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The first part of this paper introduces a new extension to the stochastic simulation of
primary air-blast atomization and assesses it by comparing it with measurements. The
idea underlying this extension is to consider the flow close to the injector as an immersed
porous body with a fast changing structure relative to the resolved scale in LES. This
structure is defined by the specific stochastic particles moving in the space along with
LES. The particles identify the random position, outwards normal and curvature of the
interface between the liquid and the gas. Their statistics are linked to LES in the form
of an immersed body force method. The approach is assessed by comparison with an
experimental study in LEGI (Grenoble, France). Note two important observations: the
recirculation zone in the front of the liquid core may cause the small droplets that are
produced by burst; and because of a more intensive atomization, the transversal gradients
of velocity decrease as the gas-liquid momentum ratio increases.
The second part of the paper describes our first stochastic simulations of bubble formation in cavitation. This stochastic model is governed by two parameters: the pressure
negative fluctuation below the vapor pressure, and its duration. Both are computed dynamically by LES. The stochastic model defines the probability of discontinuity in the
liquid, and the volume fraction of produced bubbles. The model is based on liquid bulk
fragmentation under scaling symmetry.

1. Introduction
There are many different approaches to the simulation of atomization. In the simplest
one, the liquid jet is modeled by the injection of spherical liquid drops of diameter equal
to that of the nozzle orifice. Each drop is tracked as a pointwise sphere, and during
motion the drop may fragment by different breakup mechanisms including surface instabilities (Beale & Reitz 1999), drop shedding (Yi & Reitz 2004), spontaneous breakup
(Tanner 2004), turbulence (Huh & Gosman 1991) and cavitation (Giannadakis et al.
2008). In many cases, the droplet position and size can be predicted only to within
a certain probability; examples include droplets larger than the Kolmogorov’s scale in
high Reynolds/Weber number, catastrophic breakup, cavitation, unsteadiness of inlet
conditions, etc. Gorokhovski (2001), Gorokhovski & Saveliev (2003), Apte et al. (2003),
Jones & Lettieri (2010) and Liu et al. (2006) introduced stochastic breakup models,
with parameters of the stochastic process from the presumed mechanism of breakup. In
practical engineering situations, all conventional Lagrangian models of atomization are
simple to implement, but they do not really represent the complex flow dynamics of the
near-to-injector region. To remedy this problem, Vallet et al. (2001) described primary
atomization in terms of RANS turbulent mixing of a high-density jet with an ambient
gas. In order to estimate locally the droplet mean radius, a transport equation is derived
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for the mean interface density. In this equation, the mean interface density is a scalar that
is governed by its mean convection, gradient-type diffusion, production (stretching) and
destruction (coalescence). In this approach, from the computed fields (mean mass fraction of the liquid and mean surface density), round single-sized droplets are formed and
are incorporated into the conventional Lagrangian spray model. An alternative Eulerian
approach directly integrates the momentum equation in immiscible two-fluid flow capturing the gas/liquid interface (see, for example, the review of Gorokhovski & Herrmann
2008). Once a stretched filament reaches minimal resolved scales, it is pinched off from the
liquid bulk. In much the same way as the approach based on the transport of the mean
interface density, small broken-off fragments are removed from the interface-capturing
procedure and added as drops into a Lagrangian spray model, to limit computation cost.
In this paper we propose a new stochastic approach in primary atomization modeling
in the case of air-blast atomization (i.e., injection of liquid jet takes place into coflowing
motion of high relative velocity gas). In section 2 we present the framework of our modeling and then give the details of our new model. In section 3 we show some results of
this model and provide comparisons with experiments. Finally, in section 4 we propose
extending the stochastic fragmentation process to model cavitation in shear flow.

