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Although an increased availability of computational resources has enabled high-fidelity
simulations (e.g., large eddy simulations) of turbulent flows, the Reynolds-averaged Navier–
Stokes (RANS) models are still the dominant tools in industrial applications. However,
the predictive capabilities of RANS models are limited by potential inaccuracy driven by
hypothesis in the Reynolds stress closure. Recently, a physics-informed machine learning (PIML) approach has been proposed to learn the functional form of Reynolds stress
discrepancy in RANS simulations based on available data. It has been demonstrated
that the learned discrepancy function can be used to improve Reynolds stresses in new
flows where data are not available. However, owing to a number of challenges, the improvements have been demonstrated only in the Reynolds stress prediction but not in
corresponding propagated quantities of interest (e.g., velocity field). In this work, we
investigate the prediction performance on the velocity field by propagating the corrected
Reynolds stresses in the PIML approach. To enrich the input features, an integrity basis
of invariants is implemented. The fully developed turbulent flow in a square duct is used
as the test case. The discrepancy model is trained on flow fields obtained from several
Reynolds numbers and is evaluated on a duct flow at a Reynolds number higher than that
in any of the training cases. The predicted Reynolds stresses are propagated to velocity
field via RANS equations. Numerical results show excellent predictive performances in
both Reynolds stresses and their propagated velocities, demonstrating the merits of the
PIML approach in predictive turbulence modeling.

1. Introduction
Computational fluid dynamics (CFD) has been widely used to simulate turbulent flows.
Although the rapid increasing availability of computational resources has enabled highfidelity simulations, e.g., Large eddy simulation (LES) and Direct numerical simulation
(DNS), it is not yet computationally feasible to routinely apply them for complex, industrial flows. Therefore, Reynolds-averaged Navier–Stokes (RANS) models, where empirical closures are used, are still the dominant tools for practical engineering problems.
However, RANS predictions are known to be unreliable for flows with strong pressure
gradient, curvature, and separation (Craft et al. 1996). This is because some assumptions
made in the closure model (e.g., eddy viscosity assumption) are not universally valid and
therefore fail to accurately predict the regime-dependent, physics-rich phenomena of turbulent flows. These assumptions, typically in the form of functional dependency between
mean flow properties and turbulent quantities, have been traditionally formulated using
intuition, physical observations, and theoretical constraints.
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Recently, the increasing availability of high-fidelity data sets from both DNS and experiments has led to an alternative approach to improve the predictive capability of RANS
models, i.e., the use of machine learning algorithms to learn from data as a complement
to intuition-based physical assumptions. The past several years have witnessed a few
efforts to develop data-driven turbulence modeling approaches. Dow & Wang (2011) inferred a full-field discrepancy in turbulent viscosity by using DNS data of a plane channel
flow, and then they predicted flows in channels with wavy boundaries. Duraisamy and
co-workers (Parish & Duraisamy 2016; Singh & Duraisamy 2016) introduced a full-field
multiplicative discrepancy factor into the production term and used high-fidelity data
to calibrate the new term. Xiao et al. (2016b) injected uncertainties directly into the
RANS-modeled Reynolds stresses and then reduced these model-form uncertainties by
incorporating sparse velocity measurements. Wu et al. (2015) and Xiao et al. (2016a)
demonstrated that the Reynolds stress discrepancies calibrated in Xiao et al. (2016b)
have common characteristics among closely related flows. All these approaches can be
considered as starting points toward predictive turbulence modeling with data-driven
approaches. However, an intrinsic limitation to these approaches is that the full field inversion is performed in the space of physical coordinates, which limits further application
on predictions for flows with different configurations. Duraisamy et al. (2015) used nondimensional flow and model parameters (instead of physical coordinates) to construct the
input space. However, their input features are not Galilean invariant and thus present
frame dependency between observers with no relative acceleration. Ling et al. (2016)
recognized the merits of embedding the invariance properties into the machine learning
process, since the classical laws of motion are known to obey Galilean invariance. Ling &
Templeton (2015) proposed a rich set of 12 Galilean-invariant features for their random
forest classifier. On the basis of this invariant feature set, Wang et al. (2016) proposed
a physics-informed machine learning (PIML) approach to learn the functional forms of
Reynolds stress discrepancies in the mean flow feature space, which can be used to predict Reynolds stresses in a new flow without available data. However, this work is an a
priori assessment of the PIML approach, since the improvements are demonstrated only
in the Reynolds stress prediction but not in the propagated velocities. They pointed out
a number of challenges associated with propagating forward these corrected Reynolds
stresses through the RANS flow solver to obtain the mean velocity and pressure fields.
For example, the quality of the data used for training should be satisfactory to obtain
an accurate mean velocity field. Moreover, the predictions of the Reynolds stress field
should have enough quality to be propagated, which requires not only the point-wise
predictions of Reynolds stresses but also the improvement of their derivatives, since it is
not the Reynolds stress tensor but its divergence that appears in the RANS momentum
equations.
The objective of this work is to investigate the accuracy of the predicted mean velocity
after propagating the Reynolds stresses corrected by the PIML approach. To improve
predictive accuracy, we expanded the input feature space adopted in Wang et al. (2016)
by building an integrity basis of invariants. The fully developed turbulent flow in a
square duct is used as the test case, and the improved Reynolds stresses calibrated by
the trained discrepancy function are propagated to the velocity field through the RANS
equations. The novelty of this work lies in its presentation of forward propagation results
and in its discussion of strategies adopted for improving these results. The rest of the
paper is organized as follows. Section 2 introduces the physics-informed machine learning
framework and the methodology of systematically building an input feature set with
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a Galilean-invariant basis. Section 3 presents the numerical results and corresponding
discussions. Section 4 concludes the paper.

