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1. Motivation and objectives
The ability to model non-premixed combustion is very important; many practical
combustion devices operate with non-premixed flames in the presence of turbulent
flows (Vervisch & Poinsot, 1998). Non-premixed turbulent flames are characterized
by a large spectrum of temporal and length scales. Additional complexity is added
by the large number of unknowns and by the stiffness of highly nonlinear chemical
source terms associated with realistic kinetic mechanisms. Conventional numerical
algorithms are not able to resolve all the characteristic scales affordably. As a
consequence, most of the current efforts are focused on developing model equations
using either RANS or LES methodologies.
The ability of wavelet based numerical algorithms to locally resolve the structures
appearing in the solution without drastic increase in the number of the unknowns
enables us to pursue a different avenue of research. Since most flames occupy a
relatively small volume within the domain of interest, dynamically adaptive wavelet
collocation algorithms are ideally suited for direct numerical simulations of nonpremixed turbulent flames with realistic chemistry.
Wavelet analysis is a new numerical concept, which allows one to represent a
function in terms of basis functions, called wavelets, which are localized in both
location and scale (Meyer, 1990; Daubechies, 1992). Good wavelet localization
properties in physical and wavenumber (spectral) spaces can be contrasted with the
spectral approach, which employs infinitely differentiable functions but with global
support and small discrete changes in the resolution. On the other hand, finitedifference, finite-volume and finite-element methods have small compact support
but poor continuity properties. Wavelets appear to combine the advantages of both
spectral and finite-difference bases. One can expect that numerical methods based
on wavelets will attain both good spatial and spectral resolution.
Recently Vasilyev and Paolucci (1996, 1997) have developed a dynamically adaptive multilevel wavelet collocation algorithm for partial differential equations in
multiple dimensions. The basic idea behind the multilevel wavelet approximation
is that a function can be approximated as a linear combination of wavelets having different scales and locations. Adaptation is achieved by retaining only those
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wavelets whose coefficients are greater than a given threshold. This property of the
multilevel wavelet approximation allows local grid refinement up to an arbitrary
small scale without a drastic increase in the number of collocation points; thus,
high resolution computations can be carried out only in those regions where sharp
transitions occur.
The dynamically adaptive wavelet collocation algorithm is ideally suited to handling problems with localized structures, which might occur intermittently anywhere
in the computational domain or change their locations and scales in space and time.
Conventional adaptive algorithms are costly because grids can change drastically
within a short time interval, thus the use of conventional algorithms on a uniform
grid is impractical. Thus, the main advantage of the dynamically adaptive wavelet
collocation algorithm is that it will use far fewer grid points than the other algorithms when applied to problems with a great diversity of spatial-temporal scales.
In addition, the computational grid can be refined locally to an arbitrary small size
grid. We emphasize here that the adaptation of the computational grid does not
require additional effort and consists merely in turning on and off wavelets at different locations and scales. Other robust properties of this algorithm are that it can
handle general boundary conditions and the relative error can be actively controlled
by prescribing a threshold parameter. All of these features make this algorithm an
attractive candidate for direct numerical simulation of combustion.
The objective of this report is to present initial results which demonstrate the
potential benefits of the use of the dynamically adaptive wavelet collocation algorithm in turbulent combustion simulations. The use of wavelets in modeling complex physical phenomena is something of a novelty and, as a first step to achieve the
ambitious goal of efficient numerical simulations of non-premixed turbulent flames,
we consider a simple model of laminar flame-vortex interaction.
2. Accomplishments
2.1 Wavelet Approximation
The most important property of wavelet analysis is that a function is decomposed
in terms of basis functions having different discrete scales and locations. These basis
functions are constructed by the discrete (typically dyadic) dilation and translation
of a single function, which has good localization properties in physical as well as
wave-number spaces. In other words, wavelet analysis can be viewed as a multilevel
or multiresolution representation of a function, where each level of resolution consists of basis functions having the same scale but located at different positions. In
this report we will only describe the main points necessary to introduce the dynamically adaptive wavelet collocation method. A more detailed description is given by
Vasilyev (1996) and Vasilyev and Paolucci (1997).
In one-dimensional space the wavelet basis consists of a doubly indexed function
set {ψkj (x) : j, k ∈ Z, x ∈ R} given by
!
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x
−
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where ψ(x) is a one-dimensional wavelet and ψkj (x) is a wavelet of scale aj =
a0 2−j located at position bjk = aj k. Superscripts denote the level of resolution
and subscripts denote the location in physical space (with the exception of aj ).
Wavelet bases can be introduced the same way in multiple dimensions, provided
that one uses an n-dimensional wavelet function ψ(x) (x ∈ Rn ). We will use bold
symbols to denote n-dimensional vectors, e.g. x ≡ (x1 , . . . , xn ), k ≡ (k1 , . . . , kn ),
bk ≡ (bk1 , . . . , bkn ). Following this notation, an n-dimensional wavelet basis is given
by
!−1/2
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n
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where axi j and bjki (i = 1, . . . , n, j ∈ Z, k ∈ Z n ) are wavelet scales and locations
at the j th level of resolution.
Let us consider a function u(x) defined on a closed n-dimensional domain Ω. Let
j = 0 and j = J be the coarsest and finest levels of resolution respectively. Due
to the compact or effectively compact wavelet support, at each level of resolution
j
such that function
j = 0, . . . , J there exists a finite n-dimensional integer set ZΩ
u(x) can be approximated as
J

