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Flow topology and non-local geometry of
structures in a flat-plate turbulent boundary layer
By I. Bermejo-Moreno, C. Atkinson†, S. Chumakov, J. Soria†

AND

X. Wu‡

The flow structure of a DNS of a flat-plate turbulent boundary layer (Wu & Moin
2010) is studied by combining the topological techniques developed by Chong et al. (1990)
and Ooi et al. (1999) with the multiscale non-local geometric analysis of Bermejo-Moreno
& Pullin (2008), extending the latter to include physical parameters in the analysis and
relating them to the geometry of the educed structures. The suitability of two local
identification criteria used for the eduction of vortex tubes and sheets in turbulent flows
is also evaluated for this flow type. Results are compared to isotropic turbulence. The
time evolution of a hairpin vortex is analyzed by a series of snapshots available from the
numerical database, integrating physical quantities with its geometrical characterization.

1. Introduction
The recent findings of populated forests of hairpin vortices observed in visualizations
of the instantaneous flow field of a direct numerical simulation (DNS) of a turbulent
zero-pressure-gradient flat-plate boundary layer at Reθ = 940 performed by Wu & Moin
(2009) have brought in a renewed interest to the study of the structure of this type of
wall-bounded flow. Prior work on this topic has been discussed extensively in the fluid
mechanics literature. The early experiments of Head & Bandyopadhyay (1981) appeared
to support the idea of hairpin vortices being the fundamental structure of wall turbulence,
as proposed by Theodorsen (1955). This idea, along with the attached-eddy hypothesis
of Townsend (1976), was the basis of the theoretical model developments of Perry &
Chong (1982). Experiments by Adrian et al. (2000) focused on the organization of those
hairpin vortices in the outer layer. Numerical simulations have greatly contributed to
elucidating aspects of the structure of wall-bounded flows, although DNS of flat-plate
boundary layers (e.g., Spalart 1988; Wu et al. 1999; Jacobs & Durbin 2001) were relatively
scarce, compared with those of turbulent channel flow. Recently, additional DNS have
been performed (Schlatter et al. 2009; Siemens et al. 2009; Castillo et al. 2009), also for
the supersonic case (Pirozzoli et al. 2008), that found structural similarities with the
incompressible case.
Topological studies of turbulence structure started with Chong et al. (1990), and were
first applied to a DNS of a flat-plate turbulent boundary layer by Chong et al. (1998).
Recently, experimental data of the same flow type were analyzed with this technique
by Elsinga & Marusic (2010), incorporating time-evolution aspects following Ooi et al.
(1999). The topological analysis has its roots in critical-point theory and is based on local
measures of the velocity gradient tensor. A more complete description of the structures
of turbulence and study of their dynamics by distinguishing among groups with common
geometrical properties, requires a methodology able to educe individual structures from
the flow field and to consider their spatial extent. Also, owing to the presence of a wide
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range of scales in the outer layer of this flow type, for sufficiently high Reynolds numbers, a multiscale decomposition that separates structures belonging to different ranges
of scales would be beneficial. The methodology recently developed by Bermejo-Moreno
& Pullin (2008) incorporates such multiscale decomposition into a non-local geometrical characterization of individual structures. The multiscale decomposition, achieved by
means of the curvelet transform, preserves the localization in space of the structures
associated with different ranges of scales. The curvelet transform also provides a multiorientation decomposition that can be of particular interest in studying wall-bounded
flows, since hairpin vortices and their organized packets are known to show preferred
angles of orientation in the flow.
The purpose of this research is to combine both methodologies (topological and nonlocal multiscale geometric characterization) to study the flow structure of the DNS by Wu
& Moin (2010) of a zero-pressure-gradient flat-plate incompressible boundary layer, which
transitions from an imposed Blasius profile at the inlet to a fully-developed turbulent
boundary layer. The corresponding dimensions based on the inlet boundary layer momentum thickness, θ0 , are 12750θ0 ×2250θ0 ×562.5θ0 , in the streamwise, wall-normal and
spanwise directions, respectively. The momentum thickness Reynolds number at the inlet
is Reθ = 80. Transition is completed at Reθ ≈ 750, achieving a maximum Reθ ≈ 1950
at the outlet. Transition is facilitated by periodically introducing at the inlet slabs of
isotropic turbulence, obtained from a separate DNS of homogeneous decaying turbulence. The cubic slabs extend across the entire spanwise direction and are introduced
in the free-stream at a constant period of 3131.45θ0 /U∞ , where U∞ is the free-stream
velocity. Further details of the simulation can be found in Wu & Moin (2010).

