scale is the internal boundary layer thickness. This parameter is not given in the
experimental data, but it is expected to have a negligible inuence on the further
development of the shear layer. From similar experiments, the 99% thickness  was
set at 4% of the jet diameter.
Another constraint is to capture the acoustic sources in the jet. The acoustic
near eld must also be captured if a method such as Kirchho's formulation is to
be used to obtain the acoustic radiation. This restriction implies
x  1 
i

n Ma St

where n is the number of points per wavelength, Ma the acoustic Mach number
(here 1.33), and St the Strouhal number (based on the jet exit velocity and the jet
diameter) of the highest frequency to be captured. The experimental data suggest
St = 1, and it is interesting to see that with n = 8 this constraint takes over the
previous condition at x ' 6, meaning that the grid requirements are governed by
the jet dynamics along the potential core (which is roughly 6 diameters long) and by
the acoustic sources thereafter. In other words (and putting aside the complex and
still controversial mechanisms of interaction between the nozzle and the acoustic
eld), the ner structures captured by the simulation during the rst few diameters
downstream from the nozzle are necessary to obtain a realistic further development
of the jet, but they are negligible acoustic sources per se.

118

F. Bastin

With these conditions the size of the grid can be estimated for both structured
and unstructured grids. As a result the latter requires about 17 times less grid
points than the former. The ratio varies somewhat when the parameters of the
resolution requirements are varied, and it depends on whether the acoustic near
eld is represented or not, but it is never less than 15. The main reason for such
a high ratio, which is enough to justify the choice of an unstructured grid method,
lies in the azimuthal resolution which is very high at the nozzle lip. A structured
grid is forced to carry this resolution everywhere.
The second question to investigate is the dissipation properties of the numerical
scheme. The present nite element method is based on a Galerkin formulation in
space stabilized with the SUPG operator described by Hughes & Mallet (1986).
This nite element formulation can be combined with any time-stepping scheme.
In all this report, the second-order accurate trapezoidal rule in time was used.
The spatial formulation is illustrated on the simple example of the one-dimensional
advection equation:

@U + a @U = 0
@t
@x

where a is the advection velocity. In this case the weighted residual R is given by

Z
Z
@W
@U + a @U )
@U
l
l
)
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@x
@t
@x
where Wl is a weighting function. The stabilizing dissipation error is entirely due
to the last integral of the residual, where  is a controlled local parameter. This is
Z

precisely what makes the scheme very dierent from standard upwind spatial differences, where the dissipation is an intrinsic non-adjustable feature of the method.
In the present work we use rst-order elements, which makes the dissipation error
fourth-order, and the nite element method can be made, at any point in space
and time, arbitrarily close to the non-dissipative fourth-order accurate Pade scheme
(obtained for  = 0).
In the current version of the code, the dissipation of the method (i.e.  ) is a
function of the local CFL number, given by CFL = a t=x. This CFL number
is local because in the general case the maximum characteristic velocity (here a)
and the grid spacing x vary in space. The non-dimensional relevant parameter
characterizing the dissipation is in fact ~ = a=x and we have presently
~ = 12 (1 + CFL;2);1=2 :
The expression extended for the system of Navier-Stokes equations in three dimensions can be found in Shakib (1988) and was never modi ed throughout the present
work. This relation makes the dissipation error small when the local CFL number
is small, which is the case practically everywhere in our computational problem.
Indeed, the time step is determined with a local CFL number of order 1 by the
highest velocity and smallest mesh spacing that occur at the same place at the nozzle lip. As the time step is constant in the whole computational domain, the local
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Figure 2. Dispersion and dissipation of the present nite element method compared with reference nite dierence schemes. Analysis on the pure advection equation with the trapezoidal rule temporal scheme and CFL = 0:05. Dispersion is
indicated by cr , which tends to its exact value of 1 (no dispersion) in the limit of
zero wavenumber ( = 0). Dissipation over one period of the exact wave is given by
1 ; exp(2ci) and tends to 0 (no dissipation) in the same limit. || Present FEM!
{ { { { fourth order central-dierences!       fth order upwind-dierences.
CFL number is much smaller everywhere else. To change the point of view, free
shear ows, in contrast to boundary layers, have the property that the grid spacing
is minimum precisely where the velocity is maximum, which de nes the shortest
time scale to be captured by the simulation. The relative time step (or the local
CFL number) is therefore small in most of the computational domain.
To complete this theoretical analysis, we consider the same advection equation
with a = 1 and write classically the numerical solution U = expik(x ; ct)] where
k is a xed real wavenumber and c = cr + ici the complex numerical propagation
velocity. ci represents the dissipation error while the dierence of cr to 1 accounts
for the dispersion error. The spatial scheme is combined with the trapezoidal rule in
time with CFL = 0:05, and we compare the dissipation and dispersion of the present
nite element formulation to the central fourth-order and one point upwind-biased
fth-order dierences. It is seen in Fig. 2 that the nite element method is already
less dissipative than this high-order upwind scheme, especially with more than 4
points per wavelength ( < =2). Moreover, the dissipation of the nite element

