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This work aims to compute sensitivity derivatives of statistical quantities in turbulent
flows to perturbations in the flow. Computing these sensitivities can enable efficient error estimation and uncertainty quantification of these statistical quantities of interest.
However, conventional adjoint based methods often diverge in turbulent flow simulations
due to its chaotic dynamics. Two new approaches are investigated: the first approach
stabilizes the conventional adjoint method by injecting additional numerical viscosity.
The second approach attempts to compute the least squares solution of the sensitivity
equation. Progress and challenges in both approaches are reported.

1. Introduction
Computational methods for sensitivity analysis are invaluable tools for fluid mechanics research and engineering design. These methods compute derivatives of outputs with
respect to inputs in computer simulations and are used for a variety of fluid mechanics applications, including aerodynamic shape optimization (Jameson 1988), adaptive
grid refinement (Venditti & Darmofal 2002), error estimation (Pierce & Giles 2000) and
uncertainty quantification.
However, traditional sensitivity analysis methods break down when applied to computing the sensitivity of long term averaged quantity of interest with respect to control
parameters in chaotic dynamic systems, or the so called “climate sensitivity” (Lea et al.
2000). As most key scientific and engineering quantities of interest in chaotic turbulent
flows are long-time averaged quantities, finding methods to compute their sensitivities
will push the frontiers of fluid mechanics. However, a number of dynamical properties of
chaotic fluid flows, most importantly extreme sensitivity to initial condition, make the
formulation of robust and efficient sensitivity analysis methods difficult.
First, the unsteady adjoint equations for the Navier-Stokes Equations are derived,
followed by an analysis of the break down of adjoint solutions when chaotic behavior
emerges. We introduce a numerical viscosity stabilized adjoint scheme, and then present
code verification cases with preliminary results. Unfortunately, the large amount of additional numerical viscosity required tends to distort the adjoint solution.
Secondly, work was done to implement the Least Squares Sensitivity (LSS) method
(Wang & Hu (2012)) in a computationally efficient manner. A geometric multigrid scheme
was implemented and investigated. Although some long-time averaged gradients were
shown to converge to their predicted values for the simple Lorenz equations, the residuals
of the LSS KKT system converged more slowly than expected, due to issues on the coarser
grid in our multigrid implementation.
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2. Numerical viscosity stabilized adjoint
2.1. Adjoint method for computing “climate sensitivity”
The incompressible unsteady Navier-Stokes, continuity and passive scalar advectiondiffusion equations with normalized density are
∂u
∂φ
+ u · ∇u − ∇ · (µ∇u) + ∇p = 0, ∇ · u = 0,
+ u · ∇φ − ∇ · (D∇φ) = 0,
∂t
∂t

(2.1)

defined on the spatial domain Ω and time interval [0 T ], where the Schmidt number
µ
Sc = D
= 1, and φ is a conserved scalar that represents the mixture fraction in a nonpremixed combustion application. With the assumption that the density of fuel, oxidizer
and their combustion product are equal, this φ can be treated as the fraction of spatial
volume occupied by fuel in each control volume around spatial discretized grid point.
Therefore, it has a value φ = 1 at fuel inlet and φ = 0 at the oxidizer (air) inlet. Details
about boundary conditions and computational domains are specified for each case in
section 2.4 and 2.5. In combustion applications it is generally desirable to mix fuel and
oxidizer as quickly as possible. This is approximately captured in the objective function:

0
(φ ≤ 0.1)




Z
2
 (φ − 0.1)
(0.1 < φ ≤ 0.2),
(2.2)
J(t) =
F (φ(x, t))x2 dΩ, where F (φ) = 5 0.85