2. Topology of the flow field
The topological methodology of Chong et al. (1990) has been applied to study the structure of the velocity-gradient tensor, Aij , the strain-rate tensor, Sij , and the rotation-rate
tensor, Wij , through joint probability density functions (jpdf) of their second and third
invariants, Qα = −αij αji /2 and Rα = −αij αjk αki /3, respectively, where α = a, s, w
correspond to the three tensors mentioned above. These jpdfs are plotted in figure 1, for
the region of fully-developed turbulence (x/θ0 ≥ 4000), in three different subdomains:
A, 0 < y + < 2000 (left); B, 5 < y + < 2000 (center), excluding the viscous layer; C,
40 < y + < 2000 (right), excluding the viscous and buffer layers. Non-uniform grid spacing and the clustering of computational points closer to the wall in the DNS result in
a bias in these jpdfs toward values in those regions. No volume weighting was applied
to account for this. As a result the jpdfs calculated in A and B are representative of
the viscous and buffer regions, respectively. In all cases invariants have been normalized
by the local mean second invariant of the rotation-rate tensor hQw il calculated over the
subdomain, which is proportional to the local mean enstrophy density. The black tentshaped lines in the {Ra , Qa } and {Rs , Qs } plots represent the locus of zero discriminant
2
(Dα = 27Rα
/4 + Q3α = 0) and separates, along with the Ra = 0 axis, the phase planes
into four non-degenerate local topologies, in the case of incompressible flows (see Soria
et al. 1994).
The tear-drop shape seen in the {Ra , Qa } jpdfs has been commonly observed in a
variety of turbulent flows (Soria et al. 1994; Chong et al. 1998; Ooi et al. 1999). The
distribution of samples relative to the local mean entropy density increases as the viscous
and buffer layers (with higher entropy density) are removed. However, little change is
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Figure 1. Top to bottom: {Ra , Qa }, {Rs , Qs }, {Qw , −Qs } jpdfs, CMT in the {Ra , Qa } plane
and time evolution of Qa . Consecutive contour levels differ one decade, with exponents of the
decade level indicated on the contour lines. Quantities are normalized by the local mean hQw il
in the corresponding subdomain A (left), B (center) or C (right) where the analysis is performed.

observed in the shape of that jpdf. Differences among the three subdomains are most
noticeable in the {Rs , Qs } and {Qw , −Qs } jpdfs. The strong two-dimensional structure of
the strain-rate when the viscous and buffer layers are included is evidenced by the quasivertical {Rs , Qs } jpdf. As the viscous and buffer layers are removed (center and right
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Figure 2. (a) Conditional volume integral, (b) conditional Qw integral, (c) conditional −Qs
integral. Note that each integral is relative to the unconditional (Da > 0 and Qa > 0) integral
of the quantity for the flow domain specified. Continuous line, y + > 0; dashdotted line, y + > 5;
dotted line, y + > 40. Lines without circles, Da /hQw i3 ; lines with circles, Qa /hQw i.