u (x) =

J
X

Cj

Ψj (x),

(3)

j=0

where Cj and Ψj (x) are n-dimensional arrays of wavelet coefficients and basis functions correspondingly. Operator denotes the summation over the n-dimensional
j
array of indices ZΩ
and is given implicitly by
Cj

Ψj (x) =

X

cjk ψkj (x).

(4)

j
k∈ZΩ

Equation (4) applies to wavelets of any dimensionality.
The next issue is how to compute wavelet coefficients for a given function u(x).
Following the standard collocation approach, wavelet coefficients are found based on
the values of a function at certain locations, called collocation points. In a waveletj
collocation algorithm a set of collocation points {xjk : k ∈ ZΩ
} is defined such that
the collocation points of the coarser level of resolution are a subset of the collocation
points of the finer level of resolution. In other words, for any j (0 ≤ j ≤ J − 1) the
following relation between the collocation points at different levels of resolution is
satisfied:
n o n
o
xjk ⊂ xj+1
.
(5)
k
Every wavelet is characterized by its location bjk . Wavelets whose centers are
located within the domain will be called “internal” wavelets; those whose centers
are located outside the domain will be called “external” wavelets. The choice of
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collocation points for wavelets is not unique. For internal wavelets, the location of
the center seems to be the most natural choice for the collocation point, provided
that the wavelets are non-zero at bjk . We choose the collocation points of external wavelets to correspond to the locations of internal wavelets at finer levels of
resolution. This ensures that relation (5) preserved.
Wavelet coefficients are found in a recursive manner. We start from the coarsest level of resolution and progressively move to the finest level. On each level of
resolution the coefficients of the lower levels are fixed, so that we only obtain the
coefficients corresponding to that level. The procedure of finding wavelet coefficients can be described as a consecutive recursive application of two steps. For
each level of resolution j (0 ≤ j ≤ J) we first find the residual between the
approximation uJ (x) and the contributions of lower levels of resolution given by
Pj−1
∆j (x) = uJ (x) − l=0 Cl Ψl (x) (∆0 (xJ ) = uJ (x)). We then obtain wavelet
coefficients by evaluating ∆j (x) at xjk collocation points and requiring the values
of the residual ∆j (xjk ) to be the same as the wavelet contribution at that level of
resolution. This requirement yields the equation:
∆j (xjk ) = Cj

Ψj (xjk ).

