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Statistical analysis of bypass transition in a zero-pressure-gradient boundary layer is
performed using a database of velocity fields from a Direct Numerical Simulation (DNS).
Laminar–turbulent discrimination is employed to separate the streaky, laminar flow from
turbulent regions. In the laminar regions, individual streaks are identified and tracked.
An extreme value model is proposed for the distribution of the amplitude of the streak
population. Those streaks which are observed to breakdown into turbulent spots are
differentiated from innocuous events. It is shown that the u-perturbation of the streaks
is large in amplitude and typically greater than the conventionally reported values of
urms . Furthermore the streaks responsible for breakdown to turbulence have the highest
amplitudes of the streak population and can be modelled using extreme value theory.

1. Introduction
In the bypass transition scenario, free-stream disturbances buffet the boundary layer.
The response is the formation of Klebanoff streaks. Several mechanisms for spot formation
due to these streaks have been identified. The secondary instability of low speed streaks
via interaction with free-stream disturbances (Zaki & Durbin 2005) or local shearing
between adjacent streaks (Nagarajan et al. 2007) The simulations of Nagarajan et al.
(2007) included leading edge geometries and the above mechanisms were observed for
sharp and blunt leading edges, respectively. These observations were explained by the
secondary instability analysis of Vaughan & Zaki (2011).
Regardless of the mechanism which leads to breakdown, it is clear that not all streaks
undergo secondary instability. In addition, not all potential breakdowns will contribute
to a unique turbulent spot as breakdowns which occur upstream grow quickly and occupy
volume where a breakdown could otherwise have occurred. Since the number of turbulent
spots is small compared to the number of streaks, what differentiates these rare events is
masked by time averaged statistics. By performing conditional sampling on instantaneous
velocity fields, the flow may be separated into its constituent laminar and turbulent
components. Furthermore individual structures can be identified and tracked, and their
role in the transition process elucidated.
Many transition intermittency-based models, such as the popular Dhawan & Narasimha
(1958) model, assume a concentrated breakdown of the flow at a single streamwise position. Transition is therefore governed by the rate of spot generation per unit span and
the spreading angle of the resulting spots until the boundary layer is saturated. This
simple but effective model therefore only requires the location of transition onset and the
spot propagation and generation rates. However, experimental studies have shown that
concentrated breakdown is an oversimplification and that prediction of the location of
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turbulent spot inception and production rate are important problems in understanding
transition to turbulence.
In this work we exploit the wealth of data than can be extracted from Direct Numerical
Simulation (DNS). Conditional sampling is performed to identify regions of laminar and
turbulent flow in a database of velocity fields from DNS. Within the laminar regions,
individual streaks are identified and tracked in space and time. Those streaks which are
observed to result in a localised breakdown to turbulence are contrasted with the full
streak population. Finally the resulting turbulent spots are also tracked from inception
and their growth rates are recorded.

2. Numerical simulation
The Navier-Stokes equations were discretized on a curvilinear staggered grid using a
local volume flux formulation (Rosenfeld et al. 1991; Wu & Durbin 2001). A fractional
step procedure was used to advance a provisional velocity field, which was projected
onto the divergence-free solution using the updated pressure. The convective terms were
advanced using Adams-Bashforth; the pressure and diffusive terms were treated using
implicit Euler and Crank-Nicolson schemes, respectively. The algorithm has previously
been used in a number of studies of breakdown to turbulence, including simulations of
bypass transition in pressure gradients, separation-induced transition, and breakdown
due to Görtler instability (Zaki et al. 2010; Schrader et al. 2011).
The computational setup is similar to the direct numerical simulations of bypass transition by Jacobs & Durbin (2001). The flow domain starts at x = x0 , which is located
downstream of the leading edge. At the inlet, the Reynolds number is Re ≡ U∞ δ0 /ν =
800 based on the inflow free-stream velocity U∞ , the 99% boundary layer thickness
δ0 = δ(x = x0 ) and the kinematic viscosity ν. All subsequent results are normalised by
U∞ and δ0 unless otherwise stated. The domain height at the inlet is Ly = 40 and the
spanwise size is Lz = 30. The streamwise extent is Lx = 900 and was chosen such that
transition was complete within the computational domain. The number of grid cells is
3072 × 192 × 192 and was based on the final simulations by Jacobs & Durbin (2001) who
performed a detailed grid-refinement study. The grid spacing is uniform in the streamwise
and spanwise directions where a finer resolution is adopted in the current work. In the
wall-normal direction, the grid was clustered inside the boundary layer using a hyperbolic
+
≡ ∆yw uτ /ν < 0.40, where uτ is the
tangent function. The cell size at the wall was ∆yw
friction velocity.
The top boundary condition is free-slip, similar to the work by Zaki & Durbin (2006),
and the top wall is contoured to ensure a zero-pressure-gradient flow. The inflow condition
is a superposition of a Blasius mean velocity profile and free-stream turbulence with an
intensity Tu = 3%. The free-stream turbulence is synthesised from Fourier modes in
time and the periodic spanwise direction, and Orr-Sommerfeld and Squire modes in the
wall-normal direction as described by Jacobs & Durbin (2001).
Once the initial transient was removed, statistics were collected during approximately