plots), the jpdf moves toward the zero discriminant line, typical of several outer turbulent
flows. The {Qw , −Qs } jpdfs confirm this change of topology: When the viscous and buffer
layers are included, there is a balance between Qw and −Qs and likewise a correlation
between the enstrophy and dissipation, shown by the needle-shaped jpdf concentrated
along the 45° line. The jpdf is widened when the viscous layer is removed (center plot),
still preserving its shape due to the buffer layer. When the latter is removed, the shape of
the jpdf is drastically changed (right plot), occupying a much broader region of the plane
without a predominant directionality, as seen in other outer-layer flows and approaching
that of homogeneous isotropic turbulence. This shape is indicative of the multiple motion
types present in the outer layer, whereas the strongly correlated jpdf obtained when the
viscous and buffer layers are included indicates the vortex-sheet character that dominates
those regions. These results are in agreement with Chong et al. (1998).
Figure 2 shows the relative conditional integrated volume, Qw and −Qs in the three
subdomains A, B and C introduced above. Two conditions for these volume-corrected
integrals were used: (i) Da /hQw i3 > τD and (ii) Qa /hQw i > τQ , for Qa > 0, where τD and
τQ are given thresholds. To fully appreciate where structures with a certain Da /hQw i3
lie in the non-dimensionalized invariant Qa − Ra plane, figure 3 is shown with constant
Da /hQw i3 values separated by a decade. Figure 2 (a) indicates that focal structures (i.e.,
regions where Da /hQw i3 > 0) occupy 29% of the relative volume under consideration
for A, B and C. More intense focal structures (e.g., regions with Da /hQw i3 > 1) occupy
10% of the relative volume for C and 5% for A, indicating that the viscous and buffer
layers contribute relatively small volumetric regions of intense focal structures. Figure 2
(b) shows that focal regions contribute 73% (84%) of the total enstrophy in A (resp. C).
Note that focal regions identified by Qa > 0 account for only 45% of the total enstrophy in
A and 66% of the total relative enstrophy in C, respectively, indicating that a significant
contribution to the total enstrophy is provided by focal regions with Qa < 0 (28% and
18%, respectively). More intense focal structures (Da /hQw i3 > 1) contribute 80% of the
total relative enstrophy in C, but only 50% of the total relative enstrophy in A. Regions
where Qa /hQw i > 1, contribute 60% of the total relative enstrophy in C and 26% in A.
The differences in the relative contribution of the integrated −Qs , directly related to
the dissipation of kinetic energy by focal regions, among the different layers are significant
but not as marked as for the enstrophy. Focal regions (i.e., Da > 0) contribute 63% of the
total dissipation. However, of these focal regions, those with Qa > 0 contribute only 32%
to the dissipation, which implies that 31% of the dissipation is due to structures that
have a negative Qa (i.e., Qs dominates over Qw ) but their topology is focal and not of the
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Figure 3. Contours of constant Da /hQw i3 values separated by a decade. Zoom-in (right).

node/saddle/saddle type. It is noteworthy that in the outer layer, C, intense focal regions
with Da /hQw i3 > 1 contribute 55% of the relative dissipation within that domain of the
flow, whereas the contribution due to focal regions which have Qa /hQw i > 1 is only 25%.
The Qa − Ra jpdfs shown in figures 1 and 3 indicate that regions with Da /hQw i3 > 1
and Qa /hQw i < 1 make a significant contribution with respect to their enstrophy and
dissipation in A, which is relatively more important in the outer layer, C.
The mean temporal evolution of the invariants is studied following the conditional
average technique developed by Ooi et al. (1999). Average values of the Lagrangian
time derivatives of the invariants, {DRα /Dt, DQα /Dt}, conditioned upon the location in
{Rα , Qα } plane, are computed, resulting in a vector field from which Conditional Mean
Trajectories (CMT) are integrated (see fourth row of plots in figure 1). The jpdf domain
3/2
was divided into bins of 0.18 hQw i×0.09 hQw i in the Qa and Ra directions, respectively,
4
8
resulting in 10 to 10 samples per bin. The majority of points follow trajectories that
spiral toward the origin, evolving in a cyclical clockwise manner, traversing in each cycle
regions of the {Ra , Qa } plane associated with different stable/unstable focal/saddle flow
topologies, similar to the behavior reported by Ooi et al. (1999) for homogeneous isotropic
turbulence. When the viscous and buffer regions are removed, this cyclic behavior is
observed over a larger portion of the {Ra , Qa } plane relative to the local hQw i, indicating
that this behavior is more prevalent in the log and wake regions. Farther from the origin,
CMTs behave similarly to homogeneous isotropic turbulence when the pressure Hessian
Hij = 0 and focal points tend to remain focal and saddles remain as saddles, originating
and converging on lines of zero discriminant. A characteristic cycle period is calculated
from these trajectories (see bottom row of plots in figure 1) in terms of the local hQw i,
1/2
1/2
obtaining: 66 hQw i
= 37δ/Ue = 1210ν/u2τ for A; 45 hQw i
= 25δ/Ue = 817ν/u2τ for
1/2
B; 20 hQw i
= 12δ/Ue = 377ν/u2τ for C. This reduced period as the viscous and buffer
layers are removed from the analyzed subdomain (B and C, respectively) implies shorter
life time-scales of the structures in the outer layer compared to those in the viscous and
buffer layers. These values compare reasonably with the 14.3δ/Ue and 470ν/u2τ observed
by Elsinga & Marusic (2010) in the log region alone.

