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M. Gorokhovski‡

In this paper we report on the outline of a large eddy simulation subgrid model for
liquid/gas phase interface dynamics. A key feature of the proposed model is to take the
subgrid phase interface dynamics fully into account by employing a dual-scale approach.
Instead of modeling the LES subgrid phase interface geometry, we fully resolve it on
an auxillary grid using the refined level set grid approach. We then propose to model
the LES subgrid velocity on the auxillary grid needed to move the fully resolved phase
interface, by solving a dedicated PDE for its evolution near the phase interface. Knowing
the fully resolved phase interface geometry, all previously unclosed terms in the filtered
Navier-Stokes equations can be directly closed using explicit filtering.

1. Introduction
Atomization of liquids is a key component in many natural phenomena and technical
processes. Combustion in most engines, for example, relies on the liquid fuel being atomized, evaporated, and mixed with air before energy conversion in the form of chemical reactions can occur. Since engine performance, efficiency, and pollutant production strongly
depend on the quality of the gaseous fuel/air mix, the details of the atomization process
are of paramount importance in achieving sustainable energy conversion. Unfortunately,
liquid fuel atomization remains poorly understood. This is in part due to the fact that
experimental access to the initial breakup processes, the so-called primary atomization,
is extremely challenging. Some progress has been made in recent years using X-ray phase
contrast imaging (Wang et al. 2006, 2008) and ballistic imaging (Paciaroni et al. 2006),
however the data available from these techniques is not yet sufficient to study the phase
interface dynamics in detail. As an alternative approach, detailed numerical simulations
of the phase interface dynamics during primary atomization, resolving all relevant time
and length scales, can be used to study the phase interface dynamics (Gorokhovski &
Herrmann 2008; Herrmann 2008b). An example of such a detailed primary atomization
simulation of the near-injector region of a Diesel jet is shown in Fig. 1.
However, due to the vast range of length and time scales involved in the primary atomization process, the computational resources required to perform detailed simulations
are enormous, taxing even the most powerful computers available today (Gorokhovski &
Herrmann 2008). Since primary atomization is governed by the dynamics of the phase interface, a need therefore exists for appropriate phase interface dynamics models that make
the computational cost of predicting the primary atomization outcome more tractable.
The purpose of this paper is to report on an outline for such a model for large eddy simulations of the primary atomization process, developed during the 2008 CTR Summer
Program.
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Figure 1. Detailed primary atomization simulation of the near-injector region of a Diesel jet
(Herrmann 2008b).

2. Governing equations
The equations governing the fully resolved motion of an unsteady, incompressible,
immiscible, two-fluid system are the Navier-Stokes equations,
 1
∂u
1
1
+ u · ∇u = − ∇p + ∇ · µ ∇u + ∇T u + T σ ,
∂t
ρ
ρ
ρ

(2.1)

where u is the velocity, ρ the density, p a Lagrange multiplier, µ the dynamic viscosity,
and T σ the surface tension force which is non-zero only at the location of the phase
interface xf . Furthermore, the continuity equation results in a divergence-free constraint
on the velocity field,
∇ · u = 0.

(2.2)

The phase interface location xf between the two fluids can be described by a level set
scalar G, with
G(xf , t) = 0

(2.3)

at the interface, G(x, t) > 0 in fluid 1, and G(x, t) < 0 in fluid 2. Differentiating Eq. (2.3)
with respect to time yields the level set equation,
∂G
+ u · ∇G = 0 .
∂t

(2.4)

Assuming ρ and µ are constant within each fluid, density and viscosity at any point x
can be calculated from
ρ(x) = H(G)ρl + (1 − H(G))ρg

(2.5)

µ(x) = H(G)µl + (1 − H(G))µg ,

(2.6)

where indices l and g denote values in liquid and gas, respectively, and H is the Heaviside
function. From Eq. (2.3) it follows that
δ(x − xf ) = δ(G)|∇G|

(2.7)

with δ the Dirac delta function. Furthermore, the interface normal vector n and the
interface curvature κ can be expressed in terms of the level set scalar as
n=

∇G
,
|∇G|

κ = ∇ · n.