Ω


φ
−
0.15


(0.2 < φ)
0.85
where F (φ) describes the volume ratio of unburned fuel, and x is the streamwise direction coordinate. F (φ) is derived from the assumption that both fuel and oxidizer are
all consumed under the stochiometric condition of φ = 0.15. The interim interval of
0.1 < φ ≤ 0.2 for F (φ) is added to make F (φ) differentiable, so that we can define
∂F (φ)
when deriving the variation of the objective function J(t). The function F (φ) is a
∂φ
simple approximation to the unburned fuel mass fraction, where φ = 0.15 is the assumed
stoichiometric mixture fraction and the parabolic shape for 0.1 < φ < 0.2 approximately
captures the effect of multi-step chemistry with finite reaction rates. The purpose of
F (φ) is not to be a perfect representation of combustion chemistry, but rather to be a
representative function with the correct qualitative features. The second order moment
(x2 in the formulation of J) intends to increase the sensitivity of objective function to
the actual length of unburned fuel.
Following procedures described in Dow & Wang (2011), we derived the adjoint equations
∂ û
+ (∇u) · û − u · ∇û − ∇ · (µ∇û) + ∇p̂ + φ̂∇φ = 0,
∂t
∂ φ̂
∂F (φ)
−
− u · ∇φ̂ − ∇ · (D∇φ̂) +
= 0, ∇ · û = 0,
∂t
∂φ

−

(2.3)
(2.4)

together with adjoint terminal conditions û(T ) = 0 and φ̂(T ) = 0, as well as the following
adjoint boundary conditions: û = 0, φ̂ = 0 at inlet and outlet, û = 0, ∇φ̂·~n = 0 at wall. We
also assume the outlet is located far downstream of the main flow field and the exponential
decay of downstream influence in the adjoint field, so that ∇û = 0, ∇φ̂ = 0, p̂ = 0 at the
outlet.
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Define
¯ )= 1
J(T
T

ZT
J(t)dt,

¯ ),
J¯∞ = lim J(T
T →∞

(2.5)

0

where J¯∞ is the long term averaged quantity of interest, which can be approximated
¯ ) over a long enough time interval. Given some perturbation δf to the
by averaging J(T
¯ ) and J¯∞ in Eq.
governing equations (2.1) or boundary conditions, the response of J(T
(2.5) can be computed from the formula
¯ )≈ 1
δ J(T
T

ZT

¯ ),
δf · ûdt, δ J¯∞ ≈ lim J(T
T →∞

(2.6)

0

where û is time-dependent adjoint solution.
2.2. Fundamental failure of conventional adjoint method in chaotic dynamic systems
When deriving adjoint equations, the first order Taylor expansion approximation
¯ = 1
δ J(t)
T

ZT Z

∂J
δφdΩdt
∂φ

0 Ω

is used (Dow & Wang 2011). The accuracy of this approximation depends on the magnitude of δφ(t). In a chaotic system where some small δφ(t) grows exponentially in time,
the approximation is bound to fail when T is large. Consequently, the adjoint solution
grows exponentially when running backwards in time.
2.3. An adjoint stabilization scheme for chaotic flow
Analysis in Wang & Gao (2012) shows that the relative magnitude of “adjoint energy”
production and dissipation terms determines the stability of the adjoint field. The terms
in Eq. (2.4) corresponding to the “adjoint energy” production and dissipation are (∇u)· û
and −∇ · (µ∇û), respectively. Therefore, when “adjoint energy” production exceeds dissipation and thus destabilizes the adjoint field, a potential way to overcome the exponentially growing adjoint solution is introducing additional viscosity in the adjoint
momentum Eq. (2.3), resulting in the damped adjoint equation
−

∂ û(A)
+ (∇u) · û(A) − u · ∇û(A) − ∇ · ((µ + µs )∇û(A) ) + ∇p̂(A) + φ̂∇φ = 0,
∂t

(2.7)

where û(A) and p̂(A) are damped adjoint solutions obtained by solving Eq. (2.7) instead
of Eq. (2.3).
2.4. Code verification
We verified our implementation of the momentum-scalar coupled adjoint solver, objective
¯
function and adjoint source term by comparing the adjoint sensitivity derivative ∂∂fJ
ˆ

