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We present a Runge-Kutta discontinous Galerkin (RKDG) method to solve the level
set advection equation arising in the conservative level set method. We show results obtained using the method of manufactured solutions demonstrating k + 1 order accuracy
for k-th order Legendre polynomial basis functions. The RKDG conservative level set
method yields superior results compared to standard finite difference approaches of solving the level set equation in a number of different standard test cases, including the solid
body rotation of a notched disk and the deformation of a circle respective sphere in deformation fields. To calculate the curvature of a level set iso-surface from the discontinuous
level set solution, we present a scheme that is of order k − 1.

1. Introduction
The level set method is a popular approach to follow the motion of interfaces in numerical simulations (Sethian 1996). It has been widely used in simulations of multiphase flows
involving phase interfaces. While exhibiting some advantages over alternative numerical
approaches to capture the interface, level set methods have the distinct disadvantage that
they are not locally volume conserving for divergence-free velocity fields. That is, there
is no built-in discrete constraint that conserves the volume enclosed by the iso-surface
of the level set scalar that defines the position of the interface. Numerous numerical
methods have been devised to overcome this issue by coupling the level set method to
other, better volume-conserving interface capturing or tracking methods (see for example
Sussman & Puckett 2000; Enright et al. 2002).
The approach proposed by Olsson & Kreiss (2005); Olsson et al. (2007), on the
other hand, reformulates the level set scalar as a conserved quantity itself by using
the divergence-free velocity constraint of low Mach number flows. As such, the level set
scalar, in essence, becomes a smeared out Heaviside function. While this conservative
level set (CLS) method strictly speaking still does not guarantee discrete conservation
of the level set iso-scalar enclosed volume if the thickness of the smeared out Heaviside function is non-zero, the method exhibits drastically improved volume conservation
properties compared to other popular level set methods that are based, for example, on
a distance function formulation. The CLS method has, for example, been successfully
applied to atomizing flows by Desjardins et al. (2007); Desjardins & Pitsch (2009, 2010).
The discrete volume conservation quality of the CLS method is directly linked to the
imposed thickness of the smeared out Heaviside function. Numerical methods that are
able to solve the linear level set advection equation with minimum numerical dissipation and dispersion for a nearly discontinuous solution variable are thus ideal candidates
for the CLS method. Discontinuous Galerkin methods potentially fall into this category.
They have the added benefit that they are easy to parallelize and thus applicable to
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many modern massively parallel supercomputer platforms. In this report, we present a
Runge-Kutta Discontinous Galerkin method in quadrature-free form for solving the advection equation of the CLS method. We follow to a significant extent the work done
by Czajkowski & Desjardins (2011); however, we introduce some key modifications and
developments that allow the method to be formally of order k + 1 for k-th order Legendre
polynomial basis functions and provide a method to calculate interface curvature with
order k − 1.

2. Method
To capture the location of the phase interface, we follow the CLS method originally
introduced by Olsson & Kreiss (2005); Olsson et al. (2007). Identifying the iso-surface
of the level set scalar G = 0.5 to coincide with the location of the phase interface, the
advection equation for the level set scalar in the incompressible limit, i.e., ∇ · u = 0, is
∂G
+ ∇ · (Gu) = 0 .
(2.1)
∂t
Following a standard interpretation of a level set scalar, i.e. G has meaning only at
the phase interface, one is theoretically free to choose any definition of G away from the
G = 0.5 iso-surface. Following Olsson et al. (2007), we propose to define G as




φ(x, t)
1
G(x, t) =
tanh
+1
(2.2)
2
2ε
away from the interface, where φ is the signed minimum distance to the fluid interface
and ε defines a spreading width of the level set scalar G. To ensure G remains close to
Eq. (2.2), one needs to periodically reinitialize the level set scalar by solving the following
conservative PDE (Olsson et al. 2007)
∂G
+ ∇ · (G (1 − G) n) = ∇ · (ε (∇G · n) n) ,
(2.3)
∂τ
where τ is a pseudo time and n is the fluid interface normal.
In this report, we will focus on solving Eq. (2.1) leaving details for solving the reinitialization equation (2.3) for future work. To solve Eq. (2.1), we will follow in essence
the approach introduced by Czajkowski & Desjardins (2011) and use a Runge-Kutta
Discontinuous Galerkin (RKDG) method in quadrature free form; (see Cockburn & Shu
2001, and references therein). With it, one expresses G as a linear combination of basis
functions bn within each control volume,
G=