(6)

Solving this equation gives us the values of wavelet coefficients at the j level of
resolution. We repeat this two-step recursive procedure until we reach the finest
level of resolution.
The absolute value of the wavelet coefficient cjk depends upon the local regularity
of u(x) in the neighborhood of the wavelet location. The wavelet approximation
(3) can be written as a sum of two terms composed respectively of wavelets whose
amplitudes are above (uJ≥ (x)) and below (uJ< (x)) a threshold :
uJ (x) = uJ≥ (x) + uJ< (x),

(7)

where uJ≥ (x) is given by
uJ≥ (x)

=

J
X
j=0

j

C

j

≥

Ψ (x) =

J
X
X
j=0

cjk ψkj (x),

(8)

k∈ZΩ
j
|c |≥
k

and uJ< (x) is calculated analogously with the exception that the sum includes only
wavelets whose coefficients are below the threshold, i.e. |cjk | < . It is easy to show
that
uJ (x) − uJ≥ (x) L2 (Rn ) ≤ C uJ (x) L2 (Rn ) ,
(9)
where C is a constant of order unity. Thus, a good approximation is maintained
even when wavelets whose coefficients are below a certain threshold are omitted,
and only those wavelets whose coefficients are above the threshold are kept.
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2.2 Dynamically Adaptive Wavelet Collocation Algorithm
In order for the algorithm to resolve all the structures appearing in the solution
and yet be efficient in terms of minimizing the number of unknowns, the basis of active wavelets and, consequently, the computational grid should adapt dynamically
in time to reflect local changes in the solution. The adaptation of the computational grid is based on the analysis of wavelet coefficients. The contribution of a
wavelet into the approximation is significant if and only if the nearby structures
of the solution have comparable size with the wavelet scale. Thus, we may drop
a large number of fine scale wavelets with small coefficients in regions where the
solution is smooth. Every wavelet is uniquely associated with a collocation point
and, consequently, the collocation point should be omitted from the computational
grid if the associated wavelet is omitted from the approximation. This property of
the multilevel wavelet approximation allows local grid refinement up to an arbitrary
small scale without a drastic increase in the number of collocation points.
To ensure accuracy, the basis should also consist of wavelets whose coefficients
can possibly become significant during the period of time when the basis—and,
consequently, the computational grid—remain unchanged. Thus, at any instant
in time, the basis should not only include wavelets whose coefficients are above
a prescribed threshold parameter , but also the surrounding wavelets. In other
words, at any instant in time, the basis should include wavelets belonging to an
adjacent zone of wavelets for which the magnitude of their coefficients is within
l
an a priori prescribed threshold. We say that the wavelet ψm
(x) belongs to the
j
adjacent zone of wavelet ψk (x) if the following relations are satisfied:
|j − l| ≤ L,

|bjki − blmi | ≤ Mi axi l ,

(10)

where L determines the extent to which coarser and finer scales are included into
the adjacent zone and Mi defines the width of the adjacent zone in physical space.
Let us denote by Gt≥ the irregular grid of collocation points that are retained to
approximate the solution at time t. Following the classical collocation approach,
and evaluating partial differential equations describing flow evolution at collocation
points we obtain a system of nonlinear ordinary differential equations. Functional
derivatives appearing in the equations are found by differentiating the wavelet approximation and evaluating the result at collocation points.
The present numerical algorithm consists of three steps:
1. Knowing the values of the solution uJk (t) we compute the values of wavelet coefficients at all levels of resolution. For a given threshold  we adjust Gt+∆t
based
≥
on the magnitude of the wavelet coefficients.
2. If there is no change between computational grids Gt≥ and Gt+∆t
at time t and
≥
t + ∆t, we go directly to step 3. Otherwise, we compute the values of the solution
at the collocation points Gt+∆t
, which are not included in Gt≥ .
≥
3. We integrate the resulting system of ordinary differential equations to obtain new
values uJk (t + ∆t) at positions on the irregular grid Gt+∆t
and go back to step 1.
≥
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The basic hypothesis motivating the algorithm is that, during a time interval
∆t, the domain of wavelets with significant coefficients does not move in phase
space beyond the adjacent zone. With such an algorithm the grid of collocation
points is dynamically adapted in time and follows the local structures that appear
in the solution. Note that by omitting wavelets with coefficients below a threshold
parameter  we automatically control the error of approximation. Thus the wavelet
collocation method has another important feature: active control of the accuracy of
the solution. The smaller  is chosen to be, the smaller the error of the solution is.
In typical applications the value of  varies between 10−2 and 10−5 , assuming that
the unknown dependent variables have been properly normalized. As the value of
 increases, fewer grid points are used in the solution.
2.3 Model problem formulation
The model problem involves a diffusion flame interacting with a vortex pair in a
rectangular two-dimensional domain containing fuel and oxidizer on either side of
the flame. The chemical mechanism we consider is represented by single reaction
between fuel and oxidizer:
F + O = P,
where unity stoichiometric coefficients were assumed for simplicity. The reaction
rate behaves according to the Arrhenius form:


Tac
,
(11)
ẇ = KρYF ρYO exp −
T
where ρ is the density, Tac is the activation temperature, K is the pre-exponential
factor, and YF and YO are the fuel and oxidizer mass fraction.
The characteristic scales are the length scale L∗ , the speed of sound c∗0 , and the
density ρ∗0 . The subscript 0 refers to the reference value at some location, and
superscript “*” denotes dimensional quantities. The reference state is that of the
∗
unburned gas; the reference temperature Tref
= (γ − 1)T0∗ is obtained from the
equation of state, where γ is the ratio of specific heats γ = cp /cv . With this normalization, the non-dimensional governing equations are given by (Ruetsch, 1998):
∂
∂ρ
+
(ρui ) = 0,
(12a)
∂t
∂xi
∂ρui
∂
∂P
∂τij
+
(ρui uj ) = −
+
, i = 1, 2
(12b)
∂t
∂xj
∂xi
∂xj


∂e
∂
1 ∂
1
∂
∂T
+
[(e + P ) uj ] =
(ui τij ) +
µ
+ ẇe , (12c)
∂t
∂xj
Re ∂xj
ReP r ∂xj
∂xj


∂ρYF
∂
1
∂
∂YF
+
(ρYF uj ) = +
µ
− ξ ẇe ,
(12d)
∂t
∂xj
ReScF ∂xj
∂xj


∂ρYO
∂
1
∂
∂YO
+
(ρYO uj ) =
µ
− ξΦẇe ,
(12e)
∂t
∂xj
ReScO ∂xj
∂xj
γ−1
P =
ρT,
(12f)
γ
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where



∂ui
∂uj
2 ∂uk
τij = µ
+
−
δij ,
∂xj
∂xi
3 ∂xk

a
µ = (γ − 1)T ,
1
P
,
e = ρui ui +
2
γ−1


β(1 − θ)
2
ẇe = Ξρ YF YO exp −
,
1 − α(1 − θ)

1−α
θ=
(γ − 1)T − 1 ,
α
Tf − T0
α=
,
Tf
Tac
β=α
,
Tf
1 1−α
ξ=
(γ − 1),
1+Φ α

(13a)
(13b)
(13c)
(13d)
(13e)
(13f )
(13i)
(13j),

a = 0.76, Ξ is the pre-exponential factor, Tf is the adiabatic flame temperature, and
Φ is the equivalence ratio. Note that Eq. (13d) is the non-dimensional version of
the Eq. (11), rewritten in a form suggested by Williams (1986). The independent
non-dimensional parameters appearing in the equations are
Re =

ρ∗0 c∗0 L∗
,
µ∗0

Pr =

µ∗ c∗P
,
λ∗

ScF =

µ∗
,
ρ∗ DF∗

ScO =

µ∗
∗ ,
ρ∗ DO

∗
are fuel
where µ∗ is dynamic viscosity, λ∗ is thermal conductivity, and DF∗ and DO
and oxidizer diffusivities respectively. It is assumed that the Prandtl number P r
and the Schmidt numbers ScF and ScO are constant throughout the flow.
The initial conditions are given by

ρ(x1 , x2 , 0) = 1,

(14a)