2
×
8, 000 time units. This period corresponds to a non-dimensional frequency, F ≡ ων/U∞
106 ≈ 1. For comparison, the lowest disturbance-frequency at the inflow was F ≈ 228.
Spanwise- and time-averaged statistics were computed during the simulations. The DNS
database consisting of 4000 sub-domain snapshots of the velocity field comprising every
other grid point and separated by two convective time units was created.
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Figure 1. Laminar-turbulent edge detection plotted for a wall-normal slice through the boundary layer (y/δ(x) ≈ 0.5) from a single snapshot: (top) u′ , (bottom) v ′ . The interface between
the laminar and turbulent regions is marked by a solid black line.

3. Conditional sampling
3.1. Laminar-turbulent discrimination
The laminar-turbulent discrimination technique employed is adapted from the methods
discussed by Hedley & Keffer (1974). Often some form of sensitisation, such as the time
derivative, is required to prepare an input signal for accurate discrimination. The resulting detector function is then lowpass filtered and thresholded to obtain a logical indicator
function for laminar or turbulent flow: zero for laminar flow and unity for turbulent flow.
The DNS database comprises instantaneous snapshots of the flow field. Therefore
laminar-turbulent discrimination is applied to each snapshot independently. Recognising that streaks are dominated by their streamwise velocity component in the laminar
region and that significant fluctuations are observed in all velocity components in the
turbulent regions, a suitable detector function, D ≡ |v ′ | + |w′ |, is chosen. The detector
function is sensitised and lowpass filtered in three-dimensional space by a local standard
deviation filter. The logical indicator function, Γ, is obtained by thresholding the filtered
signal at each wall-normal location using Otsu’s method (Otsu 1979).
A visualisation of the instantaneous flow field and the result of the laminar-turbulent
discrimination algorithm are shown in figure 1. Here both the streamwise and wallnormal fluctuations are presented. The demarcation between the laminar (Γ = 0) and
the turbulent (Γ = 1) regions is indicated by a solid line. The difference between the two
regions is readily distinguished, in particular for the wall-normal perturbations, v ′ . Here
the laminar region appears smooth, showing little variation, while the turbulent region
is comprised of high-frequency fluctuations.
3.2. Conditionally-sampled flow statistics
The intermittency factor, γ ≡ Γ, is the probability that the flow at a point is turbulent.
Therefore γ is initially zero for the pre-transitional region and increases to unity for the
fully-turbulent boundary layer. The wall-normal intermittency profiles are shown in the
left–hand panel of figure 2 at streamwise intervals corresponding to 10% steps in the wallnormal peak of the intermittency, γpeak . The wall-normal profiles plateau at y/δ ≈ 0.3
before they decay to zero at y/δ ≈ 1.5. This remains the case throughout the transition
region and beyond. This gradual decay in γ towards zero in the free stream is due to the
irregular nature of the instantaneous turbulent boundary layer edge.
The streamwise distribution of γpeak is shown in the right-hand panel of figure 2.
The value of γpeak increases steadily in the streamwise direction from zero, upstream
of transition onset, to unity where transition to turbulence is complete. As observed
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Figure 2. (left) Spanwise averaged wall-normal intermittency profiles at regular intervals,
0.1γpeak , throughout the transition region. Line weight increases with downstream streamwise
location. (right) Peak intermittency distribution (black line) normalised on transition length,
η = (x − xs )/(xe − xs ) and compared to γ = 1 − exp(−5η 3 ) (Abu-Ghannam & Shaw 1980).

in the measurements of Abu-Ghannam & Shaw (1980), the intermittency distributions
are self-similar and fall on γ = 1 − exp(−5η 3 ) where η is the transition length, η ≡
(x − xs )/(xe − xs ). Subscripts s and e denote the start and end of transition, defined
here as γ = 0.005 and γ = 0.995, respectively.
Emmons (1951) proposed that time-averaged quantities in intermittent flows can be
considered as a combination of the contributions of the turbulent and non-turbulent
components, weighted on the local intermittency factor:
f = (1 − γ)fLAM + γfT U RB .

(3.1)

Libby (1976) derived the laminar-turbulent decomposition of the higher order moments.
The intermittency weighted Reynolds stress is given by the following expression:
u′i u′j = (1 − γ)u′i u′j LAM + γu′i u′j T U RB
+γ(1 − γ)(ui T U RB − ui LAM )(uj T U RB − uj LAM ).

