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The governing equations for large-eddy simulation (LES) are derived from the application of a low-pass filter to the Navier-Stokes equations. It is often assumed that discrete
operations performed on a particular grid act as an implicit filter, causing simulation
results to be sensitive to the mesh resolution. Alternatively, explicit filtering separates
the filtering operations from discretization operations, and hence alleviates the grid sensitivities. Obtaining a grid-independent LES solution in incompressible flow has been
successfully demonstrated by Bose, Moin & You [Phys. Fluids, 22, 105103, 2010]. In the
present study, we investigate the use of explicit filtering in obtaining a grid-independent
LES solution for compressible turbulent flow. The convergence of simulations using a fixed
filter width with varying mesh resolutions to a true large-eddy simulation solution is analyzed for compressible turbulent flow through a channel with periodic constrictions at a
bulk Reynolds number of 105 and Mach number of 0.6. The mean and turbulent statistics
obtained by the conventional implicitly filtered LES and by the present explicitly filtered
LES are compared at two different mesh resolutions. Although grid independence is not
fully achieved, this is the first application of explicitly filtered LES to the compressible
governing equations and to a quasi-complex geometry.

1. Introduction
In LES, the separation of large- and small-scale turbulent fluid motions is performed
by applying a low-pass filter to the Navier-Stokes equations. In conventional LES, the
filtering operation is “implicitly” applied to the Navier-Stokes equations. One of the
most notable drawbacks associated with the conventional “implicit-filter” LES is that
the simulation result is highly dependent on the numerical grid employed because of
the inherent dependence of the filtering operation on the numerical discretization. As a
consequence of the “grid-dependency”, the implicit-filter LES is sensitive to numerical
errors. A priori analyses of direct numerical simulation data of canonical turbulent flows
show that the truncation error and aliasing error (due to discretization of nonlinear
terms) can dominate the contribution of the subgrid-scale (SGS) turbulence model that
is necessary to close the filtered nonlinear terms in the governing equations (Chow &
Moin 2003).
Numerical errors not only unfavorably affect the SGS model but also introduce numerical instability. As remedies for the numerical instability, researchers have added numerical
(artificial) dissipation to the molecular (physical) dissipation or have performed a posteriori low-pass filtering to attenuate the unresolved high-wavenumber motions causing
numerical instability. However, the artificial dissipation and ad-hoc low-pass filtering also
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damp out dynamically important large-scale fluid motions and, therefore, significantly
degrade the simulation result.
The detrimental effects of numerical errors on the numerical stability and SGS modeling can be effectively eliminated by an “explicit filtering” technique which separates
discretization and filtering operations, thereby allowing a “grid-independent” simulation
result. In contrast to a posteriori low-pass filtering applied directly to a simulation result, the explicit filtering technique applies a low-pass filter only to the nonlinear terms.
This prevents the production of contaminated high-wavenumber motions, and helps to
maintain numerical stability and accuracy. Bose, Moin & You (2010) recently developed
a methodology for explicitly filtered LES of incompressible turbulent flows, and successfully demonstrated that explicitly filtered LES can predict grid-independent stable
solutions of incompressible turbulent flows.
The objective of the proposed study is to exploit the “explicitly filtered” LES concept
for accurate and stable predictions of compressible turbulent flows. For compressible
LES, explicit filtering is necessary for nonlinear terms in both the momentum and energy
equations, whereas the energy equation is not considered in the incompressible flow case.
Although the concept of explicitly filtered LES has been known for some time (Lund &
Kaltenbach 1995; Gullbrand 2003), verification and validation of the concept for obtaining
a grid-independent LES solution was only recently fulfilled (Bose, Moin & You 2010).
To date, the use of explicitly filtered LES for compressible turbulent flows is not found
in the literature. In the present research, an effective methodology for grid-independent
LES of compressible turbulent flows using explicit filtering, is developed and validated.