NG
X

gn (t)bn (x),

(2.4)

n=0

where gn are the time-dependent coefficients weighting the spatial basis functions bn .
We propose using orthonormal Legendre polynomials in 3D space for bn , constructed by
a standard Gram-Schmidt procedure from the 3D monomials xa y b z c . Using monomial
variables of degree k thus results in a function space of dimension NG + 1 = (k + 1)3 .
Expressing the velocity in a similar manner using the same orthonormal Legendre basis
functions,
NG
X
u=
un (t)bn (x) ,
(2.5)
n=0
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substituting into Eq. (2.1), multiplying by each basis function, and integrating by parts
over each control volume results in
Z
Z
∂bn
∂gn
j
j up up
up
= uk gi
bk bi
dV + uk gi
Nj bup
(2.6)
k bi bn dS ,
∂t
∂x
j
V
S
where N is the control volume V face S normal vector, and the index up indicates the
face upwind direction. Note that because the above equation is linear in G, a simple
upwind flux function without limiters is sufficient if combined with a strong stabilitypreserving Runge-Kutta (SSP-RK) k + 1 stage time integration method of order k + 1
under a CFL constraint of (Cockburn & Shu 2001)
CFL =

1
.
2k + 1

(2.7)

The resulting scheme has a spatial order of accuracy of k + 1. Since the integral terms in
Eq. (2.6) contain no dependency on the actual solution and are instead dependent only
on the time-invariant basis functions, they can be pre-computed analytically and stored
using a compressed sparse data storage format.
The RKDG-CLS method has been implemented within the context of the Refined
Level Set Grid (RLSG) method (Herrmann 2008). The advantage of this approach is
that Eq. (2.6) needs to be solved only in a narrow band containing the G = 0.5 isosurface. This significantly reduces the overall cost of the scheme, since on a per cell basis,
RKDG methods tend to be costly due to their large degrees of freedom per cell, (k + 1)3 ,
and their relatively small CFL number, typically necessitating sub-cycling.
2.1. Curvature calculation
Calculating interface curvatures in the RKDG-CLS method can be a challenge due to
the discontinuous nature of the DG approach. While it might be possible to use a height
function technique using the values of the level set scalar G directly, thereby interpreting
G as a smoothed volume fraction, here we want to retain the interpretation of G as a level
set scalar and define the interface curvature as the curvature of the G = 0.5 iso-surface.
To maintain high order,
P we propose the following approach:
(a) Calculate φ =
φn bn (x), by inverting Eq. (2.4) and projecting onto the basis
functions bn using Gaussian quadrature.
(b) Project φ onto an extended polynomial space of order (3k + 2)3 using a 3x3x3 cell
stencil employing a quadrature-free formulation, yielding φex .
(c) Contour the φex = 0 iso-surface using a recursive marching tets algorithm.
(d) Evaluate the curvature κ = ∇ · (∇φex /|∇φex |) at the centroid of each contoured
ex
φ = 0 surface triangle.
(e) Calculate the cell curvature as the surface triangle area weighted average of the
individual surface triangle curvatures.
The above algorithm is likely not the most efficient way to calculate interface curvature
with high-order accuracy, but it represents an initial attempt for such an algorithm.

3. Results
3.1. Method of manufactured solutions
The method of manufactured solutions (MMS), as described by Roache (2002), is used
for code verification. With it, the advection equation for G is modified by adding a source
term Q(x, t), chosen such that the exact solution of the modified equation is equal to an
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Figure 1. MMS velocity field u.

