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The algebraic structure-based turbulence model (ASBM) incorporates one-point statistical information about the structure of turbulence into an algebraic Reynolds averaged
closure with the objective of building a reliable and accurate engineering model for complex flows. A preliminary version of the ASBM model was used by Kassinos et al. (2006),
for channel flows and boundary layers. The ASBM was proven to be superior to linear
eddy-viscosity models like k–ω and v 2 –f in predicting flows in channels, especially in the
presence of strong rotation (Kassinos et al. 2006) because it contains additional information about the turbulence structures and dimensionality that linear models lack. In
the present work, the ASBM has been implemented into CDP, an unstructured-grid fow
solver developed at CTR and applied to the simulation of the flow over a backward-facing
step and inside an axisymmetric diffuser. Results compared favorably against DNS and
experiments.

1. Introduction
Linear eddy viscosity models are not accurate in predicting complex flows, for example when strong rotation or separation is present. Attempts have been made to improve
them by introducing additional functional dependency, typically non-linear. Although
these modifications might be accurate in simple flows, their applicability to more complex situations is questionable. On the other hand, differential Reynolds Stress models
correctly account for the stress anisotropy and turbulence production, but they are difficult to implement numerically and tend to have high computational stiffness. An alternative approach consists in using Algebraic Reynolds Stress closures. These models
are based on an equilibrium assumption and express the Reynolds stress tensor as an
algebraic function of one or more tensors. These component tensors bring in additional
information about the Reynolds stress anisotropy and provide a better representation of
the turbulence production, sensitizing it to rotation and separation.
Traditional turbulence models, including algebraic and differential models, contain
information about the componentality of the turbulence, but not about its dimensionality (Reynolds 1989; Kassinos et al. 2001) and this limits their performance in nonequilibrium flows. In Structure-Based Models (SBM) the Reynolds stress tensor is expressed as a function of the one-point turbulence structure tensors that sensitize the
model not only to the anisotropy of the turbulence componentality, but also to structural anisotropy (Kassinos & Reynolds 1994; Kassinos et al. 2001). Kassinos and Reynolds
(1994, 1995) constructed a differential structure-based model (SBM) that made use of
the model transport equation for the eddy axis. By introducing hypothetical turbulence
eddies with carefully selected properties, and by averaging over an ensemble of such eddies, they were able to relate the eddy-axis transport equation to the exact transport
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equations of the structure tensors. Later, in Kassinos & Reynolds (1998), Kassinos et al.
(2000), and Poroseva et al. (2002), a differential structure-based model making direct use
of the exact transport equations of the structure tensors was also proposed.
This approach led to the development (Langer & Reynolds 2003; Haire & Reynolds
2003; Reynolds et al. 2002) of the Algebraic Structure-Based Model (ASBM), where the
eddy axis concept (Kassinos & Reynolds 1994) is used again, but in an algebraic formulation relating it to the mean deformation field and the scales of the turbulence without
a transport equation for the structure. The ASBM is now being further developed at
the Computational Sciences Laboratory (UCY-CompSci) at the University of Cyprus.
Kassinos et al. (2006) have used the ASBM closure in combination with the four equation v 2 –f model; computations of channel flow showed good agreement with DNS data.
Kassinos et al. (2006) also reported on channel flow with spanwise rotation, where they
also found very good agreement with DNS and experimental results.
The objective of this work is to develop the ASBM model in the framework of the
Navier-Stokes flow solver CDP being developed at the Center for Turbulence Research,
Stanford University. CDP is a massively parallel solver based on the finite-volume method
on unstructured grids. The ASBM closure is here applied to flow over a backward-facing
step and in an asymmetric diffuser; the predictions are compared to experimental measurements.

2. Algebraic structure based model
In the Reynolds averaged context, the governed equations of motion are:
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where Ui is the ith component of the mean velocity field, and the u′i u′j are the components of the Reynolds stress tensor. In most RANS closure, the Reynolds stress tensor
components are derived from gradients of the mean velocity field using the eddy-viscosity
concept. In the ASBM, they are calculated from a hypothetical eddy field.
2.1. Structure tensors
The turbulence tensors, as defined in Kassinos & Reynolds (1994) and Kassinos et al.
(2001), are Rij , the Reynolds stress tensor, Dij , the dimensionality structure tensor, and
Fij , the circulicity structure tensor. Dij and Fij contain information about the largescale, energy-bearing structures that is not conveyed by Rij .
In the case of homogeneous turbulence, the contractions of the structure tensors are
all twice the turbulence kinetic energy, i.e. Rii = Dii = Fii = q 2 = 2k. Thus, normalized
structure tensors can be defined as
rij ≡ Rij /q 2 ,

dij ≡ Dij /q 2 ,

fij ≡ Fij /q 2

(2.3)