2. Computational methodology
The explicitly filtered governing equations for compressible large-scale fluid motions
are as follows:
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t is the time. xk , vk , and fk are the spatial coordinate, velocity, and body force in the
k-direction, respectively. ρ is the density, p is the pressure, T is the temperature, Cv is the
specific heat at constant volume, α is the thermal conductivity, and µ is the molecular
viscosity.
τkl and qk are the subfilter-scale model terms for the momentum and energy equations,
and defined as τkl = ρvk vl − ρe
vk vel and qk = Cv ρT vk − Cv ρTevek , respectively. The global
coefficient model by Vreman (2004) is extended to model the subfilter-scale stress τkl and
flux qk (You & Moin 2008). The current simulations utilize a constant global coefficient
suggest by Vreman, although future simulations will be performed using a dynamically
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determined model coefficient (You & Moin 2007a,b). In equations (2) and (3), additional
vk vel and Cv ρTevek .
filtering ( ), i.e., explicit filtering, is applied to nonlinear products ρe
This particular choice of the convective terms arises from the inclusion of the resolvable
vk vel − ρ̄e
vk vel
portions of the traditional subgrid stress tensor; for instance, including the ρ̄e
component from the ρvk vl − ρ̄e
vk vel subgrid stress tensor the momentum equation. This
is inclusion of the Leonard stress term in the momentum and energy equations. The
explicit filter width is not necessarily identical to the grid spacing (implicit filter width),
and therefore, filtering and discretization operations can be formally separated.
Finite difference/volume operators produce numerical errors that are significant at high
wavenumbers, and thus the filter width needs to be chosen to damp out high-wavenumber
quantities contaminated by the numerical error. In general, the explicit filter width is
defined to be sufficiently larger than the grid spacing so that only the numerically wellresolved fluid motions are preserved. Then, a series of simulations is performed until
a grid-independent solution is obtained by refining the grid spacing while keeping the
explicit filter width and effective resolution for the flow field.
An unstructured-grid finite-volume LES code for compressible flows, CharLES, developed at the Center for Turbulence Research, is modified to have an explicit filtering
capability. For grid-independent LES, the shape and width of the spatial filter should be
consistent regardless of the grid resolution. In the present study, the differential filters
suggested by Germano (1986), which commute with second-order accuracy with differentiation, are employed for the explicit filtering operations.

3. Explicit filtering
Differential filters (Germano 1986) in the following form are used to perform the explicit
filtering:


φ − ∇ · γ∇φ = φ,

(3.1)

where φ corresponds to a filtered function, φ is an unfiltered function, and the spatially
varying function γ is associated with the filter width of the kernel. It is required that
γ → 0 at the wall boundaries which is equivalent to requiring a vanishing filter width at
the wall. The filter width is determined by matching the second moment of the differential filter kernel with the second moment of a spherical top hat function with radius,
∆f (Marsden et al. 2002). However, the second moment of the differential filter kernel is
not known a priori because it requires knowledge of the Green’s function at each spatial
location as a function of γ. Instead, in the present study, the second moment of the
infinite space Green’s function is computed assuming that γ is constant, which yields the
relation γ =

∆2f
10

.

The filter width (γ) is polynomially relaxed such that γ vanishes at the walls in this
case. The filter width reported in Table 1 is the maximum filter width in the domain
normalized by the height of the hill. On the coarsest mesh, this corresponds to a filter
that is nominally 1.65∆c , where ∆c is a nominal grid spacing near the inlet centerline.
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Case
implicitly filtered LES
explicitly filtered LES
explicitly filtered LES

Mesh (Nx × Ny × Nz ) ∆f /h (max)
96 × 96 × 96
96 × 96 × 96
192 × 192 × 192

·
0.084
0.084

Table 1. Numerical parameters for channel flow simulations. Nx , Ny , and Nz denote the number
of grid points used in the streamwise, wall-normal, and spanwise directions, respectively. ∆f /h
is the maximum filter width.
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Figure 1. Computational grid (96 × 96 × 96) for large-eddy simulation of compressible flow
through a channel with periodic constrictions.

4. Flow configuration
One of the computational grids considered in the present simulations is shown in
figure 1. The flow configuration was first introduced by Mellen, Fröhlich & Rodi (2000)
and modified later by Fröhlich et al. (2005). Although the flow configuration has been
extensively studied in the incompressible flow regime, no experimental and computational
studies in the compressible flow regime are found in the literature.
The domain extents in the streamwise, wall-normal, and spanwise directions are Lx =
9h, Ly = 3.035h, and Lz = 4.5h, respectively, where h is the height of periodic hills. The
Reynolds number, based on the hill height and the bulk velocity of 105 , and the bulk Mach
number of 0.6 are considered in the present simulations. Periodic boundary conditions
are applied in the streamwise and spanwise directions whereas no-slip conditions are
applied on the top and bottom walls where an isothermal condition is also imposed. The
isothermal wall is specified to be T = 1400K; although this temperature is artificially
selected for this test problem, it may be indicative of wall temperatures in combustion
applications.