Figure 2. MMS source term Q.

arbitrary predefined solution Gex . The source term Q can be simply derived analytically
from
∂Gex
+ ∇ · (Gex u) .
(3.1)
Q(x, t) =
∂t
Here, we chose as the exact solution
1
+ sin(2πx) cos(2πy)
2
and set the velocity field, depicted in Figure 1, equal to

T
1
2
2
2
2
2
u=
− sin(x + y ), cos(x + y ) − , 0
,
2
5
Gex =

(3.2)

(3.3)

resulting in

Q = −2 cos x2 + y 2 x (1/2 + sin (2 π x) cos (2 π y))

+2 0.5 − sin x2 + y 2 cos (2 π x) π cos (2 π y)

−2 sin x2 + y 2 y (1/2 + sin (2 π x) cos (2 π y))


−2 cos x2 + y 2 − 0.4 sin (2 π x) sin (2 π y) π,
shown in Figure 2.
Substituting into Eq. (2.6) then gives
Z
Z
Z
∂gn
∂bn
up
dV + ujk up giup
bk bi
= ujk gi
Nj bup
b
b
dS
+
Qbn dV ,
n
k i
∂t
∂xj
V
S
V

(3.4)

(3.5)

where the integral containing Q is evaluated using seven-point Gaussian quadrature in
each spatial direction. Simulations are performed on a unit-sized domain centered on the
origin until steady state is reached starting from an initial condition of G = 0. Dirichlet
boundary conditions using the exact solution are used on all boundaries.
Figure 3 shows the evolution of the solution until it reaches steady state at roughly
t = 4.3 for the k = 4 RKDG-CLS method, denoted RKDG-CLS-4 in the following. The
error of the steady state solution, depicted in the bottom right of that figure, is located
predominantly along the curved line where the velocity vectors converge (see Figure 1).
Finally, Table 1 shows the L∞ and L1 norms of the error at steady state of a grid
refinement study for k = 4 order polynomials together with the associated orders of
convergence. As expected, the L1 norm of the error converges with k + 1 order; however,
the L∞ norm exhibits only k-th order convergence. The reason for this warrants further
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Figure 3. Solution G of MMS test case for ∆x = 1/40, RKDG-CLS-4 for t = 0.2, 0.5, 1.0, 2.0,
4.3 time units, and error E at steady state (from top left to bottom right).

∆x

L∞

L1

1/10
1/20
1/40
1/80
1/160

2.65e-5
2.13e-6
1.16e-7
6.32e-9
3.95e-10

3.37e-6
1.03e-7
3.32e-9
1.07e-10
3.43e-12

order L∞ order L1
3.6
4.2
4.2
4.0

5.0
5.0
5.0
5.0

Table 1. Error norms of MMS test case and their order of convergence under grid refinement
for RKDG-CLS-4.

study, but is potentially associated with the chosen convergent velocity field and the
used upwinding technique, since the errors are predominantly located in that region (see
Figures 1 and 3).
3.2. Solid body rotation of a notched disk
The solid body rotation of a notched circle, also known as Zalesak’s disk (Zalesak 1979),
is one of the standard test problems for evaluating the accuracy of level set methods in
maintaining sharp corners. A disk of radius 0.15, notch width 0.05, and notch height 0.25
is placed in a unit-sized box at (0.5, 0.75). The velocity field is given by
u(x, t) = (0.5 − y, x − 0.5)T ,

(3.6)
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90
80
70
60
Figure 4. Zalesak’s disk. From left to right: LS-WENO-5 (∆x = 1/100 & 1 rotation) (Herrmann

1/50 &
RKDG-CLS-4
rotation);
30 2008);
40 RKDG-CLS-4
50
60 (∆x70=30
401 rotation);
50
60
70 30 (∆x40= 1/100
50 & 160
70 30
RKDG-CLS-4 (∆x = 1/50 & 45 rotations). Exact solution shown as a thin line.