A constitutive relation between the three normalized tensors shows that in homogeneous
turbulence only two of them are linearly independent:
rij + dij + fij = δij

(2.4)

The eddy-axis concept (Kassinos & Reynolds 1994) is used to relate the Reynolds
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stress and structure tensors to parameters of a hypothetical turbulent eddy field. Each
eddy represents a two-dimensional turbulence field, and is characterized by an eddy-axis
vector ai . The turbulent motion along this axis can be decomposed into a jetal component
along the eddy axis, and a vortical component perpendicular to the eddy axis. Averaging
over an ensemble of such eddies gives statistical quantities representative of the eddy
field, along with constitutive equations relating the normalized Reynolds stresses, rij ,
and turbulence structures to the statistics of the eddy ensemble:
u′i u′j
1
= (1 − φ) (δij − aij ) + φaij
2k
2
1
1
+ (1 − φ)χ[ (1 − anm bmn )δij − (1 + anm bmn )aij − bij + ain bnj + ajn bni ]
2
2
γΩTk
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(2.5)

(2.6)
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Here aij is the homogenous eddy-axis tensor and bij is the flattening tensor. The flattening
tensor is given by
bij =

(Ωi + Cb Ωfi )(Ωj + Cb Ωfj )
(Ωk + Cb Ωfk )(Ωk + Cb Ωfk )

,

Cb = −1.0

(2.8)

where Ωi is the mean rotation vector, and Ωfi is the frame rotation rate vector. The
homogenous eddy-axis tensor is obtained by applying a rotation transformation to the
strained eddy-axis tensor a∗ij
aij = Hik Hjl a∗kl ,

Ωij
Ωik Ωkj
Hij = δij + hi q
+ h2
Ω2pp
Ω2pp

(2.9)

where Ω2pp = Ωpq Ωpq , and Ωpq is the mean rotation rate tensor. The orthonormality
conditions Hki Hkj = δij require
q
h1 = 2h2 − h22 /2.
(2.10)

h2 is obtained through RDT for combined homogeneous plane strain and rotation (Langer
& Reynolds 2003; Akylas et al. 2007; Kassinos et al. 2007; Langer et al. 2007),

q
2 − 2 1 (1 + √1 − r)
if r ≤ 1
q2
h2 =
,
(2.11)
p
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The strained aij is given by
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∗
where Sij
= Sij − Skk δij /3 is the traceless strain-rate tensor with Sij = (∂ui /∂xj +
∂uj /∂xi )/2, τ is a time scale of the turbulence, and a0 = 1.6 is a “slow” constant. This
gives realizable states for the eddy-axis tensor under irrotational deformations.

2.2. Wall blocking
Near the wall, as the flow approaches the no-slip boundary condition, viscous forces drive
the velocity to zero. The wall normal component of the velocity falls faster than the other
components because of wall blocking which acts at scales larger than the viscous scales.
This makes the velocities near the wall lie in planes parallel to the wall. In the ASBM,
the eddies are postulated to also be parallel to the wall. This is achieved by introducing
a blockage tensor Bij which reorients the eddies to be parallel to the wall:
Bij =

φ,i φ,j
φ
φ,k φ,k

if

φ,k φ,k > 0

(2.13)

where φ is the solution of the modified Helmholtz equation:
∂2φ
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∂xk ∂xk
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4
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ǫ

!

(2.14)

and φ,i ≡ ∂φ/∂xi . In equation 2.14, CL = 0.80 and Cν = 0.17. At solid walls, φ = 1, and
φ,n = 0 where xn is the wall-normal direction.

3. Numerical method
3.1. Solver details
In this work, the ASBM is developed in the framework of a flow solver based on the
unstructured-grid finite-volume method. The incompressible RANS equations are solved
using an implicit predictor-corrector approach. The v 2 –f and tje k − ω SST model are
also available within the same computational code and the results obtained with these
models are compared to the ASBM predictions. Steady state solutions are obtained by
time-marcing the solution; for the ASBM a deferred correction approach is used and the
computations are initialized from a converged v 2 –f solution.
3.2. Computational domain
3.2.1. Backward-facing step
The computational domain for the backward-facing step consists of an inlet section of
length 3h and height 5h prior to the sudden expansion where h is the step height. After
the expansion, the computational domain has an outlet section of length 40h and height
6h. The effective expansion ratio is 1.20. The computational domain has a width of 0.5h in
the spanwise direction, but the present computations are formally two-dimensional (only
one grid cell is used in the third direction). In streamwise direction the grid consists
150 cells in total with a compressed grid spacing in the vicinity of the step. In vertical
direction the total number of cells is 118, of which 68 are placed within the step (y < h).
Also in vertical direction the grid is compressed at the step and towards the lower wall
to ensure y + < 1.0.
3.2.2. Asymmetric diffuser
The computational domain of the asymmetric diffuser consists of an inlet section of
length 5h where h is the height of the inlet section. The domain then expands from a
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(a) k-ω SST model