2
X
Λi
(x1 − x1,i )2 + (x2 − x2,i )2
u1 (x1 , x2 , 0) = −
(x
−
x
)
exp
−
, (14b)
2
2,i
2
2
σ
σ
i
i
i=1


2
X
Λi
(x1 − x1,i )2 + (x2 − x2,i )2
u2 (x1 , x2 , 0) =
(x1 − x1,i ) exp −
, (14c)
σ2
σi2
i=1 i
T (x1 , x2 , 0) =

1
γ −1

(14d)



1 1  x1 
YF (x1 , x2 , 0) = YF,∞
− erf
,
2 2
∆

 x 
1 1
1
YO (x1 , x2 , 0) = YO,∞
+ erf
,
2 2
∆

(14e)
(14e)
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Figure 1.
conditions.

Schematic of the model problem and the computational boundary

where Λi (i = 1, 2) are vortex intensities, (x1,i , x2,i ) (i = 1, 2) are initial vortex
Rx
2
locations, and erf(x) = 2π −1/2 0 e−ξ dξ. The domain is chosen to be [−Lx1 , Lx1 ]×
[−Lx2 , Lx2 ], and that the initial flame is located at x1 = 0. The boundary conditions
are non-reflecting outflow boundary conditions of Poinsot and Lele (1992) in x1
direction and periodic boundary conditions in x2 direction. A schematic of the
model problem with initial and boundary conditions is shown in Fig. 1.
2.4 Results
The model problem is solved using the dynamically adaptive wavelet collocation
algorithm described in Section 2.2. The tensor product of two one-dimensional
correlation functions of Daubechies scaling function of order five (Beylkin & Saito,
1993) was used to construct ψ(x). The threshold parameter is set to  = 5 × 10−3 .
The adaptation of the computational grid is based on the analysis of coefficients
associated with all six dependent variables of Eqs. (12) and the chemical source term
ẇe . The irregular grid Gt≥ of wavelet collocation points is constructed as a union of
irregular grids corresponding to each dependent variable and the chemical source
term. In the present work we use the 5-th order Gear implicit time integration
algorithm implemented in the IMSL routine IVPAG. The time integration step is
chosen so that the truncation error associated with the time integration algorithm
is less than .
The problem is solved for the following set of parameters:
Re = 102 , P r = 1, ScF = ScO = 1, γ = 1.4,
α = 0.6, β = 4, Ξ = 103 , Φ = 1, YF,∞ = YO,∞ = 1,
Lx1 = 4, Lx2 = 1, ∆ = 5 × 10−2 , Λ1 = −Λ2 = 5 × 10−2 ,
(x1,1 , x2,1 ) = (−0.25, 0.2), (x1,2 , x2,2 ) = (−0.25, −0.2).

