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Assessment of the subgrid-scale models
at low and high Reynolds numbers
By K. Horiuti1
1. Motivation and objectives

Large-eddy simulation (LES) is a turbulence simulation method in which the large
scale (grid-scale or GS) eld is directly calculated, while the small scale (subgridscale or SGS) eld is modeled. The velocity and pressure elds (f ) are decomposed
into GS component (f ) and SGS component (f = f ; f ) using a ltering procedure.
A decomposition of the SGS stress tensor, ij , which results from ltering the
Navier-Stokes equations, consists of three terms (Bardina 1983):
0

ij = Lij + Cij + Rij 

(1)

Cij = ui uj + ui uj 
Rij = ui uj :
= ui uj ; ui uj 
Lij is the Leonard term, Cij is the cross term, and Rij is the SGS Reynolds stress.
The indices i = 1 2 and 3 correspond to the directions x, y, and z, respectively,
where x is the streamwise direction, y is the wall-normal or cross-stream direction,
and z is the spanwise direction. In the present study, we consider elds which
are homogeneous in two directions (x and z). We apply the Gaussian lter in the
homogeneous directions because scale-similarity models are used to approximate
the SGS stress tensors. No lter was applied in the inhomogeneous direction, but
the same numerical discretization method was used in the y-direction in both the
direct numerical simulation (DNS) data generation and assessing the LES models.
In the following, hi denotes the average in the x ; z plane.
Our investigation is mostly focused on the SGS Reynolds stress Rij . The SGS
models commonly used for LES to represent the eects of the SGS on the GS are
divided into two groups SGS eddy viscosity coecient models (EVM) and scalesimilarity models.
Accurate SGS models must be capable of correctly representing the energy transfer between GS and SGS. Recent direct assessment of the energy transfer carried
out using direct numerical simulation (DNS) data for wall-bounded ows (Piomelli
et al. 1990, 1991) revealed that the energy exchange is not unidirectional. Although
GS kinetic energy is transferred to the SGS (forward scatter (F-scatter) on average,
SGS energy is also transferred to the GS. The latter energy exchange (backward
scatter (B-scatter) is very signicant, i.e., the local energy exchange can be backward nearly as often as forward and the local rate of B-scatter is considerably higher
than the net rate of energy dissipation (Piomelli et al. 1991). Moreover, a mean
Lij
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reverse ow of energy from SGS to GS uctuating turbulent motions was observed
in the buer layer region of the channel (Horiuti 1989, Hartel et al.1994). In free
shear ows, a greater degree of B-scatter was observed in the mixing layer (Horiuti
1997)
EVM relates the SGS stress to the GS velocity deformation via the eddy viscosity. All SGS EVMs are derived from the Smagorinsky model (Smagorinsky 1963).
In general, an EVM is adequate for approximating the interaction between given
turbulent scales and distinctly smaller scales, in which the main function of the
SGS is to remove energy from the GS, but it is inadequate for representing the
B-scatter. A dynamic Smagorinsky model (Germano et al. 1991) can be used to
model partial B-scatter in regions of reduced eddy viscosity, but strong B-scatter
would require a negative eddy viscosity, which would lead to numerically unstable
solutions, although a recent dynamic localization model (Ghosal et al. 1995a) may
avoid this instability.
An alternative SGS model for EVM is the scale-similarity model (Bardina 1983).
A representative model is the Bardina model in which the SGS Reynolds stress term
is approximated as (Bardina 1983, Horiuti 1993a):

' RBij = CB (ui ; ui )(uj ; uj ):

(2)
Note that the model constant CB cannot be determined using only the Galilean
invariance constraint (Speziale 1985), but needs to be optimized (Horiuti 1993a,
1994, 1997). We have optimized CB using several DNS data for incompressible
channel and mixing layer ows so that the root-mean-square (rms) value of the
modeled SGS Reynolds stress term approaches its value based on DNS data. Representative optimized values of CB were in the range between 2.0 and 9.0 (Horiuti
1993a, 1993b, 1997).
The Bardina model for the SGS Reynolds stress (Eq. 2) gave better agreement
between the exact and modeled SGS Reynolds stresses than the Smagorinsky model
(Bardina 1983, Horiuti 1989, 1993a). This model, in which the SGS stress is no
longer aligned with the GS strain rate, can exhibit B-scatter (Horiuti 1989, 1997).
The drawback inherent in the Bardina model, however, is that the predicted
magnitude of the B-scatter contribution is larger than the exact DNS value. To
overcome this problem, the ltered Bardina (F-Bardina) model
Rij