(2.8)
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Using Eqs. (2.7) and (2.8), the surface tension force T σ can thus be expressed as
T σ (x) = σκδ(x − xf )n = σκδ(G)|∇G|n ,

(2.9)

with σ the constant surface tension coefficient.

3. Filtered governing equations
Introducing spatial filtering into Eqs. (2.1) and (2.2), the filtered governing equations
can be derived,
 1
e
∂u
1
1
e · ∇e
+u
u = − ∇p + ∇ · τ + τ SGS + T σ ,
(3.1)
∂t
ρ
ρ
ρ
e = 0,
∇·u
(3.2)
where e denotes Favre filtering, fe = ρf /ρ, ¯ indicates spatial filtering, p is a Lagrange
multiplier, τ is the stress tensor calculated using filtered velocities, and τ SGS is the
subfilter contribution of the stress tensor.
Four terms in the above governing equations are unclosed and require modeling: the
filtered density ρ, the filtered viscosity µ contained in τ , the subgrid scale stress tensor
τ SGS , and the filtered surface tension term T σ .
Using Eqs. (2.5) and (2.6), the filtered density and viscosity are
Z
Z
ρ = ρl G(x)H(G)dx + ρg G(x)(1 − H(G))dx
(3.3)
Z
Z
µ = µl G(x)H(G)dx + µg G(x)(1 − H(G))dx ,
(3.4)
where G is a spatial filter function. Defining
Z
ψ = G(x)H(G)dx

(3.5)

these equations reduce to
ρ = ρl ψ + ρg (1 − ψ)

(3.6)

µ = µl ψ + µg (1 − ψ) ,

(3.7)

which requires a model for ψ. The filtered surface tension term is
T σ = σκδ(x − xf )n .

(3.8)

In summary, three terms remain to be modeled to describe the phase interface dynamics
of a liquid/gas phase interface on the filtered scale: ψ, τ SGS , and T σ .
3.1. Previous LES modeling attempts
Several attempts have been made in the past to develop a LES model for the phase
interface dynamics of turbulent liquid/gas flows (Ishimoto et al. 2007, 2008; Srinivasan
et al. 2008; Bianchi et al. 2005, 2007; de Villiers et al. 2004). These attempts typically
use the strategy outlined in the following.
To determine ψ, ψ is identified as a filtered marker function, ranging from 0 in the gas
to 1 in the liquid (in essence a liquid volume fraction). Filtering the fully resolved liquid
volume fraction transport equation,
∂ψ
+ u · ∇ψ = 0 ,
∂t

(3.9)
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results in
∂ψ
(3.10)
+ u · ∇ψ + ∇ · u0 ψ 0 = 0 ,
∂t
where u0 ψ 0 is unclosed and requires modeling. However, this term is usually simply
neglected, following an argument outlined below, resulting in
∂ψ
+ u · ∇ψ = 0 .
∂t

(3.11)

The subfilter contribution of the stress tensor, τ SGS , is calculated using a single phase
approach, either by solving an SGS turbulent energy transport equation (Ishimoto et al.
2007, 2008; Srinivasan et al. 2008; de Villiers et al. 2004) or by a Smagorinsky-type model
(Bianchi et al. 2005, 2007).
The filtered surface tension T σ can be expressed as the sum of a resolved term, depending only on quantities larger or equal to the filter size, and a subfilter term, i.e.,


T σ = σκδ(x − xf )n + σ κδ(x − xf )n − κδ(x − xf )n .
(3.12)
In the cited LES papers, the subfilter part of the filtered surface tension term is then
neglected, based on the faulty premise that subfilter surface tension forces are small for
large Weber number flows. Using a Continuum Surface Force (CSF) approach (Brackbill
et al. 1992), this then results in
T σ = σκ∇ψ ,