2. Methodology
In this paper, we consider air-blast atomization to model for the following reasons.
For high Weber or Reynolds numbers, atomization is fast compared to resolved scales in
LES. Because of this, we skip the Eulerian simulation of liquid jet destabilization and the
formation of a complex multi-scale network of threads and ligaments. Instead, we propose
a mesh-free stochastic simulation of the liquid/gas interface (position/size/orientation)
with a simplified model of initial drop production, that at the same time accounts for the
flow dynamics in the near-to-injector region. To this end, we propose replacing the nearto-injector zone of primary atomization by a flowing immersed body, with the structure
simulated stochastically. The global parameters of such an immersed body are specified
from the presumed breakup mechanism, and are calculated dynamically with the flow.
The flow must be composite, containing both connected (continuous) and disconnected
(dispersed) phases. The connected phase is assumed to be governed by the following
equations:

∂ hui uj i
1 ∂ hσij i
∂ hui i  −
+
if Pl = 0
=
(2.1)
∂xj
ρg ∂xj

∂t
Pl u̇S ni
if Pl 6= 0
∂ huj i
= 0,
∂xj

(2.2)

where brackets < ... > denote filtering in terms of the LES approach, whereby hui i
denotes the filtered velocity component. The upper line of the right-hand side of Eq.
(2.1) represents the constant property Navier-Stokes equation, in which σij is the stress
tensor of the gas phase. The bottom line of the right-hand side of Eq. (2.1) contains
three variables: Pl (~x, t), u̇S (~x, t), ni (~x, t). Here Pl (~x, t) is the probability of finding a
continuous liquid flow at a given point, u̇S (~x, t) is the local amplitude of acceleration
of the liquid at this point (it is assumed to be controlled by local acceleration of the
liquid/gas interface), and ni (~x, t) is a component of the unit orientation vector directed
outwards normal to the liquid/gas interface. These three variables need to be modeled.

Stochastic models of primary atomization and cavitation

327

The probability Pl (~x, t) is computed by introducing stochastic particles moving in space,
and through simulation of the depletion of the liquid core. The interface normal ni (~x, t)
is prescribed for each particle, and is governed by stochastic relaxation toward isotropy.
In the down-stream direction, ni (~x, t) evolves by Brownian motion on the unit sphere
(Zamansky et al. 2010). If the expression for u̇S (~x, t) is based on the derivative of the
n
un+1 ni − hui i
interface velocity: u̇S ni = S
, where un+1
ni denotes the interface velocity,
S
∆t
n+1
then in the sub-region with 0 < Pl < 1, the above equation (2.1) is reduced to hui i
=
n
n+1
n+1
n+1
(1 − Pl ) hui i + Pl uS ni . Specifically, if Pl = 1, then hui i
= uS ni . In this study,
the interface velocity
is
taken
to
be
constant,
and
equal
to
the
convection
velocity: uS =
 √
√
√ 
√
ρg ug,0 + ρl ul,0 / ρg + ρl (Villermaux 1998), where ug,0 is the inlet gas velocity
and ul,0 is the inlet liquid velocity. The difference between our formulation (Eq. 2.1) and
the immersed body force method of Grigoriadis et al. (2003) is that here the immersed
body has a spatially random structure that evolves dynamically with the flow and also
satisfies the continuity equation (Eq. 2.2). The filtered momentum equation (Eq. 2.1)
is simulated by a standard LES approach, with the Smagorinsky closure for the eddyviscosity.
The dispersed phase is formed by primary Lagrangian drops seeded in the near-toinjector region according to 0 < Pl (~x, t) < 1, and requiring the conservation of mass
in the incoming liquid flow and in produced drops. The initial orientation of locally
formed interface is given by ni (~x, t), and the initial velocity modulus is given by uS .
If a primary drop is formed by atomization in the region 0 < Pl (~x, t) < 1, its initial
size may be also obtained by stochastic simulation of the curvature of the interface. For
the sake of simplicity in our study, we presumed the size-distribution for sampling of
the primary drop diameter. The produced drops are tracked in the velocity-field (Eq.
2.1)-(Eq. 2.2). Hopfinger (2001) emphasized the significant role of inter-drop collisions
close to the injector. We also assumed that produced drops are involved in inter-drop
collisions, which are so frequent that averaging over those collisions may be embedded
directly in the equation of motion (Chtab & Gorokhovski 2007):

hui i − v̄p


− ∇vp2 if 0 < Pl (~x, t) < 1

dv̄p
τ
St
=
(2.3)
hui i − vp

dt

if Pl = 0 .