(3.2)

Conditioned and unconditioned velocity profiles are shown in figure 3 at γpeak = 0.5,
corresponding to the midpoint in the transition length where the flow is turbulent 50%
of the time. The conditionally sampled mean velocity profiles at this streamwise location
show distinct laminar and turbulent shapes. This remains the case across the transition
region. The Reynolds stresses, with the exception of the streamwise normal stress, u′ u′
due to distortion from streaks, are dominated by the turbulent region. The turbulentconditioned Reynolds stresses are initially found to exceed the levels found in the fullyturbulent boundary layer, gradually decaying to this level across the transition region.
The intermittency-weighted mean velocity profiles are computed using equation 3.1 while
the intermittency-weighted Reynolds stresses are evaluated using equation 3.2. The unconditional and reconstructed intermittency weighted profiles show excellent agreement.
3.3. Turbulent spot inception
An overview of the flow history and the instantaneous results of conditional sampling
are shown in the left panel of figure 4 in the form of a time-space diagram. This plot
represents the time history of u along a streamwise line through the domain. A white line
indicates the interface between laminar and turbulent flow. Here spots appear at some
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Figure 3. Weighted velocity profiles at γ = 0.5. (solid gray) time-averaged, (dashed)
laminar-conditioned, (doted) turbulent-conditioned, (dash-dot) intermittency weighted.

streamwise location and grow in time tracing out a path of conical growth. These spots
eventually overlap and transition is complete. The figure bears a strong resemblance to
the high density hot-film measurements of Anthony et al. (2005).
The upper and lower panels on the right of figure 4 show histograms of streamwise spot
inception location, including the intermittency profiles, and the wall normal inception
location. The majority of spot inceptions form in the first half of the transition region.
This is intuitive as the growing spots encroach on the surrounding streaky, laminar flow
where new spots could otherwise form. It is therefore apparent that not every breakdown
event results in a unique turbulent spot since larger structures originating from upstream
locations can consume incipient structures in their paths.

4. Laminar streaks
4.1. Streak detection
The streak detection algorithm works as follows. First, local maxima in the u′ perturbation field at every streamwise plane are identified. Next, local maxima in the free stream
are discarded. This requires evaluation of the instantaneous boundary layer edge. Here
the criterion uδ = 0.95U∞ (x) is selected. Finally, neighbouring maxima which are connected in successive streamwise planes are uniquely labelled. The output of the streak
detection algorithm is shown in figure 5. The laminar-turbulent discrimination demarcates the interface between the streaky laminar boundary layer and the turbulent flow.
Red and blue lines indicate the spatial coordinates of the detected positive and negative
streaks, respectively. Negative streaks are observed to be lifted towards the boundary
layer edge, while positive streaks remain close to the wall.
Streaks are tracked in time by cross-correlating the amplitude signature of each streak
in a snapshot with those in the subsequent snapshot, thus creating a temporal connection
table. This links instances of each unique streak throughout its evolution. For each streak,
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Figure 4. (Left) Time-space diagrams showing the u flow history for the DNS database. The
interface between the (light) laminar region and the (dark) turbulent region is marked in white.
(top-right) Normalised distributions of streamwise spot inception location and intermittency
distribution. (Bottom-right) Wall-normal distribution of spot inception location for each case.
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Figure 5. Side (top) and plan (bottom) views showing contours of u′ showing the identification
of positive (red) and negative (blue) streaks. Shown also is the laminar turbulent edge detection
(black) and the mean boundary layer thickness (white). (Colour online.)

as a Lagrangian object, denoted s, its spatial coordinates are known as a function of time
xs (t) and the streak amplitude during its evolution is defined by,
Asu (xs , t) ≡ u′ (x = xs , t).

(4.1)

The top panel of figure 6 shows a side view of a typical negative streak at a number of
instances in time, shaded by the amplitude, Asu (xs , t). At every streamwise position the
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Figure 6. (Top) Side view showing a single negative streak’s temporal evolution. Streak instances corresponding to every twenty convective time units are shown. The data are coloured
by streak amplitude, Asu , from light to dark. (Bottom) Asu obtained with equation 4.2. Shown
also is the mean boundary edge (solid line) and the laminar conditioned boundary layer edge
(dashed line).
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Figure 7. Averaged streak amplitude of isolated positive (solid) and negative (dashed)
streaks. The urms profiles are also shown in grey.

maximum amplitude of the streak throughout its time history is extracted,
Asu (x) = max(Asu (xs , t)),
t,y,z

(4.2)

and the wall normal position of this maximum,
y s (x) = y(Asu (x))