3. Non-local geometric characterization of flow structures
To study the geometry of individual flow structures associated with different scalar
fields (e.g., enstrophy, dissipation) obtained from the DNS data, we use and extend the
methodology introduced by Bermejo-Moreno & Pullin (2008). It consists of three main
steps: extraction, characterization and classification of structures. In the extraction step a
multiscale decomposition based on the curvelet transform (Candes et al. 2005) is applied,
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obtaining a set of component fields, each corresponding to a given range of scales (identified by a scale number). By isosurfacing each component field, structures corresponding
to that scale range are extracted. A geometric signature is then obtained for each structure, from the area-based joint pdf of two differential-geometry properties, mapped onto
the surface, and global parameters. This signature characterizes geometrically the structure and is used in the classification step, based on the location of the signature center in
a space of parameters. This methodology has been further extended to include physical
quantities associated with each structure, relating them to its geometrical properties.
A cubic subdomain is considered in the region of fully-developed turbulence (Reθ ≈
1800), away from the isotropic patches introduced at the inlet to facilitate transition.
This subdomain extends from 11064θ0 to 11623θ0 streamwise, from y + = 0 to ≈ 2000
in the wall-normal direction (including the viscous, buffer, log-law layers and part of
the wake region), and across the full domain spanwise. Spline interpolation is used to
transform the data on the stretched grid in the wall-normal direction onto a uniform
grid, with the same spacing as in the spanwise direction. The streamwise grid is also
interpolated to obtain the same grid spacing in the three directions for that subdomain.
The interpolation to the uniform grid reduces the resolution available in the viscous
and buffer regions, but we focus this study on the structures present in the outer layer,
which are not altered. To apply the curvelet multiscale decomposition, the subdomain is
mirror-extended in the wall-normal and streamwise directions, and periodically-extended
in the spanwise direction, resulting in a 5123 points periodic grid with uniform spacing.
For that grid size, seven scale numbers are available from the curvelet decomposition,
each corresponding to a particular frequency window in Fourier domain. We number them
from 0 (largest scale) to 6 (smallest scale). The largest scale (0) will not be included in the
analysis, as it is strongly dependent on the boundary condition and its structures extend
far beyond the limits of the subdomain of analysis. The smallest scale (6) is not analyzed
either, to avoid interference between the grid resolution and the characterization based
on differential-geometry properties of the surfaces. After the multiscale decomposition is
performed, the extended periodic domain is cropped to its original size for the remaining
extraction, characterization and classification of structures.
3.1. Enstrophy and dissipation
First, we analyze structures educed from Qw and −Qs fields, which are, up to scaling
factors, the local enstrophy (ωi ωi = 4Qw ) and dissipation ( = −4νQs ), respectively.
To educe structures in the outer layer of interest, isosurfaces of the component fields
are obtained for values equal to the mean plus a standard deviation of each field, not
including the viscous and buffer layers in the calculation of the contour values.
In figure 4, each individual structure educed from the component enstrophy and dissipation fields at different scale numbers is represented by a circle in the Ŝ − Ĉ plane, where
Ŝ and Ĉ are non-local geometric parameters obtained from first-order moments of the
area-based joint pdf of the absolute value of the shape index, S, and the dimensionless
curvedness, C, respectively (see Bermejo-Moreno & Pullin 2008). Circles are sized by the
surface area of the structure, normalized among all the structures found at a given scale
number. Different regions in the Ŝ − Ĉ plane correspond to different geometries of the
associated structures: blobs gather near (Ŝ, Ĉ) ≈ (1, 1), tubes concentrate in the vicinity
of (Ŝ, Ĉ) ≈ (1/2, 1), and sheet-like geometries occur as Ĉ decreases. Circles representing
the structures of enstrophy (resp. dissipation) are colored by the average Qs (resp. Qw )
integrated on the surface.

Scale 2
−Qs

Scale 3

Scale 4

Scale 5

Figure 4. Representation of the geometry of individual structures of the component fields of Qw (top) and −Qs (bottom) at different scale
numbers (1 to 5, from left to right). Each circle represents one structure. Circles are sized by the surface area of the associated structure,
normalized for all structures educed at a given scale number. The average value of −Qs and Qw , respectively, integrated on the surface, is used to
fill the circles with a gray scale given on the right, common to all component fields of each quantity. The location of canonical geometries (blobs,
tubes and sheets) is indicated in each plot for reference.