τSt
Here, v̄p is the drop velocity averaged over collisions, τSt is the Stokes time, and vp2
characterizes the “statistical temperature” of the drop, and should be modeled.
2.1. Stochastic simulation of the interface
To simulate the interface, we injected the stochastic particles with zero mass, one after
another at the orifice lip. These particles float in three-dimensional space, and the ensemble of their trajectories is thought to represent stochastically the configuration of the
liquid core. Each particle follows its own trajectory, which ends up after the particle has
been traveling for time τbu :
v
u
u ρg u 2 − ρl u 2
g,0
t
l,0
−1
Dl−1 ,
(2.4)
νbu = τbu =
ρl
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associated with the breakup frequency and where Dl is the initial diameter of the jet. In
the downstream direction x, each floating particle moves at a constant velocity equal to
the convection velocity of interface uS , whereas the radial ordinate of the particle rS,x
jumps from one position to another according to a presumed stochastic process. The mean
radial position decreases with streamwise distance away from the injector representing
the random depletion of the liquid core. The random variable rS,x is considered to be the
variable of fragmentation under scaling symmetry: rS,x+uS ∆t = α rS,x , where 0 ≤ α ≤ 1
R1
is random and independent of rS,x , and 0 q (α) dα = 1, with q (α) the fragmentation
spectrum. In fragmentation under scaling symmetry, when νbu is a sufficiently large
constant, the statistical evolution of the random variable r (r = α r) is determined by
the following distribution (Gorokhovski & Saveliev 2008):
2

1
hln αi
1
q
exp −
τ
f (r, τ ) =
t→∞ R
2 ln2 α
2π ln2 α τ

!
exp −

ln Rr

2 ! 

2 ln2 α τ

R
r

1−

hln αi

hln2 αi

,

(2.5)
hln rit

D

l

E

R1

l

0 , and
where R is the initial length scale, R = e
ln α = 0 ln α q (α) dα, and
τ = νbu t. With increasing τ , this distribution goes to the power function defined by
the ratio ln2 α / hln αi. The stochastic process, evolving with the downstream distance,
corresponding to (Eq. 2.5) is
q
(2.6)
d (ln rS,x ) = νbu hln αi dt + νbu ln2 α /2dW (t) ,

2

where dW (t) is the Wiener process, [dW (t)] = 2∆t, and the choice of hln αi and ln2 α
is argued by Gorokhovski et al. (2009):
ln2 α / hln αi = max (−2; ln (λRT /λKH ))

(2.7)

hln αi = c ln (λRT /λKH ) ,

(2.8)

where λRT and λKH are the most amplified wavelength of the Rayleigh-Taylor and
the Kelvin-Helmholtz instabilities, respectively, and c = 0.03. The one-point distribution
Pl (~x, t) is given by Pl (~x, t) = hδ (ξ (~x, t) − rS ) dξi, where ξ (~x, t) is a parametric function,
and the small interval dξ corresponds to the size of a mesh cell. If we assume that the
spray around the non-depleted liquid core is thin, then the computed distribution Pl (~x, t)
may be attributed solely to the continuous liquid around the injector, so that the position
of drops to be formed in the near-injector region may be sampled directly from Pl (~x, t).
The distribution of liquid close to the injector Pl (~x, t) is illustrated on the left-hand side
in Figure 1 (ug,0 = 60 m/s; ul,0 = 0.52 m/s). Simulation of the interface normal vector
is done by Brownian diffusion on the unit sphere in the way proposed by Zamansky
et al. (2010). At each successive position of the particle, the current position on the
surface of unit sphere is updated. Then, from this position, we generate the new arc
length γ , using the Wiener process γ = dW , in the direction sampled from the uniform
random distribution, from 0 to 2π. The Wiener process is characterized by < dW >= 0;
< dW 2 > = 2νbu d t. On the right-hand side in Figure 1 a few sample paths of stochastic
particles are shown together with the simulated outwards normal to interface. Note that
Pl (~x, t) and ni (~x, t) represent two independent processes, and in azimuth are chosen
randomly at each step in the downstream direction.
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Figure 1. Left: simulation of the liquid distribution close to the injector with parameters from
Hong (2003); Right: examples of sample paths of floating stochastic particles: trajectories define
the instantaneous liquid core boundary; along each path, the distance from the center-line and
the outwards normal vector are simulated stochastically.