' CB (ui ; ui )(uj ; uj )

(3)
was proposed (Horiuti 1997). This model was obtained by utilizing the elliptic
relaxation model procedure (Durbin 1993) to incorporate the nonlocal eect in
physical space into the Bardina model. A marked improvement was obtained using
the F-Bardina model compared with the Bardina model. The SGS Reynolds stress
tensor approximated using the F-Bardina model was much closer to the exact DNS
value than that obtained using the Bardina model. Also, the overestimation of
the B-scatter obtained using the Bardina model was signicantly reduced when the
F-Bardina model was used.
Rij
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(i j )
(1,1)
(1,2)
(2,2)
(3,3)

High Re
Bardina
0.63
0.55
0.53
0.56

F-Bardina
0.81
0.71
0.71
0.74

Table I: Correlation coecients between the exact SGS Reynolds stresses and

the those obtained using the dierent models for the high Reynolds number channel
ow.
The testing of Horiuti (1997), however, was conducted using DNS data from a low
Reynolds number channel and mixing layer ows. It was felt that further testing at
higher Reynolds numbers was a necessary step needed to establish the validity of the
new model. This is the primary motivation of the present study. The objective is to
test the new model using DNS databases of high Reynolds number, fully developed
turbulent channel and mixing layer ows.

2. Accomplishments

In the present study, we make use of direct numerical simulation ow elds available at CTR to directly test the various approximations. To compute the large-eddy
ow elds, we lter the DNS elds by applying a two-dimensional Gaussian lter
in the i = 1-,3-directions.
The high Reynolds number DNS databases were for the fully developed incompressible channel and the time-developing mixing layer ows. The channel ow DNS
data was generated at Re = 590 (Reynolds number based on the wall-friction velocity, u , and the half-channel height, ) using 384  257  384 grid points in the
x-y -z -directions (Mansour 1996). The incompressible mixing layer DNS data
was at Re = 2400 (the Reynolds number based on the momentum thickness, m ,
and the velocity dierence, U ) using 512  180  192 grid points in the x-y-zdirections (TBL case Rogers & Moser 1994). The results are compared with the
previous assessment for low Reynolds numbers (Re = 180 for channel ow, and
Re = 200 for mixing layer, Horiuti 1997).
2.1 Model assessment for channel ow
The high Reynolds number channel ow eld was ltered to 64  257  64 grid
points in the x-, y-, and z-directions, respectively. The low Reynolds number channel ow eld (with 128  129  128 grid points) was ltered to 32  129  32 grid
points. These numbers of LES grid points were chosen so that the turbulent kinetic
energy retained in the SGS components is large. This is necessary to make a fair
assessment of the SGS models.
Table I lists the correlation coecients between the exact SGS Reynolds stress
tensor and those obtained using the Bardina and F-Bardina models for the high Re
case. For comparison, the previous results obtained for the low Reynolds number are
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Low Re
Bardina
0.71
0.66
0.64
0.65

(i j )
(1,1)
(1,2)
(2,2)
(3,3)

F-Bardina
0.86
0.77
0.81
0.81

Table II: Correlation coecients between the exact SGS Reynolds stresses and
the those obtained using the dierent models for the low Reynolds number channel
ow.