5. Results and discussion
The flow configuration is relatively simple and allows high level control of mesh distribution and quality while involves a variety of flow phenomena such as flow separation, recirculation, and reattachment. Channel flow simulations are performed with a fixed mass

Grid-independent LES of compressible turbulent flows

207

(a)

(b)

(c)
Figure 2. Contours of the streamwise velocity in an x − y plane. (a) Explicitly filtered LES on
the 96 × 96 × 96 mesh; (b) explicitly filtered LES on the 192 × 192 × 192 mesh; and (c) implicitly
filtered LES on the 96 × 96 × 96 mesh.

flow rate. Explicitly filtered LESs are conducted on two different meshes: 96×96×96, and
192 × 192 × 192, while the filter width remains constant. For a comparison, an implicitly
filtered LES is performed on the 96 × 96 × 96 mesh. The number of grid points and the
filter width considered in the present simulations are summarized in table 1.
Simulations are started from uniform initial flow perturbed with random numbers with
amplitudes approximately 5% of the streamwise velocity. The initial field, then, is allowed
to evolve for about 10 domain-through flow times so that turbulent structures are fully
developed. The mean turbulence statistics are collected for a time period of at least 15
domain-through flow times, thereafter.
The streamwise velocity contours in an x − y plane are shown in figures 2(a) and (b)
for the two explicitly filtered LESs. The same contours for an implicitly filtered LES
calculation on the 96 × 96 × 96 mesh is shown in figure 2(c). Some qualitative agreement
in the size of the flow structures is found between the two explicitly filtered LESs. The
implicitly filtered LES shows the presence of smaller-scale corrugated structures, which
are not present in the explicitly filtered LESs.
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Figure 3. Profiles of the mean streamwise velocity along the wall-normal direction at four
streamwise locations. Solid lines: explicitly filtered LES on the 192 × 192 × 192 mesh; dashed
lines: explicitly filtered LES on the 96 × 96 × 96 mesh; dash-dotted lines: implicitly filtered LES
on the 96 × 96 × 96 mesh.
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Figure 4. Profiles of the mean Reynolds stresses along the wall-normal direction at four streamwise locations. Solid lines: explicitly filtered LES on the 192 × 192 × 192 mesh; dashed lines:
explicitly filtered LES on the 96 × 96 × 96 mesh; dash-dotted lines: implicitly filtered LES on
the 96 × 96 × 96 mesh.

The mean and turbulence statistics are averaged in time and over the spanwise direction. Figure 3 shows the mean streamwise velocity profiles at four different streamwise
locations. The size of the mean separation bubble is found to be smaller in the explicitly
filtered LES on the fine mesh (192×192×192 mesh) than those predicted by the explicitly
filtered and implicitly filtered LESs on the coarse mesh (96 × 96 × 96 mesh). In general,
the mean velocity profiles predicted by the explicitly filtered LES on the coarse mesh
(dashed lines) are found to be closer to the profiles predicted by the explicitly filtered
LES on the fine mesh (solid lines) than those predicted by the implicitly filtered LES on
the same coarse mesh (chain-dashed lines).
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Figure 4 shows the profiles of the Reynolds normal and shear stresses for the three
LESs. Although grid-convergence of the explicitly filtered LES solutions are not obtained
at the present two different grid resolution, the agreement between the two explicitly
filtered LES solutions is found to be consistently better than the agreement between the
implicitly filtered LES and the fine-mesh explicitly filtered LES solutions.

6. Concluding remarks
A computational methodology for explicitly filtered large-eddy simulation of compressible turbulent flows has been developed. The explicitly filtered large-eddy simulation
methodology has been utilized to obtain grid-independent mean and turbulent statistics of compressible turbulent flow through a channel with periodic constrictions. The
application of an explicit filter to the large-eddy simulation equations has enabled an
unambiguous separation of the scales that are resolved in the simulation and those that
must be modeled. The explicit filtering is expected to help us overcome the difficulty of
the conventional implicitly filtered LES in assessing the predictive capability of subfilterscale turbulence models because of the sensitivity of the subfilter models to numerical
errors. An explicitly filtered LES and a direct numerical simulation of the same flow on a
finer mesh are currently in progress. Detailed comparison with the anticipated data will
be performed to assess the grid-convergence of the explicitly filtered LES solutions and
predictive capability of the employed subfilter model.
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