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A new level set equation and its numerical
assessments

By A. Ovsyannikov†, V. Sabel’nikov‡ AND M. Gorokhovski†

This paper is devoted to the further modification of the level set approach, introduced
by Sussman et al. (1994). In this method, if the flow velocity in the transport level set
equation is not constant, the gradient of the level set scalar may grow rapidly with time.
This leads to a strong distortion of the level set function, with loss of accuracy in nu-
merical integration. In level set methods, this problem is remedied by a re-initialization
procedure, providing the satisfaction of Eikonal equation by iterations at each time step.
In this paper, we modified the level set equation in such a way that the Eikonal equation
is satisfied directly from the modified form of the equation. In various tests problems (in-
terface deformation by vortex flow, advection of Zalesak’s rotating disk, oscillating circle
test, interface subjected to strain and vorticity), this modification allowed to enhance
significantly the numerical efficiency and even the numerical accuracy when the veloc-
ity field was functional of the level set function. This paper provides the comparative
analyses of the interface location error, of the mean deviation from the signed distance
property, and of errors of the interface curvature for standard and modified level set
equation. The proposed modification of the level set equation is easy to implement into
any level set approach.

1. Introduction

In level set methods (Osher & Sethian 1988; Sussman et al. 1994, 1999; Gibou et al.
2003), the interface is associated with the zero level (front) G0 = {x;G (x, t) = 0} of a
continuous level set function G, which is governed by the following field-equation:

∂G

∂t
+ u · ∇G = 0, G(x, t = 0) = f (x). (1.1)

In this transport equation, u(x, t) represents the flow velocity field, f (x) is a given func-
tion. The local outward pointing unit normal is given by:

n(x, t) = −∇G(x, t)/|∇G(x, t)|. (1.2)

A simple statement of the usual problem addressed to (1.1) is this: if the flow velocity is
not constant, the level set function becomes very steep or flat. An example is the inter-
face subjected to non-rotational uniform strain: with time, the gradient of the level set
function grows or decays exponentially. This may lead to loss of accuracy by a numerical
integration of (1.1). In level set methods, this problem is remedied by re-initialization pro-
cedure (e.g. Sussman et al. 1994; Merriman et al. 1994; Hartmann et al. 2008), i.e. by the
reconstruction of the level set function with the aid of the Eikonal equation (e.g. Arnold
1983):

|∇G| = 1. (1.3)
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The solution of (1.3) is the signed distance function with respect to the zero level set.
Strictly from a mathematical viewpoint, (1.1) and (1.3) are not compatible (e.g. Gomes &
Faugeras 2000): (1.3) is not the evolution equation. As a consequence, even if the initial G-
function is defined to be a signed distance function, the solution of (1.1) does not retain
property (1.3) in the general case. In order to circumvent this problem, the prevalent
practice is to replace the non-evolutional Eikonal equation (1.3) by the evolutional one,
with artificial time (e.g. Sussman et al. 1994; Russo & Smereka 2000; Hartmann et al.
2008, 2010):

∂Gν

∂τ
+ S(G̃) (|∇Gν | − 1) = 0. (1.4)

Here G̃ is the solution of (1.1), which does not satisfy (1.3) and S(G̃) is the smoothed
sign function presumed in the following form:

S(G̃) =
G̃

√

G̃2 + ǫ2
, ǫ ≪ 1. (1.5)

Analytically, it is stated that in the limit τ → ∞, the solution of (1.4) tends to the unique
viscosity solution of (1.3) without perturbation of the zero level set. However, it has been
noted by several authors (Sussman et al. 1999; Russo & Smereka 2000; Gomez et al. 2005)
that discretization and numerical solution of (1.4) may shift the zero level set, and thereby
may incur errors in solution of (1.1). Different ways of alleviating this problem were
proposed in Sussman et al. (1999); Russo & Smereka (2000). One way is to embed (1.3)
directly in formulation of the level set problem. This may be provided by a new velocity
field in (1.1), such that outside of the zero level, the distances between different level
sets remain constant along the normal vector to the zero level isosurface. The approach
is referred to as the extension velocity approach, and is formulated in Zhao et al. (1996);
Adalsteinsson & Sethian (1999). For a level set function ϕ(x, t), with ϕ(x, t = 0) =
G(x, t = 0) = f (x), it reads:

∂ϕ

∂t
+ u

ext · ∇ϕ = 0, (1.6)

where u
ext is the extension velocity constructed from:

∂

∂n

(

u
ext · n

)

= 0. (1.7)

In (1.7), n is the coordinate along the normal vector n to the isosurface ϕ0 = {x;ϕ(x) =
0}. Since the normal vector n(x, t) does not change along the characteristics of the Eikonal
equation (Arnold 1983), equation (1.7) embeds the extension velocity to be unchanged
along those characteristics; i.e. by (1.7), the Eikonal equation is satisfied for all time, and
u

ext|n=0 = u|n=0. As an alternative to separate formulation (1.7) and (1.6), our question
is: if the field-equation (1.1) is modified directly by the explicit expression of the extension
velocity, in a such way that the Eikonal equation is automatically satisfied, then what
are the advantages? This question motivated our present study. The new formulations of
the level set equation, with the eventual simplifications, are obtained in this paper, and
the results of computation are illustrated by comparison with the standard approach in
different test cases.
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2. The level set equation with source term

Let us consider the following initial value problem

dϕ

dt
=

∂ϕ

∂t
+ u · ∇ϕ = A(x, t)ϕ, (2.1)

ϕ(x, t = 0) = ϕ0(x), (2.2)

where ϕ0(x) is a signed distance function:

|∇ϕ(x, t = 0)| = |∇ϕ0(x)| = 1. (2.3)

Additionally, we require that

|∇ϕ(x, t)| = 1 ∀t > 0, (2.4)

in order to determine A(x, t) in (2.1). To this end, let us differentiate (2.1) with respect
to xi, and then multiply it by 2∇iϕ, where ∇iϕ = ∂ϕ

∂xi
= −ni. Summing over the suffix

i, one yields:

d|∇ϕ|2

dt
= −2ni

∂uk

∂xi

nk − 2niϕ
∂A

∂xi

+ 2A(x, t). (2.5)

To satisfy (2.4), RHS in (2.5) has to be zero. Hence

−ni

∂uk

∂xi

nk − niϕ
∂A

∂xi

+ A(x, t) = 0. (2.6)

Recognizing further that along the coordinate n, which is defined by the normal n, we
have ni

∂
∂xi

= ∂
∂n

, and that along the characteristic of the Eikonal equation ∂nk

∂n
= 0

(Arnold 1983), one gets:

−
∂uk

∂n
nk − uk

∂nk

∂n
− ϕ

∂A

∂n
+ A(x, t) = 0. (2.7)

Taking into account that by virtue of |∇ϕ(x, t)| = 1 and n(x, t) = −∇ϕ(x, t), the
following relation is valid

ϕ = −n, (2.8)

then the equation (2.7) can be recast as:

∂(An − u · n)

∂n
= 0. (2.9)

The solution of (2.9) is straightforward:

A(x, t)n = u · n − (u · n)|n=0 (2.10)

and using (2.8)

A(x, t)ϕ = (u · n)|n=0 − u · n. (2.11)

It is seen that (2.10) gives (1.6), and that in terms of the extension velocity u
ext =

u + Aϕn. The final set of equations for ϕ(x, t) and for its normal n(x, t) = −∇ϕ(x, t)
can be written in the following form:

dϕ

dt
=

∂ϕ

∂t
+ u · ∇ϕ = A(x, t)ϕ, (2.12)

dni

dt
=

∂ni

∂t
+ u · ∇ni = −

∂uk

∂xi

nk +
∂Aϕ

∂xl

, (2.13)



318 Ovsyannikov, Sabel’nikov, & Gorokhovski

Figure 1. Narrow band: inner and buffer zone.

where the product Aϕ is given by (2.11). It is worthwhile to note that the equation for
the normal was already considered in Raessi et al. (2007); Nave et al. (2010).

3. The local zero-ϕ approximation

Rewriting (2.6) in equivalent form:

A(x, t) − ϕ∇iϕ∇iA = ∇iϕ∇iuk∇kϕ. (3.1)

It is seen that this expression can be simplified by a narrow band approximation in the
vicinity of ϕ → 0:

A(x, t) = ∇iϕ∇iuk∇kϕ. (3.2)

It is clear that equivalent expressions (3.1) and (2.11) are exact, and there is no need for
a re-initialization procedure, if those expressions are applied; whereas expression (3.2)
is an approximation, and therefore along with (3.2), the re-initialization procedure is
needed. The question is about the efficiency of these expressions in computation of the
level set equation.