120

F. Bastin

formulation could be decreased at will if deemed necessary simply by modifying the
expression for ~. Finally, the dispersion error behavior is excellent, which results
from the proximity to a Pade scheme.
To con rm these analytical results, numerical tests were conducted, with the
same three-dimensional code that is used later, on two cases that are relevant to
the main simulation, namely the propagation of an acoustic wave in subsonic ow
at M = 0:5 and the growth of temporal axisymmetric instabilities of a supersonic
jet at M = 1:4 with  =R = 0:05. As everywhere else the trapezoidal rule is used in
time. The CFL number and resolution are also matched to the main simulation. It
was observed that with CFL = 0:02 and no more than 8 points per wavelength, an
acoustic wave propagates with 0.3% amplitude attenuation per period and -0.2%
phase error. Correspondingly, at CFL = 0:08 and with 32 points per wavelength,
the error on the growth rate of the jet instability was -0.6% with 0.2% phase error.
These numerical results are consistent with the one-dimensional theoretical analysis.
2.2 Parallelization
Finite element codes are naturally good candidates for data parallelism, since
most of the time is spent performing local computations on elements. Parallel
machines are also at the high-end of modern supercomputers: for example 64 processors of the IBM SP2 outperform a single processor of the CRAY C90 by an
order of magnitude. Thus the initial code was ported by Johan et al. (1992) on
the Connection Machine 512-nodes CM5, where the computational domain is partitioned in physical space, so as to aect an equal number of elements to each
processor. Parallelization on the CM5 was based on the use of a high-level language
(CM-Fortran, similar to the emerging standard HPF), where the actual detection
and organization of inter-processor communications is completely controlled by a
\smart" compiler. This makes programming practically as easy as in the serial
world, which is an important advantage. On the other hand, performance is generally not optimal, portability is still mediocre, and in our speci c case the future
of the CM5 is uncertain. For these reasons we decided to move to the completely
dierent approach of message passing with the interface standard MPI, which allows us to run on a variety of platforms, but speci cally the IBM SP2. With this
technique, a suitable strategy must be constructed to communicate data between
processors, which requires a real programming eort, but gives full control on the
actual parallelization.
In the present nite element code, the bulk of the data that must be communicated is the residual at the nodes shared by several processors, i.e. the nodes at
the boundary of each piece of the domain partition among the processors. The
main idea to optimize communications consists of renumbering the nodes before
the computation so that the data that must be shared are stored contiguously in
main memory, which avoids ine cient indirect addressing. To accomplish this, an
elaborate preprocessing step was developed where, given the partition, nodes are
relabeled and the exact sequence of communications is determined to minimize
waiting times. The partition itself is produced by the program Metis developed by
Karypis & Kumar (1995). The preprocessing is done only once before the actual
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simulation, during which communications then take place following the same xed
pattern.
The performance and scalability of the new code justify the eort. The two
tests presented in Table 1 show that the parallelization itself is cheap (as seen from
the speedup between the serial version and 4 processors) and that scalability (here
between 4 and 16 processors) is very good. Correspondingly the wall-clock time
taken by communications is about 3% of the total CPU time. As a comparison the
same ratio for the previous CM5 version is in the order of 15%. It is not easy to give
exact gures for larger numbers of processors because the SP2 that we are using
(at MHPCC, Maui) provides a mixture of processors of dierent performance, but
it seems the communication time does not exceed 5% of the CPU time, with still a
good scalability between 32 and 64 processors.
20000 nodes
50000 nodes
1 proc (serial):
1421.
4 proc:
493.
4 proc:
366.
16 proc:
128.
speedup:
97%
speedup:
96%
Table 1. Cpu time for test problems
2.3 Dynamic model
Since it was rst formulated by Germano et al. (1991), it was often shown that the
dynamic subgrid-scale model has very attractive properties, such as its robustness
and the removal of any ad hoc tuning or damping near solid boundaries. For the
present large eddy simulation we select the compressible version described by Moin
et al. (1991). More precisely only the trace-free part of the subgrid-scale stress tensor ij is represented with a Smagorinsky eddy viscosity model. The Smagorinsky
coe cient is determined during the computation by the dynamic procedure. The
trace of ij , i.e. the subgrid-scale energy, is neglected (CI = 0 with the notations
of Moin et al. 1991). Finally, the turbulent Prandtl number is set to 0.7 and is not