J
with the finite difference ∆
∆f . Here f refers to the source term in Eq. (2.1), and ∆f is
the amount of perturbation added to Eq. (2.1) as the source term. Consequently, ∆J
is computed by subtracting the objective function value of unperturbed system from
that of perturbed system. The adjoint solver is implemented based on the CDP solver
developed by Center of Turbulence Research at Stanford University (Ham et al. 2006)

232

Blonigan et al.

and (Mahesh et al. 2006) and the dynamic checkpoint scheme designed by Wang et al.
(2009). The solver uses node based finite volume method with second order accuracy
in space. Temporally, flow solution advances using the Crank-Nicholson scheme. Two
verification cases are used: a quasi-2D co-annular jet and 3D jet in crossflow at Reynolds
of 57 (based on mean jet velocity and jet diameter). The quasi2D co-annular jet is a
modified and grossly simplified version of a gas turbine engine combustor. Here we use
it just as a testcase. When solving adjoint equations in these two verification cases, no
additional viscosity is added.
The flow field of the quasi-2D steady co-annular jet case is shown in Figure1. The center
pipe of length 0.5 and radial interval of 0.1-0.5 supplies fuel (φ = 1) and the annular pipe
of length 0.5 and radial interval of 0.5-0.8 supplies oxidizer (air) (φ = 0) into the main
chamber of length 6 and radial interval of 0.1-2. A contraction section of length 2 and
radial interval of 0.1-0.8 is added to eliminate local backwards flow at the outlet. Implicit
convective boundary condition is employed in CDP solver for the outlet. Two side walls
are assigned with periodic boundary conditions so that non-zero circumferential velocity
is allowed in this 2D case. Both inlets have parabolic axial velocity profiles. The air inlet
velocity has a maximum axial component of 2 and a maximum circumferential component
of 4. The fuel inlet velocity only has an axial component with a maximum value of 2.
Other parts of the boundaries are assigned with no-slip wall boundary condition.
In this case, both viscosity µ and diffusion coefficient D are equal to 0.02, and the
Reynolds number based on average fuel inlet velocity and the main chamber radius is
300. No additional viscosity is added. When fuel inlet velocity is perturbed by ±5%, the
resulting perturbation in objective function (2.5) is δJF D = 0.44 and −0.45, respectively.
In comparison,
Z
δJAdj ≈ − p̂ds
∂Ω

computed from adjoint solution gives ±0.51 respectively.
In the low Reynolds number 3D jet in crossflow case(Figure3), we use the geometry
described in Muppidi & Mahesh (2007), with a jet diameter d = 1. The main stream
crossflow velocity is u∞ = 1.0 and the mean jet velocity is ūj = 5.7. The crossflow is
laminar and the 80% boundary layer thickness is δ80% ≈ 2.17d at the location of jet exit.
A parabolic velocity profile is specified at the pipe inlet. The Reynolds number based on
mean jet velocity ūj and the jet exit diameter d is 57. No additional viscosity is added in
this case. +10% and −10% perturbations are applied to pipe inlet velocity by scaling the
jet inlet velocity with a factor of 1.1 and 0.9, and lead to the change of δ J¯F D = 29.6 and
−32.8 respectively; the unperturbed objective function value is J = 503.6. In comparison,
δJAdj computed from adjoint solution is also around 28.4 and −28.4 respectively.
2.5. Results
In the high Reynolds number 3D jet in crossflow case, the Reynolds number is increased
to 5000 by reducing viscosity. The main stream crossflow velocity profile is the same as the
jet in crossflow with Reynolds number of 57 verification case, leading to 80% boundary
layer thickness at the location of jet exit δ80% ≈ 1.32d, without jet issued. The jet inlet
velocity is a fully developed turbulent pipe flow, generated from a separate simulation
with Reynolds number 5000 (based on mean axial velocity and pipe diameter). The time
step of 0.005 non-dimensional time units (d/u∞ ) is used, and the solution first evolves
until 80 time units to allow for the transients to exit the computational domain (Muppidi
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Figure 1. Co-annular steady flow case: primal solution fields, where PHI is a scalar equal to 1
for fuel and 0 for oxidizer, and U-X, U-Y and U-z are the x, y and z velocities, respectively.