2. Methodology
2.1. Overview of the PIML framework
The overarching goal of the present work is to introduce and demonstrate a PIML
framework for predictive turbulence modeling. Specifically, given high-fidelity data (e.g.,
Reynolds stresses from DNS simulations) from a set of training flows, the framework
can improve the standard RANS prediction for a new flow without data. Generally, the
training flows share similar characteristics (e.g., flow separation) with the test (prediction) flow, and thus the trained discrepancy functions are universal in mean flow feature
space to some extent and can be extrapolated to new flows. This scenario is typical in
engineering design, where data are available for some flows and predictions are required
for new flows with slightly changed configurations (e.g., different Reynolds numbers or
slightly changed geometries) without data.
In RANS simulation model-form uncertainties stem from Reynolds stresses. Therefore,
the aim of the machine learning process is to represent the functional form of discrepancies in RANS-modeled Reynolds stresses from the data. The discrepancy of the Reynolds
stress tensor is defined on its six dimensionless, physically meaningful components (i.e.,
magnitude, shape, and orientation) based on the eigen-decomposition. The shape and
orientation of the anisotropy tensor are represented by its eigenvalues and eigenvectors,
and the magnitude of the Reynolds stress is the turbulence kinetic energy (TKE) k. The
eigenvalues are mapped onto barycentric coordinates (C1 , C2 , C3 ) (Banerjee et al. 2007),
and eigenvectors are parameterized by Euler angles (ϕ1 , ϕ2 , ϕ3 ) following z-x-z convention (Goldstein 1980). Finally, the discrepancies (∆ log k, ∆ξ, ∆η, ∆ϕ1 , ∆ϕ2 , ∆ϕ3 , collectively denoted ∆τα , with α = 1, 2, · · · , 6) in the six projections of the Reynolds stress
tensor are the results of the learning process. The overall procedure can be summarized
as follows:
(a) Perform baseline RANS simulations on both the training flows and the test flow.
(b) Compute the input feature field q(x) based on the local RANS flow variables.
(c) Compute the discrepancies field ∆τα (x) in the RANS-modeled Reynolds stresses
for the training flows based on the high-fidelity data.
(d) Construct regression functions fα : q 7→ ∆τα for discrepancies based on the training data prepared in Step (c). Random forest regressors are employed to perform the
regression.
(e) Compute the Reynolds stress discrepancies for the test flow by querying the regression functions. The Reynolds stresses can subsequently be obtained by correcting the
baseline RANS predictions with the evaluated discrepancies.
(f) Propagate the corrected Reynolds stresses to the mean velocity field by solving the
RANS equations with the corrected Reynolds stress field.
2.2. Construction of invariant input feature set
Wang et al. (2016) employed a set of 10 invariant features for building the random forest
regressor for Reynolds stress discrepancies. Formulation of these input features heavily
relied on physical intuition and reasoning. However, it is possible that the input set
may exclude important physical information if some key invariants are omitted. It is
difficult to ensure a complete invariant feature set. Ling et al. (2016) recently proposed a
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systematic methodology for constructing an input feature set. Specifically, given a finite
collection of raw inputs (i.e., tensors or vectors), a finite integrity basis of invariants can
be constructed, and any scalar invariant function of the raw inputs can be formulated
as a function of the corresponding invariant basis. Therefore, the first step is to identify
the raw input vectors and tensors, which are related to the mean flow. A set Q of raw
tensors and vectors is identified as
Q = {S, Ω, ∇p, ∇k},

(2.1)

where S and Ω are strain rate and rotation rate tensors, respectively; ∇p and ∇k are
the gradients of pressure and turbulence kinetic energy, respectively. The above four
raw tensors and vectors are assumed to represent the important physical characteristics
of the mean flow, which are also used as important elements for traditional turbulence
modeling. Based on this collection of raw tensors and vectors, the integrity invariant basis
can be constructed based on Hilbert basis theorem (Johnson 2016). As a result, a set of 47
invariant features is constructed to fully represent the information in the raw mean flow
feature set Q. This basis of 47 features from the vector and tensor local flow variables
was supplemented by an additional 10 features from Wang et al. (2016), which also
utilizes scalar RANS flow variables. For example, wall-distance-based Reynolds number
Red is an important indicator to distinguish the boundary layer from shear flows (Wang
et al. 2016). Although some features in Wang et al. (2016) are redundant, since they are
invariant functions of the constructed invariant basis, the performance of random forest
regressor is robust in the presence of redundant inputs. Finally, an input feature space
of 57 invariants is constructed for machine learning.