Scale 1

Qw
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A common trend is observed for structures of both enstrophy and dissipation when
transitioning from large to small scales (i.e., increasing the scale number). At large scales
(scale numbers 1 and 2), closed structures within the subdomain exhibit a sheet-like
character. It should be noted that structures larger than the subdomain of analysis are
not represented in these plots. As one proceeds to smaller scales (scale numbers 3 and
4), a mix of sheet-, tube- and blob-like geometries is observed. However, at the smallest
scales (scale number 5), more sheet-like structures appear, with sizes comparably larger
than the tube-like structures present at that scale. Despite this common behavior of both
fields, it is also observed that at intermediate and small scales (scale numbers 4 and 5) the
enstrophy field shows a higher concentration of tube-like structures than the dissipation
field. The average dissipation (resp. enstrophy) on structures of Qw (resp. −Qs ) is lower
at large scales. At intermediate and smaller scales, structures with increased average
quantities are found. Structures of Qw at those scales show a more uniform distribution
of average dissipation when compared to the average enstrophy shown by structures
of −Qs , which presents higher occurrence of extreme (both low and high) values of
enstrophy.
A comparison with results obtained for isotropic turbulence (see Bermejo-Moreno et al.
2009) shows significant differences in the geometry of structures found at the larger scales
(1 and 2), as could be expected from the influence of the boundary conditions. While bloband tube-like geometries were found to be dominant at large scales in isotropic turbulence
in a periodic box, sheets are predominant in the turbulent flat-plate boundary layer for
the flow parameters and subdomain under analysis. At the small scales (scale numbers 4
and 5), results for both flow types show similarities: a predominance of tube- and sheetlike geometries for both fields, with the enstrophy presenting a higher concentration of
tubes than the dissipation. These results might indicate some degree of universality of
the geometry of small-scale structures of turbulence far enough from boundaries, across
different flow types.
3.2. Suitability of local identification criteria
The same methodology is used to assess the suitability, in wall-bounded turbulent flows,
of two local criteria used in the point-wise identification of vortical tubes and sheets. To
educe vortex tubes, the Q-criterion (see Hunt et al. 1988) is considered, which relies on
positive values of the second invariant of the velocity-gradient tensor, Qa = Qw +Qs > 0,
to identify a point as part of a vortex tube. Vortex sheets are educed by means of
the criterion proposed by Horiuti & Takagi (2005), which uses positive values of the
largest remaining eigenvalue, here named Σ, of the tensor Sik Ωkj +Sjk Ωki after removing
the eigenvalue whose associated eigenvector is most aligned with the vorticity. Here the
multiscale decomposition is not applied, working directly on the original fields as they
are used by the local identification criteria to define vortex tubes and sheets.
Figure 5 shows the location of individual structures of both fields in the Ŝ − Ĉ planes
representing their geometry. Circles representing the individual structures educed for
each field are sized by the surface area of the corresponding structure (normalized for
all the structures found for each field) and colored by the average Lagrangian rate of
change of Qw (rescaled enstrophy), DQw /Dt. Structures of Q appear clearly distributed
in the tube-like region, whereas those of Σ present lower values of Ĉ, indicating their
sheet-like character. The same analysis was repeated at different time steps in the region
of fully developed turbulence, obtaining similar results (not shown), thus confirming the
suitability of these local criteria in identifying the expected geometry in the region under
consideration for this wall-bounded turbulent flow. Notice how vortex tubes educed by
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Figure 5. Geometry of structures educed as isocontours of Q (left) and Σ (right) fields, used by
local identification criteria to classify points as belonging to vortex tubes and sheets, respectively.