(3.13)

where κ is calculated from ψ and is therefore not the filtered curvature, but instead the
curvature associated with ψ.
However, even in large Weber number flows, the subfilter part of the surface tension
term should not be neglected since it is proportional to surface curvature, which increases
with decreasing length scales. Surface tension forces are thus dominant on small scales.
Another argument for neglecting the subfilter surface tension term is that it is restorative, i.e., decreasing surface fluctuations on the subfilter scale, whereas the neglected
subfilter contribution in Eq. (3.11) would increase surface fluctuations. The two contributions would thus cancel each other. However, this assumption would only be valid in
2-D flows, since only there is the surface tension force always restorative. In three dimensions, surface tension can actually increase surface fluctuation, as the simple example of
a capillary instability (Rayleigh-instability) demonstrates.
We thus argue that both the subfilter surface tension term as well as the subfilter
contribution to Eq. (3.10) cannot be neglected and should be included in any LES model
of the phase interface dynamics of liquid/gas flows.
3.2. The dual-scale approach to modeling subfilter phase interface dynamics
From a conceptual point of view, classical LES modeling approaches assume the existence
of a cascade process. This implies that the physical processes on the subfilter scale can be
inferred from the resolved physical processes on the filtered scale. Can such a procedure
be followed to model u0 ψ 0 and the subfilter surface tension term?
Recent evidence from high-resolution simulations of atomizing Diesel jets seem to indicate that the atomization process is not a cascade process. The primary atomization of
the jet does not occur by first breaking up into large-scale structures that then continuously break up into ever smaller drops. Instead, very small-scale drops can be ripped out
of the liquid directly via ligament-formation processes, bypassing any cascade process for
the phase interface geometry (Herrmann 2008b) (see Fig. 2).
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Figure 2. Primary atomization by ligament formation and breakup of a turbulent liquid jet
under Diesel engine conditions. Circles mark the broad range of drops generated directly by the
capillary breakup of the ligament.

In this paper, we propose an alternative modeling strategy. Imagine that one would be
able to maintain a fully resolved realization of the phase interface geometry at all times,
expressed, for example, in terms of a level set scalar G. Then ψ could be calculated
exactly by explicit filtering of H(G) using Eq. (3.5). This in turn would give ρ and µ
exactly using Eqs. (3.6) and (3.7). Since no transport equation for ψ would need to be
solved on the filter scale, the unclosed subgrid scale term of Eq. (3.10) , u0 ψ 0 , does not
arise. The only term left to close is the filtered surface tension term T σ . However, using
Eq. (3.8) and realizing that κ, xf , and n are simply functions of G and thus available
as a fully resolved realization, T σ can be calculated exactly by simple application of the
spatial filter function,
Z
T σ = G(x)σκδ(x − xf )ndx .
(3.14)
Although this is an exact closure, the problem of modeling is of course simply shifted
to the problem of maintaining a fully resolved realization of the phase interface geometry.
This entails in essence two challenges. The first is to describe the fully resolved motion
of the phase interface. Since u = u + usg , this results in
∂G
+ (u + usg ) · ∇G = 0 ,
∂t

(3.15)

where the only term requiring modeling is usg . A modeling approach for determining
usg is outlined in the following section. The second challenge is to address the feasibility
from a computational cost perspective of solving Eq. (3.15) on a fully resolved scale.
At first glance, it is doubtful whether an efficient LES model can be constructed that
needs to solve Eq. (3.15) on the fully resolved scale, after all, the entire purpose of
resorting to an LES approach is to avoid having to resolve all scales. However, we need
not solve the full set of Navier-Stokes equations on the fully resolved scale, only a simple
advection equation. Furthermore, and most importantly, the level set advection equation
need not be solved in the whole computational domain, it need only be solved in the
vicinity of the phase interface due to the definition of the level set scalar. Total cost does
therefore not scale with Re9/4 (Pope 2000), but instead scales with only Re3/2 .
To efficiently solve Eq. (3.15), we propose the use of the recently introduced refined
level set grid (RLSG) method (Herrmann 2008a). By design, it solves the level set equation on a separate, highly resolved Cartesian G-grid, independent of the underlying flow
solver grid (see Fig. 3), using a dual narrow-band approach. The numerical approach
is optimized for massively parallel computer systems and allows for significantly refined
G-grids at low cost compared to the flow solver cost (Herrmann 2008a).
Coupling to a finite volume flow solver is achieved by explicitly evaluating the definition
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Figure 3. Refined level set grid method grid structure (Herrmann 2008a).