Figure 2. Co-annular steady flow case: adjoint solution fields, where PSIPHI is the adjoint variable associated with PHI, and PSIU-X, PSIU-Y and PSIU-Z are the adjoint variables associated
with the x, y and z velocity fields.

& Mahesh 2007). Simulation is further performed to 120 time units, and runs backwards
with 5000 steps.
Finite difference cases also run across the same time length, and indicate that +10%
and −10% perturbation added to jet inlet velocity can deviate time averaged objective
function J¯ (see Eq. (2.5)) by δ J¯ ≈ 60 and −60 respectively. In comparison, with additional viscosity 100 times laminar viscosity, we have δ J¯adj100 computed from adjoint
solution larger than 150 or less than −150, respectively; with additional viscosity 150, we
have δ J¯adj150 computed from adjoint solution larger than 120 or less than −120, respectively. The discrepancy between the adjoint sensitivity derivative and the finite difference
shows that although the sign of change in time averaged objective function is correctly
calculated from damped adjoint solutions, these damped adjoint solutions may introduce
significant error when they are used to compute variation in time averaged objective
functions.
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Figure 3. Jet in crossflow with Reynolds number 57 case: Left top: iso-surface of φ = 0.045,
flooded by x-coordinates; Right top: adjoint scalar variable φ̂ near jet exit at symmetric plane;
Left bottom: x component of adjoint velocity ûy near jet exit at symmetric plane; Right bottom:
y component of adjoint velocity ûy near jet exit at symmetric plane.

3. Least Squares Sensitivity (LSS) Method
Conventional method for computing adjoint solutions fails in ”climate sensitivity”
analysis in turbulent flow simulations, due to the chaotic property of the system. Section
2 shows that the adjoint stabilization scheme stabilizes adjoint solution, but fails to
compute the correct value in the chaotic turbulent flow field. A rigorous method for
computing “climate sensitivity” of chaotic dynamic system is Least Squares Sensitivity
(LSS) method. This LSS method finds a “shadow trajectory” in phase space such that
instantaneous difference between the perturbed and unperturbed systems does not grow
exponentially. This can be illustrated using Lyapunov exponents and their corresponding
modes, as in Wang (2012). A chaotic system has at least one stable mode corresponding to
a negative Lyapunov exponent, one unstable mode corresponding to a positive exponent,
and one neutrally stable mode corresponding to a zero exponent. The unstable mode
causes perturbations to grow exponentially, as shown in Figure5 for the Lorenz equations.
However, the unstable mode will converge exponential when solved backwards in time.
Therefore, a shadow trajectory that does not diverge exponentially is formed by solving
stable and neutrally stable modes forwards in time and solving unstable modes backwards
in time (Wang 2012). Such a trajectory is shown in Figure6.
To find this shadow trajectory, an optimization problem is solved, where the objective
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Figure 4. Jet in crossflow at Reynolds number 5000 case: Left top: iso-surface of φ = 0.15,
flooded by x-coordinates; Right top: adjoint scalar variable φ̂ near jet exit at symmetric plane;
Left bottom: x component of adjoint velocity ûy near jet exit at symmetric plane; Right bottom:
y component of adjoint velocity ûy near jet exit at symmetric plane.

function is the L2 norm of the tangent solution (Wang & Hu 2012). That is, for some
∂u
system of equations ∂u
∂t = f (u), the tangent equations are solved, where v = ∂s :
1
η,v(t) 2

Z

T

kvk2 dt,

min

0

s.t.