listed in Table II. The results obtained using the F-Bardina model are remarkably
improved compared with those obtained using the Bardina model.
The GS and SGS elds interact via the SGS production term P due to the SGS
Reynolds stress Rij , i.e., P = ;uiuj (@ui=@xj + @uj =@xi )=2. The accuracy of the
models is assessed by considering the prediction of the GS-SGS energy transfer.
Figure 1 shows the y-distribution of the fraction of grid points in each x ; z plane
where the B-scatter occurs in the P term. The optimized CB values for the Bardina
and F-Bardina models were, respectively, 3.5 and 4.3 for the low Re case. For the
high Re case, the CB value was approximately 9.0 for both models. In Fig. 1, Rij
is estimated from the exact SGS Reynolds stress. The results obtained by using the
Bardina and F-Bardina models for the Rij term are also included.
Approximately 30% of the grid points experience the B-scatter in the region
y+ > 50 for the low Re case, but the fraction for the high Re case is generally
smaller than that for the low Re case. A sharp decrease occurs at y+  10, where
the maximum (net) SGS production (hP i) is the largest, for both Re . This decrease
is more considerable for the high Re case. This decrease was not discernible in
the results of Piomelli et al. (1991) in which a spectral cuto lter was used instead
of the Gaussian lter. Leslie and Quarini (1979) analytically found that when the
Gaussian lter is used, the B-scatter contribution to the wave-number-dependent
eddy viscosity is greatly reduced compared with that of the cuto lter, which is
consistent with the present results.
Throughout the channel, the fraction predicted using the Bardina model is much
larger than the DNS exact value for both Reynolds numbers. Marked improvement
is obtained by using the F-Bardina model.
The production term P is decomposed into the forward scatter part (dened as
(P + jP j)=2, denoted by P+) and the backward scatter part ((P ; jP j)=2, denoted
by P ). In Fig. 2, we compare the y-distributions of the plane-averaged P+ and
P values obtained using the models with the exact values obtained from the DNS
data for the low Re case. The Bardina model overestimates the B-scatter term,
whereas the results obtained using the F-Bardina model are in good agreement with
the exact DNS data. These results are consistent with those observed in the fraction
proles shown in Fig. 1.
0

;

;

0
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Figure 2. Decomposition of the plane-averaged SGS production term P obtained

from the DNS exact data and obtained using dierent models from low Re channel
ow. Symbols:  , Exact
, Bardina
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Figure 3. Decomposition of the plane-averaged SGS production term P obtained

from the DNS exact data and obtained using dierent models from high Re channel
ow. Symbols as in Fig. 2.
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Figure 4. Decomposition of the plane-averaged Pij terms obtained from DNS of
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The corresponding result for the high Re case is shown in Fig. 3. The exact
values show that the energy transfer is predominantly forward near the wall as was
found in Fig. 1. An overestimate of the B-scatter term for the Bardina model is
more pronounced than in the low Re case, whereas the F-Bardina model does not
yield the excessive prediction of the B-scatter observed in the Bardina model. The
F-Bardina model gives a sucient GS energy drain when CB is properly chosen,
with an accurate prediction of the B-scatter being yielded concurrently (Horiuti
1997) for both Reynolds numbers, which implies that this model may be used as an
alternative to the SGS EVM.
To determine the local rate of SGS production, we have examined the root-meansquare (rms) value of P (gure not shown). It was found that the local variance of
P was two to six times larger than the plane-averaged value as was pointed out in
Piomelli (1991).
Figure 4 shows the plane-averaged proles of the individual components of the
SGS production term Pij = ;(uiuk @uj =@xk + uj uk @uj =@xk ), in which Rij is estimated from the exact SGS Reynolds stress of the high Re channel ow. These
terms are decomposed into two-parts that contribute to F- (Pij > 0) and B(Pij < 0) scatters. It is found that the shear production term, P12, is dominant in
the region at y+  10. The energy transfer arising in this term is predominantly
forward due to the presence of the large mean shear rate near the wall. Away from
the wall, however, the P12 term becomes gradually small and instead the normal
production term, particularly the P11 term, becomes dominant. It can be seen that
the magnitudes of the F- and B- scatter terms in P11 are very close to each other,
with the total sum of P11 being slightly positive, but the sum becomes negative
in the region at y+  15. Correlations of the occurrence of this B-scatter event
with the coherent vortical structure, which is oriented perpendicular to the wall,
are discussed in Horiuti (1995).
An almost equal occurrence of F- and B- scatter is found similarly in other components. We note that the individual components, Pij , were better approximated
by using the F-Bardina model than by the Bardina model (gure not shown). Additionally, we found that the transfer between SGS and the uctuating GS was
predominantly backward as was previously pointed out by Horiuti (1997, gure not
shown). Similar results were obtained for the low Re channel ow.
2.2 Model assessment for mixing layer
The high Reynolds number mixing layer eld was ltered to 128  180  48 grid
points in the x-, y- and z-directions. The low Reynolds number mixing layer ow
eld (with 192  129  128 grid points) was ltered to 96  129  64 grid points.
Table III lists the correlation coecients between the exact SGS Reynolds stress
tensor and those obtained using the Bardina and F-Bardina models for the high Re
case. Table IV lists the results for the low Reynolds number case. As in the channel
ow, the results obtained using the F-Bardina model are signicantly improved
compared with those obtained using the Bardina model. We note, however, that
the values of the correlation coecients are generally lower for the high Reynolds
number case than for the low Reynolds number case in both ows.
0