(b) v 2 –f model

(c) ASBM
Figure 1. Mean pressure in the channel predicted by the different RANS models. The ASBM
correctly predicts the profile observed in DNS computations of Le et al. (1997).

height of h to 4.7h over a length of 21h units. The outlet section has a length of 20h and
a height of 4.7h. The spanwise width of the computational domain is 0.5h, but as before
only two-dimensional computations are reported here. The grid has 124 in stream wise
and 64 cells in vertical direction, clustered towards the upper and lower wall to ensure
y + < 1.0.
3.3. Boundary conditions
2

A profile obtained from a v –f solution for a fully developed channel flow is applied at the
inlet of each computational domain. The values of the flow velocity, and the turbulence
scalars, k, ǫ, and v 2 are imposed, while the flux of f and φ is assumed to be zero at
the inlet. A penalty boundary condition is applied at the outlet, ensuring global mass
conservation within the computational domain. For the backward facing step, the stepheight Reynolds number Reh ≡ U0 h/ν ≈ 5000 where U0 is the mean inlet velocity, h is
the step height, and ν is the viscosity. For the asymmetric diffuser, the Reynolds number
based on the inlet height and bulk velocity is 20000.

4. Results and discussion
4.1. Backward-facing step
This case was studied experimentally by Jovic & Driver (1994) and using DNS by Le
et al. (1997). It was also modeled using v 2 –f by Durbin (1995). The ASBM results are
compared with the experimental results of Jovic & Driver (1994), and results from the
v 2 –f model implemented as part of the ASBM model.
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Figure 2. Wall static pressure coefficient along the bottom wall prediction (ASBM, —)
compared with experiments (Jovic & Driver (1994), ⋄).

Figure 1 shows the pressure contours within the channel as calculated by the k–ω
shear-stress transport (SST) model (Menter 1992), the v 2 –f model (Durbin 1995), and
the ASBM model. Negative values of the pressure just before the expansion indicate
the presence of a favorable pressure gradient. Figure 2 shows the wall static-pressure
coefficient Cp ≡ (p − p0 )/ 21 ρU02 along the bottom wall predicted by the ASBM model
and the reported experimental results of Jovic & Driver (1994). The ASBM results show
good agreement with the experimental values over the entire distance.
Figure 3 shows recirculation regions predicted by the k–ω SST model, v 2 –f model,
and the ASBM model. Only the ASBM model is able to correctly predict the size of the
secondary recirculation bubble at the foot of the step. Figure 4 shows the skin friction
coefficient Cf ≡ τw / 21 ρU02 along the bottom wall where τw is the shear stress measured
at the wall. Predictions from the three different RANS models are plotted with the DNS
results of Le et al. (1997). The ASBM model is able to predict the rise in the skin friction
due to the secondary bubble seen in the DNS result. Downstream of the recirculation
region, both the ASBM and the v 2 –f model show good agreement with the DNS results.
The reattachment length predicted by DNS is Xr = 6.39 in step-height units. The v 2 –f
model’s prediction of Xr = 6.31 is the closest to the DNS results compared to the ASBM
(Xr = 6.66) and the k-ω SST (Xr = 5.82) results.
Figure 5(a) and 5(b) illustrate the streamwise and wall-normal velocity at different
locations downstream of the step, in comparison with the experimental results of Jovic
& Driver (1994). The ASBM model is able to predict well the velocity in both cases.
Figure 6 compares the three Reynolds stresses hu′ u′ i, hu′ v ′ i, and hv ′ v ′ i with the experimental measurements of Jovic & Driver (1994). The model is able to predict the initial
rise and subsequent fall in the turbulent stresses as seen in the experimental results.
4.2. Asymmetric diffuser
Experimental results for this flow problem were obtained by Buice & Eaton (1997)
and are available at ERCOFTAC turbulence modeling website (http://www.ercoftac.nl/workshop8/case8 2/case8 2.html). With an expansion ratio of 4.7, the flow develops a
separation bubble at the bottom of the sloping wall. This is a good case of adverse pressure driven separation. The flow was computed using LES by Kaltenbach et al. (1999),
using v 2 –f by Durbin (1995), and using v 2 –f and Low-Reynolds k–ǫ by Iaccarino (2001).
LES and v 2 –f computations show good agreement with experimental results and predict
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(a) k-ω SST model. Reattachment length Xr = 5.82.