∂v
∂f
∂f
=
v+
+ ηf ,
∂t
∂u
∂s

0 < t < T,

(3.1)

where η is a time dilation constant, whose purpose is explained in Wang (2012).
This optimization problem can be formulated as a linearly contrained least-squares
problem, with the following Lagrange multiplier equation, derived using calculus of variations:
∂v
∂f
∂f
=
v+
+ ηf
∂t
∂u
∂s

∂w
∂f T
=−
w−v
∂t
∂u

Z
w(0) = w(T ) = 0

T

f T w dt = 0 (3.2)

0

By solving Eq. (3.2), the LSS method has changed the tangent equation from an initial
value problem to a boundary value problem. This problem can be solved by inverting
the KKT system of Eq. (3.2) shown in Eq. (4.6) in Wang & Hu (2012). The LSS method
has been carried out by inverting the KKT matrix, and correct gradients were obtained
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Figure 5. XZ- plot of the phase space trajectory for the Lorenz equations (solid line) and
a tangent solution trajectory (dashed line).
Note the divergence of the tangent trajectory.

Figure 6. XZ-plot of the phase space trajectory for the Lorenz equations (solid line) and
its corresponding shadow trajectory (dashed
line) found using the LSS method.

for the Van Der Pol and Lorenz equations, as well as a simple aeroelastic model of an
airfoil (Wang & Hu (2012)).
This KKT system is a block matrix system, where each block is n by n, where n is the
number of states (i.e. the number of nodes in a CFD simulation). There is one equation
for v and one equation for w at each time step, as well as an additional constraint
due to the time-dilation term η. Note that as the system is symmetric, the adjoint
is computed simply by changing the right hand side, allowing many gradients to be
computed simultaneously.
However, the KKT system is quite large, with 2mn + n + 1 by 2mn + n + 1 elements
for m time steps. For a discretization with a stencil of five elements, the matrix would
have approximately 23mn non-zero elements. Consider a CFD simulation with 1 × 105
nodes (n = 1 × 105 ) and 16000 time steps. For this simulation, the KKT matrix would
be 3.2 × 109 by 3.2 × 109 with 3.7 × 1010 non-zero elements. Therefore, to use the LSS
method on CFD problems, a method is needed to solve the KKT system without forming
the entire matrix.

4. Multigrid In Time
A geometric multigrid in time method is one possible method to solve the KKT system
(Eq. (4.6) in Wang & Hu (2012)) with less memory usage and computation time than
that required to form and directly invert the KKT matrix. To apply a multigrid to the
KKT system, a tridiagonal system is sought. Such a system can be formed by taking the
Schur complement of the KKT matrix, shown below with the nomenclature from Wang
& Hu (2012). Note that this is equivalent to forming a 2nd order ODE from the forwards
and backwards equations from the KKT system.
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F0 F0T + G1 GT1
F1 GT1
..
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G1 F1T
F1 F1T + G2 GT2
..
.

G2 F2T
..
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FN −1 FNT −1 + GN GTN
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.
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(4.1)
Restriction is achieved by eliminating every second equation and prolongation is carried
out by linear interpolation. A “V” cycle was used, in which the system is coarsened until
only one equation remains, then prolonged back to the full fine grid. Gauss-Seidel was
used for relaxation, with 4-10 cycles before restriction and after prolongation on each
level.
The scheme was found to be unstable if the under-relaxation factor is kept the same
on the coarser grid. An empirical formula was used to reduce the under-relaxation factor
as the time-step ∆t increases on the coarse grid.
To compute the correct gradients, the time-dilation term η must also be computed.
This term corresponds to a perturbation tangent to the phase space trajectory, or a
perturbation corresponding to the zero Lyapunov exponent. η is present in Eq. (3.1),
meaning it effect the right hand side of Eq. (4.1). If η is considered to be a design
variable in the least-squares optimization problem outlined in Wang & Hu (2012), the
partial derivative of the Lagrangian with respect to η is:
N