(4.3)

and is shown in the lower panel of figure 6.
4.2. Streak amplitude
The mean streak amplitude for all the events recorded in the database is given by:
Au =

S
1X s
A
S s=1 u

(4.4)

and is plotted in figure 7 for both positive and negative streaks. Also shown, in grey is
the wall normal maximum of urms . It is evident from the figure that the rms value, even
at its maximum under-represents the streak amplitude.
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Figure 8. (Left) Typical distributions of u′ at wall-normal location of peak urms (black) with
fitted Gaussian distribution and histograms of streak amplitude (grey) with fitted Type I GEV.
The RMS level is indicated by a dashed line. (Right) Streamwise variation of the GEV distribution. Contour lines logarithmically spaced between decades 10−1 to 101 in steps of 100.2 . Data
points show the streak amplitude at the point of breakdown to turbulence.

A more informative representation of the streak amplitude than Au is the distribution
of Au for the full population of streaks. The left-hand panel of figure 8 contrasts the
current results with measurements of the perturbation field conventionally found in the
literature. The distribution of the u′ and urms are both shown. The dashed line marks
the level of urms . Au is under-predicted and the large amplitude events at the tails of
the plot. The distribution of Au can be modelled using extreme value theory (Coles
2001). In an analog to the central limit theorem, the distribution of the maximum (or
minimum) of independent identically distributed(i.i.d.) random variables is described by
one of three possible distributions which are often unified under the generalised extreme
value (GEV ),
( 
− ξ1 )

z−µ
(4.5)
G (z : µ, σ, ξ) = exp − 1 + ξ
σ
where ξ is the shape parameter, µ is the position parameter and σ is the width parameter.
In the case of streak amplitude (e.g. figure 8), the shape parameter tends to zero
(ξ → 0) which results in a Type I, or a Gumbel distribution for Au . This type of distribution is the limiting case of an exponential parent distribution, such as the normal
distribution which is consistent with that of u′ . The GEV models the maxima of the
parent distribution and therefore only depends on the shape of its tail. This reinforces
the idea that urms is an inadequate indicator of streak amplitude because all positions
in the streaks are sampled. As such, urms masks the highest amplitude streaks.
The right-hand panel of figure 8 shows the streamwise development of the distribution
of Au for the full population of both positive and negative streaks. As in figure 7 similar
growth rates are observed for both positive and negative streaks. The tails of the distribution represent the highest amplitude streaks observed and range from 20% up to 40%
across the transition region.
Using laminar-turbulent discrimination, both the breakdown location and the amplitude of the accompanying streak may be identified. The streak amplitudes corresponding
to the detected breakdown events are plotted in the right-hand panel of figure 8. It is
found that turbulence onset is associated with high amplitude streaks, Asu ≈ 0.3U∞ ,
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considerably higher than the ums value. Note that Jacobs & Durbin (2001) observed
breakdown to turbulence to take place on the negative streaks. In the current work, both
the positive and negative streak nearest to spot inception were identified (right-hand
panel of figure 8) without a finer discrimination of the host streak.

5. Conclusions
Conditional sampling of flow fields from direct numerical simulation has been performed to study bypass transition in a zero-pressure-gradient boundary layer. Whereas
the time-averaged statistics show a smooth transition of the flow from a laminar to a
fully-turbulent state, the intermittency weighted statistics yield a distinctly different picture. With the exception of a near-wall distortion of the mean velocity due to streaks,
the non-turbulent conditioned data remains distinctly laminar throughout the transition
region. The turbulent-conditioned data is characterised by a fully-turbulent velocity profile, even from the onset of transition. The Reynolds stresses, however, initially exceed
the level of a fully-turbulent flow, but steadily decay towards these levels over the course
of transition.
Using conditional sampling, the locations of breakdown to turbulence were identified.
Breakdown is distributed in the first half of the transition region. Not all streaks undergo
secondary instability and breakdown. Of these, fewer breakdowns result in a unique
turbulent spot before they are consumed by more mature turbulent patches. The wallnormal location of spot inception is found to be distributed in the outer half of the
boundary layer. This is in agreement with the observations of Jacobs & Durbin (2001).
In an attempt to understand why particular streaks undergo breakdown to turbulence,
precipitating the above cascade, an algorithm for tracking individual streaks and extracting their amplitudes was developed. Each streak was treated as a Lagrangian event in our
statistical analysis. This can be contrasted to simple time averaging techniques where a
streak is repeatedly sampled in space and time.
The distribution of streak amplitudes was described by an extreme value model which
showed that the most probable events are on the order of 10% to 15% of the local
freestream velocity. However the strongest streaks, which are observed to breakdown to
turbulence, are less frequent and can have amplitudes of the order of 30% of U∞ .
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