∆x
1/50
1/100
1/200
1/400

E, k = 2 E, k = 3 E, k = 4 order, k = 2 order, k = 3 order, k = 4
1.10e-2
4.30e-3
2.43e-3
1.16e-3

4.16e-3
1.31e-3
6.50e-4
3.05e-4

1.91e-3
5.98e-4
2.19e-4
8.81e-5

1.4
0.8
1.1

1.7
1.0
1.1

1.7
1.4
1.3

Table 2. Zalesak’s disk shape errors and order of convergence for RKDG-CLS-k method after
one full rotation.

and the time step size is set using the maximum stable CFL number. Figure 4 shows the
shape of the interface at t = 2π after one full rotation of the disk using a distance function
level set WENO-5 approach (Herrmann 2008), denoted LS-WENO-5 in the following, on
a ∆x = 1/100 equidistant Cartesian mesh compared to the results of the RKDG-CLS-4
method using ∆x = 1/50 and ∆x = 1/100. As shown, the RKDG-CLS-4 results are
vastly superior. Even after 45 rotations on the ∆x = 1/50 mesh, shown on the right of
Figure 4, the notched disk is very well preserved and less deformed than the LS-WENO-5
solution after only a single rotation on a twice finer mesh.
Table 2 summarizes the shape error, defined as
R
|H(G) − H(Gex )|dA
E= A R
,
(3.7)
H(Gex )dA
A
and evaluated employing a recursive cell refinement algorithm using marching triangles to
calculate the phase interface position, and Gex denoting the exact solution, for different
RKDG-CLS-k. Overall shape errors are small; however, the convergence rate in this
metric appears to approach first order, independent of the order of the employed RKDG
basis functions. This appears to be due to the fact that shape errors for the RKDG-CLS
methods are confined to the sharp corner regions that represent a discontinuity in the
solution gradients and are thus captured with the employed Legendre basis functions
at best with first order. It should be noted though that even if the convergence rates
appear to converge to first order for all analyzed k, increasing k with a fixed ∆x reduces
errors significantly. Of course, increasing k increases the numerical cost of the scheme.
Approximating the cost C as being proportional to the total number of degrees of freedom
in the problem, N 2 (k + 1)2 , times the required time steps per time unit due to the CFL

40

50

60

70
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shape error E

10−2

10−3

10−4
105

106

107

108

cost C

Figure 5. Shape error E as a function of scheme cost C; RKDG-CLS-2 (dotted line),
RKDG-CLS-3 (dashed line), RKDG-CLS-4 (solid line).

number restriction, 2k+1, times the increased number of operations per coefficient update
in Eq. (2.6), k,
C ∼ N 2 (k + 1)2 (2k + 1)k .

(3.8)

Figure 5 shows that increasing the order k of the scheme is preferable to increasing only
the number of mesh points per spatial direction N , even in a scenario where the error is
dominated by discontinuities in the solution gradient and thus the full k + 1 convergence
rate of the RKDG-CLS scheme is not obtainable.
3.3. Column in a deformation field
The column or circle in a deformation field problem introduced by Bell et al. (1989) and
applied as a level set test problem by Enright et al. (2002) tests the ability of the level
set method to resolve and maintain ever thinner filaments. A column of radius R0 = 0.15
and center (0.5, 0.75)T is placed inside a unit sized box. The velocity field is given by the
stream function
1
(3.9)
Ψ(x, t) = sin2 (πx) sin2 (πy) cos(πt/T ),
π
with T = 8 and first stretches the column into ever thinner filaments that are wrapped
around the center of the box, then slowly reverses, and pulls the filaments back into the
initial circular shape.
Figure 6 shows the interface shape at the moment of maximum extension t = T /2 and
after full flow reversal at t = T , for the LS-WENO-5 scheme using ∆x = 1/128 (Herrmann
2008), and RKDG-CLS-4 using ∆x = 1/64 respective ∆x = 1/128. The RKDG-CLS-4
method gives clearly superior results, is able to sustain the trailing filament well, and
recovers the exact solution of a circle well even on a twice coarser mesh as the LS-WENO5 method. Finally, Table 3 shows the shape error at t = T as a function of grid spacing
∆x for both the RKDG-CLS-3 and RKDG-CLS-4 methods.
3.4. Sphere in a deformation field
To demonstrate the performance of the RKDG-CLS method in three dimensions, the
sphere in a deformation field case proposed by Enright et al. (2002) is performed. A
sphere of radius R0 = 0.15 is placed at (0.35, 0.35, 0.35)T inside a unit box, whose time-

0.9
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Figure 6. Interface shape of column in a deformation field at t = T /2 (top row) and t = T

left to 0.7
right:
with ∆x0.6
= 1/128
RKDG-CLS-4
0.3 (bottom
0.4 row);
0.5 from0.6
0.3LS-WENO-5
0.4
0.5
0.7(Herrmann
0.3
0.42008),0.5
0.6
0.7 0.3
method with ∆x = 1/64 and ∆x = 1/128. Thin line marks reference solution.