determined dynamically. To implement the dynamic model in the nite element
code, we followed the approach of Jansen (1994), who develops a top-hat test lter
generalized for an unstructured grid. For the present jet case the dynamic coe cient is averaged in the homogeneous azimuthal direction, which requires additional
communications between processors.
The present implementation was tested on the case of isotropic homogeneous
turbulence decay. The simulation was run on a 323 periodic grid and aimed at
reproducing the results of the experiment conducted by Comte-Bellot & Corrsin
(1971). For a fair comparison the initial velocity eld of the simulation must match
the ltered spectrum given at the rst experimental station, corresponding to t = 42
with the conventions of the reference. The grid lter is assumed here to be a \box"
lter of width equal to the computational mesh spacing x. Furthermore, the initial
eld must have realistic phase information, for which the skewness of the velocity
gradient is a good indicator. To satisfy these requirements the initial eld is adjusted
by letting the simulation run for a few eddy turnover times and renormalizing the
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spectrum. This procedure is iterated until convergence of the skewness. Once the
initial eld is determined and matches the experiment at t = 42, the actual decay
is simulated and results are compared to the experimental data given at t = 98 and
171. During this computation, the time step is constant with initially 45 time steps
per eddy turnover time at the rst experimental station (t = 42). Correspondingly,
the initial CFL number based on the r.m.s. velocity is 0.03.
Figure 3a shows the decay of the kinetic turbulent energy obtained with the dynamic model, with the Smagorinsky coe cient xed at Cs = 0:17, or when no
subgrid-scale model is used. The relative position of the three curves was expected,
but the variations observed are important since they show that the numerical dissipation does not take over the subgrid-scale model. Indeed the main argument of
Beaudan & Moin (1994) to dismiss the fth-order upwind-dierences in space was
the observation that it produced the same results regardless of the subgrid-scale
model, or even when the model was switched o. It may also be noted that the
decay obtained with the dynamic model is reasonable, while xing the Smagorinsky coe cient seems to provide even better results. However, the velocity spectra
presented in Fig. 3b show that this would be a premature conclusion: if we focus
for example on the slope of the velocity spectrum obtained at the last experimental
station (t = 171), it is clear that the dynamic model nicely matches the experiment,
while the xed coe cient spectrum drops o at high wavenumber, indicating that
the model provides excessive dissipation. The very good decay shown in Fig. 3a with
xed coe cient is the result of errors cancellation. Finally the spectrum obtained
with no model is atter, which indicates that the numerical dissipation inherent to
the scheme is not dominant.
2.4 Grid generation
The object is to obtain a three-dimensional grid composed of tetrahedral elements
which satisfy the highly inhomogeneous resolution requirements that were discussed
in section 2.1. The grids produced by commercial software may be appropriate for
steady computations, but they fail to provide the quality and smoothness desirable
for large eddy simulations in non-trivial geometries. Hence, it was necessary to
develop a grid generator speci c to the present case.
A triangular two-dimensional grid which maps an azimuthal section of the jet
( = 0) is rst generated. This grid is shown in Fig. 4a and is itself designed in
two steps. First the shear layer region is covered with a \pseudo-structured" grid
which can be precisely controlled. Due to technical reasons it is not possible to
extend this grid inde nitely away from the line r = 0:5 and therefore we use an
advancing front method to map the rest of the two-dimensional section. A careful
eye will detect the transition between these two approaches on the magni ed view
in Fig. 4b, where the nozzle lip is also clearly seen. The three-dimensional grid
is then obtained schematically by rotating each triangle in the two-dimensional
grid to create a three-faced toroid, then generating tetrahedral elements, complying
to varying azimuthal resolution requirements for each toroid. The result can be
observed on the streamwise section of Fig. 4c. The present grid was designed this
way and has about 600,000 nodes and 3,500,000 elements. This multi-step grid
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Figure 3. Test of the subgrid-scale model in a LES of decaying isotropic turbulence on a 323 grid, with comparison to ltered experimental data of Comte-Bellot &
Corrsin (1971). (a) Decay of resolved kinetic turbulent energy! (b) ltered velocity
spectra where the wavenumber ranges from 1 to 16 (normalization by 2=L, where
L is the size of the computational box). || Present dynamic model! { { { { xed
coe cient Smagorinsky model (Cs = 0:17)!       no model. , , Experiment at
t = 42, 98 and 171 respectively.
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(a)