of a control volume quantity φcv ,
Z
φcv =

φ(x)dx ,

(3.16)

Vcv

using φ defined on the G-grid. Note that this is in fact equivalent to applying a filter to
the fully resolved equation, where the filter size is the local control volume. Standard LES
approaches use this grid filter as their implicit filter, solving for the filtered quantities
directly on a given grid. Thus, here, in order to evaluate the explicit filtering of T σ ,
using a filter G of size equal to the local control volume, we simply need to use the RLSG
routines for evaluating a control volume quantity, i.e.
Z
Tσ =
σκ(x)δ(x − xf )n(x)dx ,
(3.17)
Vcv

where κ and n are functions of the fully resolved G, see Eq. (2.8), evaluated on the
G-grid.
Finally, for the subgrid scale stress tensor τ SGS we propose to use a single-phase
formulation, for example, a dynamic Smagorinsky approach. While this is certainly valid
in the single-phase regions of the flow away from the phase interface, it does require
more scrutiny and validation near the phase interface, when the spatial filter function G
incorporates significant fractions of both fluids.
3.3. A new model for the subfilter velocity
As described in the previous section, the only term that requires modeling in the proposed
LES model is the fully resolved subfilter velocity vector usg at the phase interface. It has
to be reconstructed from information available on the resolved scale. It is important that
usg maintains a realistic spatial and temporal structure since it is vortical structures that
corrugate the phase interface over time. Simple modeling of usg by white noise cannot
be expected to yield realistic u.
Instead, we propose to model usg as the sum of three different subfilter velocities,
usg = u0 + δu + uσ ,
0

(3.18)

where u is due to subfilter turbulent eddies, δu is attributed to the interface velocity
increment due to relative subfilter motion between the two phases, and uσ is due to
subfilter velocities induced by subfilter surface tension forces. All three terms require
modeling.
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We propose to model u0 based on the recently proposed LES-Stochastic Subgrid Acceleration Model (SSAM) by Sabel’nikov et al. (2007, 2008). The key idea here is to
not model u0 directly, but instead its acceleration, du0 /dt. This is motivated by the
experimental observation that at small length/time scales, the Lagrangian particle acceleration exhibits strong intermittency (Mordant et al. 2004). Although the Lagrangian
acceleration rapidly decorrelates with increasing time lag, the norm of the Lagrangian
acceleration exhibits a long memory on the order of a few integral times. Thus, we propose to follow Sabel’nikov et al. (2007, 2008) and model the subfilter acceleration due to
subfilter turbulence by solving
du0
= a0 = a0 e
(3.19)
dt
on the G-grid, where e is a random unit vector. The solution to Eq. (3.19) is subject to
the condition
Z
u0 · n dx = 0

(3.20)

G=0

to preserve liquid volume. The norm of the subgrid acceleration in Eq. (3.19) is calculated
in line with Oboukhov’s log-normality conjecture on the stochastic field of ε. Namely,
applying the Ito transformation to the Pope & Chen (1990) stochastic equation for ε in
homogeneous stationary turbulence, Sabel’nikov et al. (2007, 2008) obtained the following
stochastic equation for the norm of the acceleration a0 ,


q
3
a0
3
(3.21)
− σχ2 Tχ−1 dt + a0 2σχ2 Tχ−1 dW (t) ,
da0 = −a0 ln
aη
16
4
where dW (t) is the increment of a standard Brownian process, aη = (ε3∆ /ν)1/4 is the
3/4
Kolmogorov acceleration, Tχ = νtur /∆2 , σχ2 = A + m ln Re∆ , Re∆ = νtur /ν, A ≈
−0.863, and m ≈ 0.25 (Lamorgese et al. 2007).
For δu we propose the following approach. Let a regular LES flow solver cell of size
∆ be subdivided into a number of small cells of size ∆G , as for example in our case, the
G-grid subdivides the flow solver grid. The G-grid thus constitutes a subfilter, or SGS
mesh. In the following, we will consider Gaussian filtering denoted by h.iα only, where α
is the employed filter scale, for example the Gaussian filtered velocity on the scale of ∆G
is
Z +∞
(x−x0 )2
1
0 − 2∆2G
hui∆G (x) =
u(x
)e
dx0 .
(3.22)
3/2
−∞
(2π∆2G )
Now consider a ∆G -cell, in which the liquid/gas interface is located. In this cell, the two
phases are fluctuating simultaneously. The relative motion between phases generates a
force on the liquid surface, which causes motion of the interface and induces its curvature.
Such a force per unit mass contained in the cell may be written in the following form,