σ1 = σ2 = 0.15,

These parameters were chosen such that the mixing layer was initially cold; the
diffusion thickness ∆ was initially very thin so that the reaction zone would have
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Figure 3. Pressure evolution.
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been difficult to resolve with a conventional numerical method. The vortex intensities and locations were chosen to mimic turbulent eddies. The chemical parameters
were chosen such that the ignition delay time would be relatively short, but the
layer would still be affected by the strain induced by the vortices prior to ignition.
In Fig. 2, the reaction rate in the entire domain is shown at several times. The
autoignition of the mixing layer occurs between t = 2.50 and t = 3.50 acoustic time
units. At t = 3.50, the ignited diffusion flame at x = 0 is clear, as are two premixed
flames propogating away from the diffusion flame. It is clear that the reaction zone
associated with the diffusion flame is very narrow and requires a very fine grid for
adequate resolution. The reaction zones associated with the two premixed flames
are quite narrow, and to adequately resolve these would also require a fine grid;
the additional challenge here is that the reacting fronts are propagating, so refining
the mesh adaptively provides an enormous computational savings. In these figures,
the affect of the vortex pair appears to be almost negligible; the mixing layer still
appears to be effectively one-dimensional.
The pressure associated with the autoignition process is shown in Fig. 3. At
t = 0.50, the hydrodynamic pressure field induced by the vortex pair is still apparent. This is overwhelmed by the enormous pressure wave associated with the
autoignition process by t = 1.50 and thereafter. At the later times, two shock
waves associated with the premixed flames are clearly evident, indicating that these
premixed fronts are weak detonations—weak because, while they are initiated in
nearly stoichiometric gas, they rapidly burn into the extremes of flammability on
either side of the diffusion flame, such that the heat release decreases as the flames
propagate and the strength of the associated shock wave goes down. The steep
gradients in the pressure field also pose a challenge in terms of grid resolution.
Fig. 4 shows the computational grid for each of the times shown in Figs. 2 and 3.
At t = 3.50 and t = 5.00, it is clear that the grid has adapted to resolve the steep
gradients in the reaction rate and pressure fields.
Fig. 5 shows a zoomed-in view of the reaction rate during the autoignition event
and Fig. 6 shows a zoomed-in view of the temperature. During autoignition, the
peak reaction rate is more than an order of magnitude greater than either before
or after autoignition. The affect of the vortex pair on the mixing layer is apparent.
The vortex pair drifts towards the interface, causing strain in the middle of the
mixing layer; this in turn results in a non-uniform reaction rate along the interface.
In particular, the vortex-flame interaction results in the appearance of two hot
spots, which eventually lead to autoignition. Since the reaction rate increases with
the temperature, the flame ignites locally at these spots. This process is similar
to that seen by Mastorakos et al. (1997) in two-dimensional turbulent simulations
of autoignition. The ignition process creates two triple-flame structures—similar
in character to those studied by Ruetsch et al. (1995)—which propagate rapidly
towards each other and meet at t ≈ 3.14. After that time the triple-flames form
into the diffusion flame and two premixed detonation waves traveling away from it.
Figure 7 shows the time evolution of the total number of collocation points or,
effectively, active wavelets as a function of time. We see that the number of grid
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Figure 4. Evolution of computational grid.
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Figure 5. Zoomed-in view of the reaction rate ẇe during ignition.
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Figure 6. Zoomed-in view of the temperature during ignition.
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time.
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Total number of active wavelets (collocation points) as a function of

Figure 8. Time evolution of the compression ratio C = N J /N.
points increased at t ≈ 3 when the autoignition event occurred. As the detonation waves traveled away from the diffusion flame, their intensity diminished; this
resulted in a decrease of the number of grid points.
The efficiency of the grid adaptation can be demonstrated by studying the compression coefficient C = N J /N which measures the ratio of the number of grid
points needed in non-adaptive computations N J (J is the maximum level of resolution used in the computations) and the actual number of grid points used in
the calculations N. In the present calculations we used up to 5 levels of resolution
with an effective resolution (the resolution of the non-adaptive computational grid
needed to perform the same calculation) of 513×160 grid points. The time evolution
of the compression coefficient is shown in Fig. 8. We see a drop in the compression
coefficient at t ≈ 3; the compression coefficient decreases approximately three times,
which is explained by the appearance of the triple flame structure.
3. Future Plans
In spite of the progress made thus far, there are still features of the algorithm
which can be improved upon. In the future we plan to improve algorithm in the
following areas:
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1. To extend the existing code to three dimensions.
2. To develop an efficient implicit time integration algorithm which takes advantage
of the multilevel character of the wavelet approximation.
3. To extend the method to complex geometries, which needs to be done if one wants
to attack problems of more general relevance.
4. To adapt the algorithm for efficient use on parallel computers.
In the short term, we plan to incorporate turbulence into the problem. The
ability to resolve local flame structures and pressure waves without a drastic increase in the number of grid points should enable us to study turbulent flames
at a Reynolds number higher than currently possible using conventional numerical
algorithms, such as those used by Bushe et al. (1997, 1998). As the numerical algorithm becomes more computationally efficient, we will increase the complexity of
the problem in terms of incorporating a more realistic chemical kinetic mechanism
and increasing the Reynolds number.
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