0

0

0
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(i j )
(1,1)
(1,2)
(2,2)
(3,3)

High Re
Bardina
0.66
0.55
0.63
0.63

F-Bardina
0.82
0.68
0.81
0.80

Table III: Correlation coecients between the exact SGS Reynolds stresses and

the those obtained using the dierent models for the high Reynolds number mixing
layer.
(i j )
(1,1)
(1,2)
(2,2)
(3,3)

Low Re
Bardina
0.87
0.85
0.87
0.88

F-Bardina
0.93
0.92
0.94
0.94

Table IV: Correlation coecients between the exact SGS Reynolds stresses and
the those obtained using the dierent models for the low Reynolds number mixing
layer.

The optimized CB values in the Bardina and F-Bardina models were 5.0 and 7.0,
respectively, for the high Re case. For the low Re case, the optimized CB values
in the Bardina and F-Bardina models were 2.0 and 2.5, respectively. All of the
optimized CB values are between 2.0 and 9.0, and are rather independent of the
type of ow.
Figure 5 shows the fraction of grid points at which the B-scatter occurs in P
estimated from the exact SGS Reynolds stress for low and high Reynolds numbers.
For the low Re case, the fraction is over 40% throughout the vortical region of
the mixing layer, and is generally larger than in the low Reynolds number channel
ow (Fig. 1). The fraction, however, is signicantly decreased for the high Re case
(approximately 30% throughout the vortical region). The fraction proles implied
by the Bardina and F-Bardina models for the Rij term in P are also included in
Fig. 5. The overestimate of the fraction in the results obtained using the Bardina
model is more pronounced for the high Re case than for the low Re case.
Plane-averaged F- and B-scatter term values are shown in Figs. 6 and 7, respectively, for the low and high Re cases. It can be seen that the magnitudes of these
two terms are very close to each other for the low Re case, indicating that F- and
B-scatters occur almost evenly, with the total sum of P being slightly positive. For
the high Re case, the magnitude of the B-scatter contribution is decreased. This
is consistent with the fraction proles shown in Fig. 5.
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Figure 6. Decomposition of the plane-averaged SGS production term P obtained

from the DNS exact data and obtained using dierent models from low Re channel
ow. Symbols as in Fig. 2.
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In the spatial distributions of P that were estimated from the low Re DNS data,
it was found that a large SGS energy production occurs in the braid region of the
mixing layer. At the time which the test was conducted, the roll-up of the KelvinHelmholtz (K-H) vortices was complete, and these two eddies started to merge.
The predominantly streamwise vortices (\rib" vortices) resided in the braid region
between the K-H rollers (Rogers & Moser 1994). The distribution of the production
term was characterized by a very intermittent appearance of the strong F- and Bscatter regions that took place side by side with a quadruple-like structure (Horiuti
1997).
This quadruple structure was highly aligned with the rib vortices. The vorticity
distribution in the cross section of the rib vortices was not exactly circular, but
rather elliptic. The F-scatter event occurred in the 1st and 3rd quadrants of the
rib vortices, and B-scatter was generated in the 2nd and 4th quadrants of the rib
vortices. We consider that the presence of these rib vortices is the primary cause
of the almost equal occurrence of F- and B- scatters in the low Re mixing layer.
The present results indicate that the B-scatter events may occur in a deterministic
manner rather than in a stochastic manner.
The major axis of the elliptic vortex, the circulation of which was counterclockwise, was making a positive angle with the cross-stream (y) axis. As a result, the
area of 1st and 3rd quadrants was larger than that of the 2nd and 4th quadrants.
Subsequently, the magnitude of F-scatter was larger than the B-scatter. Similarly,
in the clockwise elliptic vortices, their major axis was making a negative angle with
the y axis, the resultant net-scatter was also forward.
This nding may be a result of the low Reynolds number of the DNS. The distributions of the SGS production term P for the high Re case also exhibited the
quadruple-like structure, but the four quadrants were not as distinctive as for the
low Re case, i.e., the 1st and 3rd quadrants of the F-scatter regions were dominant,
taking over the 2nd and 4th quadrants.
Figure 8 shows the plane-averaged proles of the individual components of the
SGS production term Pij , in which Rij is estimated from the exact SGS Reynolds
stress from the high Re mixing layer. These terms are decomposed into the F- and
B- scatter contributions.
In the low Re case, the quadruple structure of the SGS production term distribution primarily arose in the P22 term. In the high Re case, it can be seen that
large contributions result from the normal production terms, P22 and P33, but it
was found that the correlation coecient between the P22 term and the P33 term
was negative, thus they almost canceled each other out. Although, unlike the channel ow (Fig. 4), the magnitude of the shear stress production terms of P23 and
P12 is smaller than the normal production terms, F-scatter contributions are larger
than the B-scatter contributions in the P23 and P12 terms. As a result, the total
summation of the production term P became predominantly forward.
Although the four quadrants of the quadruple-like structure in the total production term P distribution for the high Re case were not distinctive as in the low Re
case, the distributions of the P22 and P33 terms exhibited distinctive quadruple-like
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structures. This fact indicates that the rib vortices resides in the high Reynolds
number mixing layer on average as in the low Reynolds number and that the generation of a large SGS energy production occurs along the rib vortices. A negative
correlation of the P22 term and the P33 term, however, was not depicted in the low
Re case.