∆x
1/64
1/128
1/256

E, k = 3 E, k = 4 order, k = 3 order, k = 4
1.65e-2
3.91e-3
1.26e-3

7.98e-2
2.01e-3
6.22e-4

2.1
1.6

2.0
1.7

Table 3. Shape errors and order of convergence for RKDG-CLS-k method after full flow
reversal at t = T .

dependent velocity field is given by
u = 2 sin2 (πx) sin(2πy) sin(2πz) cos(πt/T )
v = − sin(2πx) sin2 (πy) sin(2πz) cos(πt/T )

(3.10)
(3.11)

w = − sin(2πx) sin(2πy) sin2 (πz) cos(πt/T ) ,

(3.12)

with T = 3. Figure 7 shows the interface shape at t = T /2, the time of maximum
deformation, and t = T after full flow reversal, for the LS-WENO-5 method using ∆x =
1/128 and RKDG-CLS-4 using ∆x = 1/32 respective ∆x = 1/128. Again, RKDG-CLS-4
yields superior results, even on a factor of four coarser mesh compared to the LS-WENO5 method. Even without reinitialization of the RKDG-CLS method, volume conservation
is significantly improved compared to LS-WENO-5. Whereas the latter loses 27.4% of
volume at t = T using ∆x = 1/128, the former loses only 0.27% using ∆x = 1/32.

0.4

0.5

0.6
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Figure 7. Sphere in a deformation field interface shape at t = T /2 (top row) and t = T (bottom
row); from left to right: LS-WENO-5 with ∆x = 1/128, RKDG-CLS-4 with ∆x = 1/32 and
∆x = 1/128.

L∞

order

∆x

WENO-5

k=2

k=3

k=4

8/40
8/80
8/160
8/320
8/640

2.00e-3
3.82e-4
8.77e-5
2.21e-5
5.41e-6

2.13e-3
1.17e-3
4.02e-4
1.63e-4
6.61e-5

3.78e-5
9.29e-6
2.31e-6
5.78e-7
1.45e-7

2.41e-7
1.56e-8
1.45e-9
2.53e-10
1.38e-11

WENO-5 k = 2 k = 3 k = 4
2.4
2.1
2.0
2.0

0.9
1.5
1.3
1.3

2.0
2.0
2.0
2.0

3.9
3.4
2.5
4.2

Table 4. Curvature error for circle test case compared to interface projected curvature using
LS-WENO-5 method (Herrmann 2008).

3.5. Curvature evaluation
To test the curvature evaluation algorithm, a circle of radius R = 2 is placed inside an 8x8
box. Table 4 shows the L∞ norm of the curvature error. As can be seen, the RKDG-CLS
method curvature converges with at least order k − 1, whereas the interface projected
distance function curvature (Herrmann 2008) converges with second order only.

4. Conclusions
We have presented a Runge-Kutta Discontinous Galerkin (RKDG) method to solve
the partial differential advection equation arising in the conservative level set (CLS)
method of Olsson & Kreiss (2005); Olsson et al. (2007). Our method is similar to the one
proposed by Czajkowski & Desjardins (2011); however, we use higher-order velocity fields
to retain the formal order of the method as k + 1 for k-th order Legendre polynomial
basis functions, as demonstrated by the method of manufactured solutions. The RKDG-
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CLS method yields superior results compared to standard finite difference approaches
of solving the level set equation in a number of different standard test cases, including
the solid body rotation of a notched disk and the deformation of a circle respective
sphere in deformation fields. To calculate the curvature of a level set iso-surface from the
discontinuous level set solution, we present a scheme that is of order k − 1.
To improve the already good volume conservation properties of the proposed method,
future work will focus on coupling the advection equation of the conserved level set scalar
to the reinitialization equation.
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