2.2. Primary liquid drops
Simultaneously with the simulation of Pl (~x, t), we sample the location of drops in 0 <
Pl < 1 to produce a dispersed liquid phase. Along with this position, the initial size and
direction are prescribed for each formed liquid drop. In this study, the size is sampled
from the Rosin-Rammler expression f (r) = 1/λRT exp(−r/λRT ) in such a way that the
injected liquid mass is continuously conserved. Similar to Villermaux (1998), but using
the simulated distribution of ni (~x, t) as described above, rather than a presumed value
from an experiment,
the initial velocity angle of the spray drop is given in our model by
p
tan ϑ = ny ul,0 ρl /ρg /uS .
Each primary Lagrangian drop formed is then subject to secondary atomization. The
evolution of the droplets number and size follows the stochastic breakup mechanism
proposed by Apte et al. (2003) and Gorokhovski & Saveliev (2003).
The simplified inter-drop collision model in (Eq. 2.3) is described by Chtab & Gorokhovski
(2007). In the present work, we approximated Vp2 by the kinetic energy of relative liquidto-gas motion:

2
1
∂ hui i ∂ huj i
2
Vp = hεi τSt = νg
+
τSt .
(2.9)
2
∂xj
∂xi
Another simple closure was derived by Zaichik & Alipchenkov (2003), Reeks (1977):
 ν 2
1
ef f
Vp2 =
,
(2.10)
∆
1 + τSt |Sij |
where |Sij | is the filtered strain rate, and the eddy-viscosity νef f is given by the Smagorin1/2
2
. These two different closure models will
sky model: νef f = (CS ∆) S, S = 2S ij S ij
be tested in the following section.

3. Results
Figure 2 shows two snapshots of the filtered velocity field and spatial distribution of
droplet position and size obtained from the preceding model. The set of inlet conditions
corresponds to the momentum ratio M = ρg u2g,0 /ρl u2l,0 = 16. We observed that the liquid
core occasionally supports strong temporal fluctuations, causing a recirculation zone in
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Figure 2. Snapshots of filtered velocity field in the gas flow (bottom) and the droplet position
-and-size distribution (top). Inlet parameters: ug,0 = 60m/s, ul,0 = 0.52m/s.

the gas flow to be formed at the leading edge of the liquid core. A wide spectrum of
droplets, from 10 µm to 200 µm is produced at each spray position. The gas flow is
also characterized by large-scale vortical structures beyond the liquid core. The region
close to the injector is populated mostly by large drops, with a mist of small droplets
also present. This was also emphasized in the experimental observations of Hong (2003).
Two similar snapshots, but for higher magnitude of the momentum ratio, M = 70 and
M = 220 (same inlet gas-stream velocity, but smaller inlet velocity of the liquid), are
shown in Figure 3. The increased momentum ratio M leads to a stronger cross-flow
exchange of momentum, and consequently, to a more intense atomization process. Indeed,
in Figures 2 and 3, one can observe that as the momentum ratio increases, the predicted
flow becomes characterized by less steep velocity gradients near to the simulated liquid
core, and by finer-grained droplets. The small droplets are then easily entrained into
the vertical motion in front of the liquid core, in the form of “Milky Way” filaments, as
seen in Figure 3. The next figure assesses quantitatively the drop size statistics against
measurements in Hong (2003) at different gas inlet velocities. Figure 4 shows that when
the coflow velocity is high, the prediction is close to the measurement. Measurements of
the droplet size and velocity along with spray at different streamwise and radial positions
are compared in Figure 5 using (Eq. 2.9) and (Eq. 2.10).