4. Numerical procedure and results of computations

Our computations are based on (2.12), (2.11),(3.2), without application of the equation
for the outwards normal (2.13). The solutions with two forms (2.11) and (3.2) are assessed
by comparison with the standard approach. In simulation, the governing equations are
discretized in time using the 3-stage third-order TVD Runge-Kutta scheme. For spatial
discretization, the fifth-order upwind finite difference WENO scheme is used with the

Roe flux splitting. The mean curvature is calculated by κ =
ϕ2

xϕyy−2ϕxϕyϕxy+ϕ2

yϕxx

(ϕ2
x+ϕ2

y)3/2
.

Both forms (3.1) and (3.2) are taken locally in the narrow band, which is moving with
the interface. The schematic of this narrow band is demonstrated in Figure 1. In this
figure, the gray points identify the outer boundary; those points are used for boundary
conditions. In the zero-ϕ approximation (3.2), fourth-order central differences are used
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for spatial derivatives. In the case of the exact expression (2.11), the main difficulty is
to find (u · n)|n=0. To determine this velocity we use algorithm proposed by Gomes
& Faugeras (2000); Herrmann (2001) with several modifications to increase robustness.
First, extension velocity can be written as

(u · n)|n=0 = un|n=0 = un(x∗), x
∗ = x − ϕ∇ϕ. (4.1)

Computing directly x
∗ = x−ϕ∇ϕ is not robust, since small errors in ∇ϕ may introduce

larger errors (proportional to ϕ) in x
∗. Instead, the following iterative gradient descent

procedure is used:










x
∗
0 = x,

x
∗
k+1 =

{

x
∗
k − max{ϕ(x∗

k), sign(ϕ(x∗
k))∆x}∇ϕ(x∗

k) if ϕ(x∗
k) < 0

x
∗
k − min{ϕ(x∗

k), sign(ϕ(x∗
k))∆x}∇ϕ(x∗

k) if ϕ(x∗
k) > 0

(4.2)

here subscript k is the iterative step, ∆x = (∆x,∆y) are the space step sizes in the x
and y directions. Finally, bi-cubic interpolation is used to determine un(x∗). The criteria
of convergency for the re-initializaton procedure is proposed in Sussman et al. (1994).
This criteria is applied in the narrow band, and it is expressed as

1

N

∑

i,j:|ϕi,j |<ε

|ϕν+1
i,j − ϕν

i,j | < ∆τ∆x2,

where N is the number of nodes in the narrow band (black points in Figure 1), ε is
the thickness of the inner zone, ϕν+1

i,j and ϕν
i,j are the computed values of the level

set function at a given point for two successive iterations. The error in computation of
the level set function gradient is estimated by: E∇ϕ = 1

N

∑

i,j:|ϕi,j |<ε ||∇ϕ|i,j − 1| with
central difference approximation of spatial derivatives. The tests included the advection of
a circle of fluid in the vortex flow, the advection of Zalesaks rotating disk, the oscillating
circle test and the flame propagation across a presumed flow structure. The interface
location error, the mean deviation from the signed distance property, and the errors of
the interface curvature were analyzed. Two tests are illustrated hereafter.

4.1. Oscillating circle (Hartmann et al. 2010)

In this test, the initial circular interface of radius 3, being centered on (0.0), is considered
in the computational domain x ∈ [−5.5]×[−5.5]. This interface is subjected to a presumed
velocity field, in which only the normal component is non-zero. The modulus of this
component is dependent on azimuth periodically, and it is harmonic in time:

u = sn, s = cos(8θ) sin(ωt), θ = arctan |
y

x
|, ω =

2π

T
. (4.3)

Here we used the simplified expression (3.2) with (2.12). The results of computation and
comparison with the standard approach are illustrated in Figure 2. In Figure 2, the
evolution of interface in (4.3) illustrates the extensions (outwards and inwards, until t =
T/2) and the subsequent contractions back to the original shape (attained at t = T ).
The time-step ∆t = ∆x/4 corresponds to CFL number equal to 0.25. The quantitative
analysis of the accuracy is given in Figure 3, for the curvature of the interface; in Figure 4,
for the error in computation of the level set function gradient on the interface, and also in
Table 1, where the interface location error is reported. The advantage of the modified level
set equation is seen from these figures: return to the circled shape is better presented,
with more accurate curvature. Also, Figure 4 shows that the error in signed distance
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Grid