isocontours of Q present comparatively higher values of DQw /Dt than the sheet-like
vortical structures educed from Σ.
3.3. Time tracking of individual structures
The time-evolution analysis is done for five time snapshots available from the DNS
database, each 100 simulation time steps apart from the next. To follow the structures
in the outer region, the cubic subdomain under analysis moves in time with the velocity
of the slabs of isotropic turbulence introduced at the inlet. We track a single hairpin vortical structure found in the moving subdomain, educed from the Qa and isolated from
the other isosurfaces found for that contour value, which is unchanged for the five time
snapshots analyzed. The dimensions of this hairpin vortex at the first snapshot are approximately 500` in the streamwise direction and 450` in the spanwise direction, where
` is the viscous length scale. Normal to the wall, the hairpin vortex extends from 200` to
550`. The characteristic diameter of the tubular region of the vortex is 40`. The angle at
which the hairpin is tilted with respect to the wall is 45° on average, with variations for
the neck and legs reaching 72 and 14°, respectively, through the studied time evolution.
The head of the hairpin moves at an average streamwise speed of 0.91U∞ .
Figure 6 shows, at the top, the three-dimensional representation of the hairpin vortex
as it evolves in time, through the five available snapshots. Each instance is plotted keeping
its absolute position in the spatial domain, so that the distance traveled by the hairpin
among different snapshots can be inferred from the figure. The surfaces are colored by
the local vortex stretching, ωi Sij ωj . Note that regions with negative vortex stretching
at one time step tend to thin locally the hairpin at the next, even making the region
vanish (e.g., the right leg and neck of the hairpin vanish as time evolves, and also the
left neck reduces its diameter in regions with negative vortex stretching). At the bottom
we plot, for each time snapshot, the area-coverage jpdf function of Ŝ and Ĉ of the threedimensional surface, with an intensity component given by the average vortex stretching
found for the corresponding values of the joint pdf variables. The intensity component
uses the same hue scale as the one mapped onto the surfaces, while the saturation gives
the area-coverage (see the hue-saturation color-bar to the right of those plots). This
representation combines geometrical and physical information of the structure in a single
plot. Note how the zone of the jpdf near the point (1/2, 1), corresponding to regions of
the surface with a circular tubular shape, presents higher values of the vortex stretching
(red hues). As the absolute value of the shape index increases (thus tending toward more
dome/spherical local shapes) the vortex stretching decreases.

t2 = 122.0778

t3 = 122.1613

t4 = 122.2448

t5 = 122.3283

Figure 6. Hairpin vortex evolving in time through five time snapshots of the DNS database. Top: projection onto the plane x = z (where x is the
streamwise direction and z is the spanwise direction) of the three-dimensional hairpin vortex at each snapshot, keeping its absolute location in the
spatial domain for reference. The black bar on the top left represents a hundred times the viscous lengthscale (100`). The local vortex stretching
is mapped onto the surface of the hairpin vortex using a color scale. Bottom: (for each instance of the hairpin vortex) joint probability density
function in terms of area coverage (given by the saturation scale) of the absolute value of the shape index and the dimensionless curvedness, with
an intensity component (given by the hue scale) representing the average vortex stretching found for those points of the surface with corresponding
values of the pdf variables. The hue component of the hue-saturation color bar on the bottom-right is also applicable to the vortex stretching
values mapped onto the three-dimensional surfaces of the top plots.

t1 = 121.9943
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4. Conclusions and future work
This research combines the analysis of flow topology with the non-local multiscale
geometric characterization of individual structures educed from a numerical database
resulting from a DNS of a flat-plate turbulent boundary layer. The viscous and buffer
layers show a strong two-dimensionality of the flow topology, dominated by vortex sheets,
whereas the outer region appears as an ensemble of multiple motion types, with shorter
average lifespans of their associated structures. Individual structures of enstrophy and
dissipation in the outer layer are sheet-like at large scales, transitioning to tube- and
blob-like geometries at intermediate scales, and recovering the sheet-like character at
the smaller scales. The average dissipation found on surfaces of enstrophy appeared
more uniformly distributed among all structures than the average enstrophy found on
surfaces of dissipation, which showed higher frequency of extreme values. Two existing
local identification criteria of vortex tubes and sheets were validated for this flow type.
Finally, the time evolution of a single hairpin vortex was studied. Regions with negative
stretching appear to thin and even vanish in time. The highest average vortex stretching
appears on locally cylindrical regions, whereas the stretching is decreased for other local
shapes.
New simulations are under way to span the full life cycle of these structures. We plan
to extend this analysis to structures formed in the transition region and evolving into
the fully-developed turbulent region and incorporate the multi-orientation decomposition
allowed by the curvelet transform.
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