(b)

(c)

Sections of the present grid. (a) Generating two-dimensional grid,
or azimuthal section ( = 0), of the full three-dimensional grid. The jet is going
from left to right, and the grid (including the sponge) is 41 diameters long and 15
diameters in radius. The thick boundary indicates the limit of the sponge, starting
25 diameters downstream and 8 diameters in radius. (b) Magni ed view of the same
azimuthal section. The portion presented here is 6 diameters long and 2 diameters
in radius. The nozzle can be seen on the left. (c) Quarter streamwise section
at x = 1 (one diameter downstream from the nozzle) with the same scale as (b).
Apparent faces of the elements are shown up to r = 2:3. Note the clustering of
elements in the shear layer (around r = 0:5).
Figure 4.

generator has been made robust and is now general in the sense that the only input
is the resolution requirements as a function of space. Therefore, should resolution
needs change, a new grid can be obtained very simply in a few minutes.
2.5 Boundary and initial conditions
The boundary conditions for a compressible jet with no co-ow involve some
di culties. The outow (x = xmax ) is subsonic, which means that one physical
boundary condition must be speci ed. This condition should reect as little as
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possible of outgoing vortical structures. Moreover, the ow is unsteady so that the
velocity on the edges of the jet may be temporarily negative, which is a potential
source of numerical instability. There should be an entrainment associated with
the jet, implying an \external inow" (x = xmin and r > D=2), parallel to the
nozzle, as opposed to the main internal inow through the nozzle (x = xmin and
r < D=2). The entrainment is unknown a priori and must develop naturally, which
means that the corresponding boundary conditions must allow for a modi cation of
the mean ow. Because there is no co-ow, the mean ow is weak (the entrainment
typically peaks at one or two percent of the jet exit velocity) so there is again a risk
of having a local outow where an inow is expected. The radial velocity on the
lateral boundary (r = rmax) naturally changes sign, with an inow in early sections
followed downstream by an outow. In the rest of this section we present boundary
conditions which bring a satisfactory solution to these problems. They have been
obtained partly on the main turbulent simulation, and partly on a preliminary
two-dimensional laminar simulation.
Previous experience has shown that a \sponge" region, where the basic equations
are modi ed in a suitable way, can be very helpful in making boundary conditions less critically sensitive. The sponge must also be smooth so as to minimize
the impact on the physical part of the ow. A systematic investigation of sponge
techniques has been carried out by Israeli & Orszag (1981), who propose dierent
solutions. An attractive one, referred to as \cooling", can be implemented by adding
to the evolution equation for the generic variable # a source term ;A(x)# ; #0(x)].
In this expression, A(x) is the local amplitude of the sponge and #0 (x) a steady
solution, which can be considered as the target. As the strength A of the sponge increases in space, # is driven to the target #0. This technique has the advantage that
the solution is known at the end of the sponge (it should be almost identical to #0 )
so that any boundary conditions compatible with #0 can be applied. Furthermore,
excellent results were obtained on the simple cases of the subsonic convection of a
vortex, or the propagation of an acoustic wave in subsonic ow, with an error an
order of magnitude lower than with characteristic-type boundary conditions alone.
It turned out, however, that the necessity to prescribe the target solution is a major
drawback in the case of the supersonic jet. Even with a long computational domain,
the ow is still far from being at rest at the outow boundary: consider that 40
diameters downstream from the nozzle, the maximum Mach number is still 0.3. It
is therefore not possible to set #0 to the ambient conditions, and unless the sponge
was made so weak that it became useless, we observed a strong numerical instability
of the jet in reaction to any \guessed" #0, for example based on experimental data.
The cooling sponge indeed violates the characteristic nature of the ow, and after
these observations it seems undesirable to use this technique even if a suitable #0
could be found. Given the sensitivity of the simulation to the imposed target, it
could be argued that the sponge indirectly enforces the ow upstream, which would
be a aw of a prediction approach. Therefore we came back to a more classical
ltering sponge. This option, which was already used by Mitchell et al. (1995) or
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Bastin et al. (1995), does not fully release the constraint to have low reection outow boundary conditions, which are discussed in the next paragraph. In practice,
if # is the solution at the end of a time step, a ltered solution #^ is obtained by
convolution with the same top-hat generalized lter that is used for the dynamic
model. The lter width is therefore equal to the mesh spacing. The solution # is
then replaced by a weighted combination (1 ; )# + #^ , where is a coe cient
that varies smoothly in space from zero outside the sponge (no ltering) to 1% at
the boundary of the computational domain, where the sponge eect is maximum.
The outow boundary condition was chosen to be the characteristic-based form
detailed by Poinsot & Lele (1992), where the amplitude of the incoming characteristic wave is replaced following the suggestion of Rudy & Strikwerda (1980) by a
term conveying the inuence of the ambient pressure. The principle of this condition is simple, but it involves a precise modi cation of Navier-Stokes equations at
boundary nodes, which ts poorly in the frame of the nite element method, where
boundary conditions are naturally expressed in terms of boundary integrals. To
implement this boundary condition e ciently, i.e. without inserting expensive tests
everywhere in the standard volume treatment, it was necessary to develop a new
data structure in the code, indicating the elements with boundary nodes where the
residual must be altered. Once the regular residual is assembled, these elements are
re-processed and the term to be modi ed is extracted and replaced.
For the external inow which was de ned above, four conditions must be speci ed. A rst condition to prescribe is no swirl (u = 0). Two additional physical
conditions compatible with a modi cation of the mean ow associated to entrainment are obtained by assuming that the ow is coming from an upstream reservoir
with no entropy variations. From thermodynamical relations and the compressible
Bernouilli equation, these two conditions are written as constant total temperature
and pressure. They were implemented in the nite element code, where it is relatively simple to impose zeroth order conditions on variables at the boundary nodes.
A fourth condition must be speci ed. The most physical condition would be to
prescribe that no free-stream azimuthal vorticity comes into the domain. However,
we were not able to implement this in a stable way. As there is no unique and
obvious approach to impose this condition in the nite element formulation, it is
hard at this stage to say if the problem is due to the implementation itself or comes
from the compatibility with other boundary conditions. The boundary condition
was therefore replaced by setting the radial velocity ur to zero. This assumption of
parallel incoming streamlines is not strictly right, but the radial velocity is expected
to be an order of magnitude lower than the streamwise entrainement velocity, so
that the error is minimal. On the lateral boundary, no-slip conditions are imposed.
This simple choice is again justi ed by steady k; computations which showed that
the velocity on this boundary would be under 0.1% of the jet exit velocity.
On the nozzle itself, no-slip conditions and constant temperature are prescribed.
The internal supersonic inow is completely speci ed with steady conditions. Pressure and temperature are constant across the ow, while a laminar boundary layer
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(a)