4. Stochastic model for bubble production by cavitation
In modern diesel engines, fuel injection is performed at very high pressures through the
nozzle discharge hole approximately one hundred microns in diameter. The time of injection is very short, approximately one millisecond. After the fast opening of the needle
valve, a portion of liquid fuel, driven from the sac hole towards the discharge hole, is subjected to strong centripetal acceleration. Consequently, the liquid fuel enters the injection
hole at a strongly reduced static pressure; such a decrease of static pressure may initiate
cavitation. The intent here is not to revisit cavitation models; a detailed overview of cavitation models may be found in Giannadakis et al. (2008), for example. The open question
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Figure 3. Snapshot of the filtered velocity field in the gas flow, and the droplet
position-and-size distribution; M = 70 at left; M = 220 at right.

Figure 4. Comparison of the mean diameter d10 and the mean Sauter diameter d32 at
y/Dl = 1.5 and y/Dl = 0.5, and (M = 16) with measurements (Hong, 2003).

in cavitation modeling is how to simulate the bubble nucleation in locations where the
pressure falls below the vapor pressure of the flowing liquid. In simulations, the initial
population of bubble nuclei is usually prescribed by a stationary empiric distribution.
This question impelled us to investigate better, physics-based methods to simulate bubble nuclei production in cavitation, by considering it as a liquid fragmentation process
under scaling symmetry. In our preliminary study, two approaches are as follows: first,
assuming that the flow is without cavitation, we analyzed the pressure field in the framework of LES. The emphasis was on the amplitude, duration and spatial distribution of
the pressure drop below the vapor pressure in the flowing liquid (“negative” fluctuations
as shown in Figure 6). Using the pressure amplitude and duration of negative fluctuations, we then determined the probability of discontinuity in the liquid. Figure 6 shows
the static pressure signal in the control volume in comparison to the vapor pressure, as
well as the simulated volume fraction of bubble nuclei. The model is as follows: when the
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Figure 5. Comparison of the mean Sauter diameter (left) and the velocity (right) of droplets
with measurements (Hong 2003) at different heights along the spray. Inlet parameters: idem
as in Figure 2. Simplified collisions I: (2.9); simplified collisions II: (2.10); standard tracking:
Vp2 = 0.

pressure in a control volume falls below the vapor pressure, the control volume is seeded
uniformly by stochastic particles, representing the uniform spatial distribution of liquid
in the control volume. Then the new positions of those particles are sampled from Eq.
(2.5) during time τ when the pressure remains negative compared to the vapor pressure.
In this sampling, it is assumed that ln2 α / hln αi = (Pvap − P ) /Pvap , and R is the
typical size of the control volume. Once a given particle leaves the control volume, it is
returned to the interior of the volume with the period R, so that the mass of liquid (or
its volume) in the control volume remains constant. Using this sampling with periodic
return to the control volume, particles organize clusters depending on (Pvap − P ) /Pvap
and τ . From their spatial distribution, the volume fraction of “holes” in the liquid can
be computed. The bottom row of Figure 6 shows an example of such a simulation.

5. Conclusion
In this report, the structure of continuous liquid jet subjected to primary atomization
is represented by tracer particles evolving in the same computational as LES. These particles enable us to stochastically represent the position, outwards normal and curvature
of the interface between the liquid and the gas. The statistics of the liquid jet are linked
to LES thanks to an immersed body force method. Further primary droplets, which are
tracked by a Lagrangian approach, are formed from the statistics of the synthetic liquid
jet. Specifically, the curvature of the jet enables to give the initial drop size whereas the
their initial velocity orientation is given by the orientation of the interface. Finally, each
primary drop is then subject to secondary atomization. The approach has been assessed
by comparison with an experimental study. It has been observed that the recirculation
zone in the front of the liquid core may cause the small droplets that are produced by
burst. In the second part, the fragmentation under scaling symmetry is applied to bubble
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Figure 6. a) Geometry of the domain and control volume. b): pressure signal in the control volume (the duration and amplitude of pressure fluctuations below the vapor pressure are visible).
c): volume fractions of bubble nuclei appearing in the control volume in time, and d) example
of simulation of volume fraction of cavitation inception for α = 0, α = 0.2 and α = 0.6.

formation in cavitation. Our stochastic model is governed by two parameters: the pressure negative fluctuation below the vapor pressure, and its duration, which are computed
dynamically by LES. The stochastic model provides the probability of discontinuity in
the liquid, and the volume fraction of produced bubbles.
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