ρg
2
(u − uG )
F gl = −∇
,
(3.23)
ρl + ρg
where uG is the interface velocity. Hence the main problem in the modelling of subgrid
motion of the interface is to evaluate the velocity increment on the interface hu − uG i∆G ,
and then
δu = hF gl i∆G dt .

(3.24)

The required model for hu − uG i∆G can be derived from the above equation as follows
(Gorokhovski 2008). Let us introduce the vector z = x − xf characterizing the position
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relatively to the interface. In each ∆G -cell, containing the interface, 0 ≤ z ≤ ∆G . We
formulate the boundary condition on the interface in the following form,
hδ(z) [u(z) − uG ]i∆G = 0 ,

(3.25)

where u(z) and uG are the fully resolved instantaneous velocities of the gas and the
interface, respectively, and δ(z) is the Dirac delta function. Using the Leonard expansion
(Saveliev & Gorokhovski 2005), the expression (3.25) can be written as
∞
X
∆2n
G
∇n hδi∆G (z)∇n hu − uG i∆G (z) = 0 .
n!
n=0

(3.26)

From this expression, up to the second order terms, one can obtain
hu − uG i∆G = z

 d2 hui∆G
1
dhui∆G
∆2G − z 2
+
.
dz
2
dz 2

(3.27)

The first and the second derivatives in Eq. (3.27) are unknown on the SGS mesh and need
to be modeled. According to Monin & Yaglom (1981), the typical turbulent acceleration
1/3
on the ∆G -scale can be estimated as a∆G = hεi∆G /∆G , where hεi∆G is the viscous
dissipation. Meanwhile, the typical acceleration on the resolved scales ∆ can be written
as a∆ = hεi∆ /∆1/3 and consequently, a∆G = a∆ (∆/∆G )1/3 . Defining the acceleration
on the resolved scales by a∆ = ∆|Sijk |2 , we have for the subgrid acceleration
a∆G = |Sijk |2

∆4/3
1/3

.

(3.28)

∆G

It is natural to assume that close to the interface, this acceleration is of order of the
viscous force
d2 hui∆G
a∆G
=
.
(3.29)
dz 2
ν
Integrating this equation gives
a∆G
dhui∆G
=
z + const.
(3.30)
dz
ν
When z → 0, the velocity gradient is controlled by vortical structures of order of Kolmogorov’s scale, which are attached to the interface (Townsend 1981). Hence one may
write const = (hεi∆ /ν)1/2 , and finally, the expression (3.27) takes the following form

1/2

hεi∆
1
∆4/3
hu − uG i∆G = z
e (t) ,
(3.31)
e1 (t) +
∆2G + z 2 |Sijk |2
1/3 2
ν
2
ν∆G
where e1 (t) is a unit vector in a random direction tangential to the interface and e2 (t)
is a unit vector normal
R to the interface, pointing randomly in the liquid or gas direction
in such a way that G=0 hu − uG i∆G · n dx = 0 to preserve liquid volume.
The need for the third term in Eq. (3.18), the subfilter surface tension induced subfilter
velocity uσ , is best illustrated by the following example. Imagine a detached, small thin
ligament of liquid. Surface tension forces at the tips of the ligament will induce large
velocities there, pulling the end tips toward the center. If the ligament is well-resolved by
the flow solver, this behavior will be well-reproduced by the governing equations solved
by the flow solver. Now imagine reducing the flow solver resolution, i.e., introducing
implicit filtering, to such a level that the complete ligament will reside within a single
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Γκ