(b)

Instantaneous planar view of the jet ( = 0) at t = 12:1. The scale
can be inferred from the nozzle, which is drawn on the left. The present section is
10 diameters long. (a) Streamwise velocity, with contours drawn from 0.1 to 1.3 in
increments of 0.1! (b) azimuthal velocity, with contours drawn from -0.45 to 0.45 in
increments of 0.1. Dotted contours indicate negative values.
Figure 5.

velocity pro le is prescribed with the 99% thickness  equal to 4% of the jet diameter. It is an essential feature of the present simulation that the ow is not explicitly
excited. The grid is nest at the tip of the nozzle to allow a natural \ignition" of
the ow.
Finally, the simulation is initialized with the result of a steady axisymmetric k;
computation of the same ow, obtained on a structured grid with a dierent code.
The fact that no perturbations are superimposed on this initial eld can again be
emphasized. Although the initial eld is rapidly changed by the LES equations, less
realistic initializations led to numerical instabilities.
2.6 Preliminary results
Upon completion of the steps described in the previous sections, the nal code
was obtained. At the time of the present brief, the main turbulent simulation has
just begun and the physical time was advanced by only 12.5 time units. It is useful
to keep in mind that during one time unit (D=c0 ) the shear layer primary (axisymmetric Kelvin-Helmholtz) instability propagates about 0.8 diameter downstream.
An instantaneous azimuthal section of the jet at t = 12:1 is presented in Fig. 5.
The rst coherent structure, which in this convectively unstable ow originates
from the tip of the nozzle, has barely reached the downstream boundary of this
view (10 diameters downstream from the nozzle). At least qualitatively, the shear
layer identi ed by the streamwise velocity contours (Fig. 5a) is reasonable. It is also
clearly not axisymmetric, which is a desirable feature of a realistic turbulent jet. The
fact that the grid itself is not perfectly axisymmetric (as can be checked in Fig. 4c)
is su cient to induce the rst three-dimensional disturbances to which the ow is
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Figure 6. Mean radial pro le of the streamwise velocity at x = 2. || computed!