3. Future plans

We have assessed the SGS models from the point of view of energy transfer
between the grid scale (GS) and the subgrid-scale (SGS) via a correlation with the
ltered DNS data (`a priori' test).
The energy transfer was directly analyzed using DNS data for fully developed
turbulent channel and mixing layer ows for both high and low Reynolds numbers.
A signicant reduction of the B-scatter eect was found for the high Reynolds
number case compared with the low Reynolds number case. We note, however, that
the occurrence of F- and B-scatters may depend on grid resolution. For example,
the rib vortices formed in the low Reynolds number mixing layer were only coarsely
resolved (approximately 6 grid points for a single rib vortex), thus the SGS was
signicantly aected by the large GS motions. When the rib vortices are more
nely resolved, the contributions of the B-scatter will decrease.
A capability of the scale-similarity models for the SGS Reynolds stress to represent the transfer was further tested. It was shown that the Bardina model is,
in general, an inaccurate model for the SGS Reynolds stress. Its inaccuracy was
greater for the high Reynolds number case for both ows. In a new scale-similarity
model (ltered-Bardina, F-Bardina, model), the correlation with the DNS data was
shown to be substantially improved compared to that of the Bardina model, and
an excessively high prediction of B-scatter in the Bardina model was substantially
improved for both Reynolds numbers and both ows.
The validity of the F-Bardina model was established for two dierent ows and
low/high Reynolds numbers. Further development of the present work is directed
in two ways.
One is to investigate the correlation of the SGS energy production mechanism
with the coherent vortical structures that resides in the turbulence. Preliminary
results are reported in Horiuti (1995), but that study was conducted at the low
Reynolds numbers. More rened and detailed examination of the high Reynolds
number DNS data is necessary.
Another direction is to develop the SGS models based on the ltered-Bardina
model. We must note that, although the F-Bardina model yielded very high correlation with the exact DNS data, its high correlation is decreased as the Reynolds
number is increased as can be seen in Tables I-IV.
In fact, as the Reynolds number is increased, it is expected that the interscale
interaction of GS with the distinctively smaller SGS will become signicant as well
as the interaction of GS with the larger SGS. An SGS model, which can be used
to represent these two GS-SGS interactions, i.e., the local interaction between adjacent wave number bands and the nonlocal interaction between GS and very small
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SGS, is desirable. The former interaction can be adequately represented using the
F-Bardina model. In order to adequately represent the latter interaction, it is necessary to add the SGS EVM part to the model. That is, a mixed model of F-Bardina
and Smagorinsky models is considered to be a more desirable and general model.
A new dynamic two-parameter mixed model in which the two model parameters
contained in the model were determined consistently with the dynamic SGS procedure (Germano et al. 1991) was proposed as an extension of the F-Bardina model
(Horiuti 1996). Further renement of the proposed model is currently underway.
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