κ<κ
κ>κ

κ>κ

Γκ

Figure 4. Direction of surface tension induced subfilter acceleration of Eq. (3.32) for a subfilter
ellipsoid (left) and dented cylinder (right). Solid line denotes fully resolved phase interface geometry Γκ with local curvature κ, dashed line shows phase interface geometry Γκ corresponding
to filtered curvature κ.

flow solver cell. Note that the ligament geometry can still be fully resolved by the fine Ggrid. However, explicit filtering of the surface tension force will result in a zero net force
for the control volume containing the ligament. Thus, the flow solver cannot generate
the physical velocities at the tips of the ligament, and the shape of the ligament will not
change. Note that this is not an incorrect behavior of the flow solver, it just illustrates
that all induced velocities are on the subfilter scale and have to be included thus directly
into the equation for usg .
We propose to model uσ by following in essence the Taylor analogy,
duσ
ν∗
= cσ σ(κ − κ)nδ − cµ 2 uσ ,
dt
L

(3.32)

where κ is the fully resolved curvature, κ is the explicitly filtered curvature, L is a
characteristic length scale, ν ∗ is a kinematic viscosity defined below, and cσ and cµ are
two yet to be determined constants. The first term in Eq. (3.32), containing the surface
tension, acts in essence as a spring. To illustrate this, consider the fully resolved phase
interface geometry Γκ and the phase interface geometry Γκ that is associated with the
filtered curvature κ. Figure 4 depicts two such geometries. In the first case, a stretched out
ligament, i.e. an ellipsoid, is fully contained within a single flow solver grid cell, whereas
the second case consists of a cylindrical element with a small indentation contained
entirely in a single flow solver grid cell. On the filtered scale, the first case results in a
constant κ, equivalent to a sphere, thereby not generating any flow on the filtered scale,
whereas κ in the second case will result in a small variation, that severely under-predicts
the fully resolved curvature variation, and thereby strongly under-predicts the resulting
flow field. Note that in the first case, the subfilter surface tension force should act in a
stabilizing manner, whereas in the second case it should destabilize the phase interface
due to the Rayleigh instability. This is precisely the result the first term of Eq. (3.32)
yields. If the fully resolved local curvature κ is larger than the filtered value κ, the term
acts as an acceleration in the direction of n, i.e. in the direction of the liquid, if it is
smaller, the direction is reversed This results in the acceleration directions indicated by
the arrows in Fig. 4, consistent with the physical picture just outlined.
The second term in Eq. (3.32), containing the viscosity, acts as a damper since on the
small scales considered here, viscous forces are important. The length scale L contained
in the viscous term exists for dimensional reasons, its modeling is not yet clear. However
it might be incorporated into the coefficient cµ . The viscosity ν ∗ should be evaluated
at the phase interface. It is thus an average quantity of the liquid and gas viscosities.
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Here, we propose to use a density weighted average, ν ∗ = (ρl νl + ρg νg )/(ρl + ρg ), since
it naturally encompasses the limit of the gaseous phase being a vacuum.
Equation (3.32) has to be solved on the G-grid, but only for cells directly adjacent to
the phase interface, setting ∇(uσ · n) · ∇G = 0 in the remaining narrow band cells.

4. Conclusions
In this paper we have presented an outline for a novel LES subgrid model for phase
interface dynamics of liquid/gas phase interfaces. It follows a dual-scale approach by
aiming to maintain a fully resolved representation of the phase interface geometry on a
separate high-resolution grid using the RLSG method. All previously unclosed terms in
the filtered Navier-Stokes equations relating to the phase interface can then be closed
exactly by explicitly filtering the fully resolved phase interface geometry. To maintain a
realistic realization of the fully resolved phase interface geometry, we propose to model
the phase interface propagation velocity by simulating the subfilter flow structure and
accounting for subfilter surface tension forces. How well the proposed approach works in
reality, remains to be seen. Implementation, verification, and validation will be conducted
in the future.
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