 experiment. The pro le is symmetrized for clarity.

naturally unstable. The three-dimensionality of the ow can also be estimated from
the azimuthal velocity shown in Fig. 5b. As expected there is no mean swirl motion
of the jet, but the amplitude of the azimuthal velocity uctuations peaks at more
than 30% of the exit streamwise velocity, which represents strong three-dimensional
structures.
It is also interesting to note that signi cant levels of azimuthal velocity are not
observed before one diameter downstream from the nozzle, which appears as the
distance necessary for the initial symmetry to break down. The ow is also twodimensional in the region where initial conditions are still being convected out,
which corresponds to the downstream extremity of the present view. The numerical
mechanism for onset of three-dimensionality is therefore clearly identi ed as an
instability operating from the nozzle lip.
It is still too early at this stage to obtain converged statistics of the ow anywhere
but very close to the nozzle, where the local time scale is smallest. Thus only the
radial pro le of streamwise velocity two diameters downstream from the nozzle is
presented and compared to experimental data (see Fig. 6). Although the spreading
rate appears slightly too high, the agreement is reasonable for this location where
the state of the internal boundary layer or the exact shape of the nozzle (which is
unknown to us) may still have an inuence.
Finally it is interesting to look more into the detail of the transition to threedimensionality in this computation, since this is one of the crucial aspects which
will give con dence in the simulation. For this we consider the jet at some point in
time and take three sections perpendicular to its axis. The rst section is taken at
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Figure 7. Spatial vortex breakdown at t = 9:7. (a-c) Streamwise vorticity !x !

(d-f) azimuthal vorticity !. (a,d) x = 1! (b,e) x = 1:5! (c,f) x = 2:5. Contours are
drawn from -15 to 15 in increments of 2. Dotted contours indicate negative values.

x = 1, which was seen in Fig. 5b to correspond to the beginning of an observable
transition, and two more sections are taken at x = 1:5 and x = 2:5. Figure 7 shows
the streamwise and azimuthal vorticities at these locations. At x = 1, Fig. 7d
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shows a vortex ring with small azimuthal uctuations, corresponding in Fig. 7a to
low levels of streamwise vorticity. Only half a diameter downstream, the vortex
ring now shows strong azimuthal oscillations (Fig. 7e). At this stage the streamwise
vorticity has reached the intensity level of its azimuthal counterpart (Fig. 7b). One
diameter further, the vortex ring has completely broken down (Fig. 7f) though it
can still be noted that the azimuthal vorticity remains mostly positive. At the same
time Fig. 7c shows well-developed streamwise structures of smaller spatial scale and
same or higher amplitude.
It is di cult to make quantitative comparisons with the numerous studies on
vortex breakdown available in the literature. These generally deal with an idealized
con guration of one or a few incompressible vortex rings, a dierent situation from
this supersonic spatially developing jet. Nevertheless, the process of small-scale
streamwise structures progressively building up and taking over the initial axisymmetric motion has been analyzed e.g. by Shari et al. (1994), who performed direct
simulations of a single vortex ring, or visualized by Liepmann & Gharib (1992)
in an incompressible round jet. The present simulation appears to reproduce this
evolution very well.

3. Future plans

The advancement of this compressible turbulent jet is still subject to occasional
numerical problems, but the main simulation is nally on its way. As progress is
made and statistics are accumulated, it will be possible to extensively compare the
computed ow to experimental data.
Acoustic results are expected to be obtained in the near future. The numerical
approach to derive the acoustic eld via Lighthill's analogy has been designed, and
the corresponding acoustic routines are essentially ready. To keep data storage requirements aordable, the contribution of turbulent uctuations to acoustic sources
is accumulated as the solution progresses. Because of their smaller time scale, the
high-frequency components of the radiated noise should converge rst.
Several theoretical aspects of the noise radiation problem can also be worked
upon, such as estimating the error associated to refraction eects, which are neglected by Lighthill's analogy.
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