Method 642 1282 2562 5122

standard 1.89 × 10−2 6.01 × 10−3 2.41 × 10−3 8.23 × 10−4

new 7.30 × 10−3 2.85 × 10−4 5.62 × 10−5 1.88 × 10−5

Table 1. Front location error at t = T for different grid resolutions
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Figure 2. Oscillating circle test. Isolines of the level set function at two different times: t = T/2;
T . Thick line represents the zero level set. On the left-hand side: standard method; on the
right-hand side: new method.

property is significantly reduced. Additionally, it is seen in Figure 5 that the number of
iterations is reduced at least three times.

4.2. Interface stretching in a 2D single-vortex (Rider & Kothe 1998).

The conditions for this test are taken from Rider & Kothe (1998). Here the initial interface
represents a circle with radius equal to 0.15, which is centered at x = 0.5, y = 0.75 in
units of square computational domain given in Figure 6. The velocity field is defined by
following stream function:

Ψ(x, y) =
1

π
sin2(πx) sin2(πy), (4.4)
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Figure 3. Oscillating circle test. Interface cur-
vature at t = T . Dashed line corresponds to
standard method; solid line corresponds to new
method.
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Figure 4. Oscillating circle test. Gradient
error. Dashed line corresponds to standard
method; solid line corresponds to new method.

 0

 5

 10

 15

 20

 25

 30

 0  2  4  6  8  10  12  14

N
ite

r

t

Figure 5. Oscillating circle test. Number of iterations needed to satisfy the convergence
criteria. Circles correspond to standard method; asterisks correspond to new method.

where u = −∂Ψ
∂y

and v = ∂Ψ
∂x

. The initial circle is stretched by (4.4) forming the filaments.

In computations, the CFL number (based on the maximum velocity) is set to 0.5; and
the grid contains 1282 grid points. The reference solution is obtained by standard level
set approach on 5122 computational grid. In Figure 7, we compare the stretched resolved
filaments for both methods; in the new method the exact form (2.11) was used. It is
seen that the modified level set equation leads to better resolution of stretched filaments,
compared to the case of the standard approach. Figure 9 presents the number of iterations
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Figure 6. Representation of the vortical flow
field defined in Eq. (4.4).
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Figure 7. Single vortex test. Interface location at time t = 3.0 (upper part) and t = 5.0 (bottom
part) versus reference solution. From left to right: standard method without re-initialization;
standard method with re-initialization; and new method respectively.

required for satisfaction of the convergence criteria. Finally, Figure 8 shows that our
results are virtually undetectable when the different thickness of the narrow band is
used. This is also confirmed by Table 2.
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Figure 8. Single vortex test. Isolines of the level set function at time t = 3.0. Thick line
represents the zero level set. Results obtained with the new method on 1282 computational grid.
3 cases are presented: ε = 20∆x, ε = 10∆x, ε = 5∆x.
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Figure 9. Single vortex test. Number of iterations needed to satisfy the convergence criteria.
Circles correspond to standard method; asterisks correspond to new method.

Grid Bandwidth, ε Gradient error

20∆x 8.3491 × 10−5

1282 10∆x 7.9788 × 10−5

5∆x 7.0738 × 10−5

20∆x 1.1549 × 10−5

2562 10∆x 1.0613 × 10−5

5∆x 1.2449 × 10−5

Table 2. Influence of the size of the narrow band on the approximation errors

5. Conclusions

The new self-consistent evolutional formulation of the G-equation is proposed: it is sim-
ple, and it conserves identically the normalization property. This formulation is equivalent
to the well-known “Extension Velocity” formulation. However the realization is different.
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First, the extension velocity is derived explicitly, by introducing the source term directly
into the level set equation; thereby there is no need to build up the new velocity field
apart of the level set equation. Second, the new formulation allows introducing the “lo-
cal zero-ϕ approximation.” The assessment of a new formulation shows the possibility
of significantly decreasing iterations with respect to standard re-initialization procedure,
as well as giving the improved accuracy of calculation (gradient and curvature precision)
compared again to the standard approach with re-initialization.
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