∂L X T
=
fi wi = 0.
∂η
i=1

(4.2)

This equation is the discrete version of Eq. (3.2) and is also present in the KKT matrix
shown in Eq. (4.6) in Wang & Hu (2012). To find η, Eq. (4.2) is used to update η during
each relaxation iteration as follows:
ηi+1 = ηi −

N
X
f T wk
k

k=1

fkT fk

Note that f T1fk was a best guess for a stable step-size scaling, not the optimal step-size.
k
The multigrid in time method was tested on the Lorenz equations.
dx
dy
dz
= s(y − x),
= x(r − z) − y,
= xy − bz
dt
dt
dt
The method was used to compute the gradient of time-averaged z with respect to the
parameters b, r, and s:
dz̄
dz̄
dz̄
= 0.122,
= 1.00,
= −1.67.
(4.3)
ds
dr
db
The gradients with respect to r and b are within the error bounds of the finite difference
obtained by Wang (2012) using linear regression, while the gradient with respect to s is
slightly over-predicted:
dz̄
dz̄
dz̄
= 0.16 ± 0.02,
= 1.01 ± 0.04,
= −1.68 ± 0.15.
ds
dr
db
The gradients converged within 20-30 cycles, as shown in Figure7. However, the residual
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Figure 7. Convergence of the gradient of
time-averaged z with respect to r, as computed using multigrid in time with 10 relaxation iterations before restriction and after
prolongation on each level.

Figure 8. L2 norm of the residual while solving for the gradient of time-averaged z with
respect to r using multigrid in time. Similar
behavior was observed when computing other
gradients

of the system did not converge as quickly, as in Figure8. In fact, the residual was not
observed to converge to machine precision until around 104 cycles. Subsequent analysis
conducted under NASA support with NIA collaboration at the NASA Langley Research
Center explored the causes of the slow convergence of the residual. Firstly, the method
was analyzed by conducting Ideal Coarse Grid (ICG) iterations, as defined in Diskin et al.
(2004). The convergence of the ICG iterations was found to be satisfactory, suggesting
that the relaxation scheme was working well and the convergence issues arose from the
grid coarsening scheme. Also, convergence on individual grids was analyzed. It was found
that the residual actually diverged on the coarsest grids. Finally, the method was carried
out on a chaotic PDE system, the Kuramoto-Shivashinsky (KS) Equation and the same
convergence issues were observed.
Although our current implementation of the multigrid in time method found correct
gradient values, the residual convergence issues make the robustness of the method questionable. The multigrid analysis methods carried out indicate that different coarsening
techniques need to be explored to ensure textbook multigrid convergence to a near-zero
residual.

5. Conclusion
In summary, two methods for sensitivity analysis of chaotic, turbulent flows were investigated this summer. First, an adjoint stabilization scheme is applied to a turbulent jet
in crossflow. The implementation of adjoint solver, objective function and adjoint source
term are verified with a steady quasi-2D co-annular flow and a 3D jet in crossflow with
Reynolds number 57. For a chaotic, turbulent 3D jet in crossflow at Reynolds number
5000, although the adjoint field can be stabilized by introducing additional viscosity, the
necessary amount of this additional viscosity is between 100 ∼ 200 times laminar viscosity. Further research is being conducted to determine the minimum amount of additional
viscosity necessary to stabilize the adjoint field, and to investigate errors introduced
through this additional viscosity by comparing the variation of the gradients of time
averaged quantities computed from the adjoint solution and finite difference.
Second, the LSS method was investigated. Although the LSS method is a promising
new way to analyse chaotic, turbulent flows, implementing it in a memory efficient and
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computational efficient manner is challenging. A geometric multigrid in time method has
been implemented and was able to compute correct gradients; however, slow residual convergence indicated issues with the grid coarsening method. Different coarsening methods
could enable textbook multigrid efficiency, which would be major progress towards an
LSS implementation for CFD solvers.
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