(b) v 2 –f model. Reattachment length Xr = 6.31.

(c) ASBM. Reattachment length Xr = 6.66.
Figure 3. Isopleths of the mean stream function ϕ. The ASBM model predicts the presence
of the secondary recirculation bubble while the linear eddy viscosity models only indicate the
presence of a main separated region.

the recirculation region whereas the k–ǫ model does not predict the recirculation, and
severely under-predicts the maximum velocity in the diffuser (Iaccarino 2001).
Figure 7 shows the mean pressure in the diffuser predicted using the ASBM. An adverse pressure gradient can be seen in the expansion section which produces the large
recirculation bubble seen in Figure 8. Figure 9 shows the wall static-pressure coefficient
Cp ≡ (p − p0 )/ 12 ρUb2 along the bottom sloping wall. The results show that the ASBM
correctly predicts the drop in pressure, and the subsequent recovery although it overestimates the pressure near the outlet. This difference of 5% between experiments and
predictions was also seen in the LES results of Kaltenbach et al. (1999). Figure 10 compares the predicted streamwise velocity with the experimentally measured values. The
results show good agreement over the entire computational domain.
Figure 11 compares the three Reynolds stress tensor components with the experimental
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Figure 4. Computed values of the skin-friction coefficient along the bottom wall. DNS (solid
gray line), ASBM (solid black line), v 2 –f (dashed gray line), and k-ω SST (dashed black line)
results are shown.

(a) Streamwise Velocity

(b) Crosswise Velocity
Figure 5. Comparison of velocities predicted using ASBM model (—) with experimental
results of Jovic & Driver (1994) (⋄).

results of Buice & Eaton (1997). The results are in good agreement with the experimental
measurements for the entire computational domain. There is greater uncertainty in the
stress measurements than the velocity measurements especially in the regions with high
turbulence. However, the ASBM predictions follow the experimental measurements near
the outlet, and show the double peak seen in the experimental values in the expanding
section.
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(a) hu′ u′ i /U0 2

(b) − hu′ v ′ i /U0 2

(c) hv ′ v ′ i /U0 2
Figure 6. Comparison of Reynolds stress prediction from ASBM model (—) with
experimental results of Jovic & Driver (1994) (⋄).

Figure 7. Pressure isopleths for flow in the asymmetric diffuser.

Figure 8. Streamlines in asymmetric diffuser flow. The streamlines show the presence of a
large recirculation bubble at the bottom of the sloping wall.

5. Conclusions
The algebraic structure-based turbulence model (ASBM) was successfully implemented
in the unstructured-grid solver CDP, and used to compute the flow over a backward-
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Figure 9. Wall static-pressure coefficient prediction using ASBM model (—) compared with
experimental results of Buice & Eaton (1997).

Figure 10. Comparison of streamwise velocity predictions using ASBM (—) with
experimental results from Buice & Eaton (1997).

facing step and in an asymmetric planar diffuser. The computation results were compared
with previously published experimental results, and demonstrate the good predictive
capability of the closure. The ASBM is able to correctly predict the size of the secondary
recirculation bubble at the foot of the backward-facing step which is underpredicted by
the k–ω and v 2 –f models. It is also able to predict the recirculation at the bottom of the
sloping wall which is not predicted by the k–ǫ model (Iaccarino 2001). Further testing of
the ASBM/CDP solver will be done by computing the steady flow over an airfoil, and
the unsteady flow around an obstruction in a channel.

6. Acknowledgements
SK and HR gratefully acknowledge the support and hospitality received from their
hosts during the 2008 CTR Summer Program. The authors thank Dr. C. A. Langer
for his help in implementing the ASBM subroutines in CDP. This work has also been
performed under the UCY-CompSci project, a Marie Curie Transfer of Knowledge (TOKDEV) grant (Contract No. MTKD-CT-2004-014199), funded by the CEC under the 6th
Framework Program. HR and SK were also partly supported by a Center of Excellence
grant from the Norwegian Research Council to the Center for Biomedical Computing.

Computation of turbulent separated flows using the ASBM model

375

(a) Reynolds stress component hu′ u′ i

(b) Reynolds stress component hu′ v ′ i

(c) Reynolds stress component hv ′ v ′ i
Figure 11. Comparison of Reynolds stress tensor component predictions using ASBM (—)
with experimental results from Buice & Eaton (1997).
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