3. Numerical results
3.1. Case setup
The fully developed turbulent flow in a square duct is considered in this work. All RANS
models based on the eddy viscosity assumptions fail to predict the secondary mean
motion, and even the Reynolds-stress transport model (RSTM) cannot predict it well.
Therefore, we aim to correct the RANS-predicted Reynolds stresses by learning from data
of similar flows. The geometry of the duct flow is presented in Figure 1. The Reynolds
number Re is based on the edge length D of the square and bulk velocity. All lengths
presented below are normalized by the height h of the computational domain, which is
half of the edge length.
In this study, the training flows have the same geometry but lower Reynolds numbers
(Re = 2200, 2600 and 2900) than the test flow (Re = 3500). The data of training flows are
obtained from direct numerical simulations (DNS) conducted by Pinelli et al. (2010). Note
that the DNS data of test flow (Re = 3500) are reserved for comparison and are not used
for training. The mean flow patterns among these flows are similar. In the cross-plane of
the duct, there is a counter-rotating pair located at each of the four corners (Figure 1(c)).
However, the recirculation is closer to the corner at higher Reynolds numbers. To obtain
mean flow features and training data of Reynolds stress discrepancies, the baseline RANS
simulation is conducted for each flow. Since linear eddy viscosity models are not able to
predict the mean flow features of the secondary motions, the Launder-Gibson RSTM is
adopted to perform the baseline simulation. As indicated in Figure 1, only one quadrant
of the physical domain is simulated due to the symmetry of the mean flow with respect to
the centerlines along the y- and z- axes. No-slip boundary conditions are applied on the
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Figure 1: Domain shape for the flow in a square duct. The x coordinate represents
the streamwise direction. Secondary flows induced by Reynolds stress imbalance exist in
the y–z plane. Panel (b) shows that the computational domain covers a quarter of the
cross-section of the physical domain. This is due to the symmetry of the mean flow in
both y and z directions as shown in panel (c).
walls and symmetry boundary conditions are applied on the symmetry planes. The DNS
data are interpolated onto the mesh of RANS simulation to calculate the discrepancy.
For the random forest regressor, higher numbers of trees lead to a better performance.
Based on our testing, an ensemble of 200 trees is large enough to have a robust prediction.
Each tree is built by a randomly selected subset of features. The size of the subset is
commonly defined as the square root of the total number of input features.
3.2. Verification of DNS data
The aim of the PIML framework is to reduce the discrepancies in RANS-modeled Reynolds
stresses. With the improved Reynolds stresses, one should be able to obtain an accurate
prediction of the velocity field. However, the outcome of velocity propagation depends
on the quality of training data, i.e., DNS Reynolds stresses. Although the Reynolds
stresses from DNS simulations are assumed to be more accurate than those from the
RANS predictions, it is not guaranteed that they can be propagated to a better mean
velocity field due to potential statistical convergence errors. Thompson et al. (2016) recently demonstrated that, even for channel flows, the Reynolds stresses of different DNS
databases in the literature lead to significant discrepancies in the propagated velocity
fields. Moreover, the best Reynolds stresses prediction that machine learning can achieve
is the DNS-predicted Reynolds stresses. To better evaluate the performance of machine
learning predictions of propagated velocities, it is necessary to check the velocity field
obtained by directly propagating the DNS Reynolds stresses via RANS equations.
The benchmark (DNS) data of Reynolds stresses at Re = 3500 are used to solve the
RANS equations, and the corresponding mean velocity field is obtained. The propagated
mean field of in-plane velocity is compared to that provided by the DNS space-time
averaging, which is shown in Figure 2. The in-plane velocity components Uy and Uz on
the four cross-sections (y/h = 0.25, 0.5, 0.75 and 1.0, as indicated in Figure 1(b)) are
presented, but only the profiles in the region below the diagonal are shown owing to the
diagonal symmetry. It can be seen that the propagated results agree well with the DNS
profiles along all four cross-sections for both Uy and Uz . However, in the regions away
from the corner (e.g., y/h > 0.75 or z/h > 0.4), the propagated velocity profiles slightly
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Figure 2: In-plane velocity profiles (a) Uy and (b) Uz obtained by propagating the
DNS Reynolds stresses τ dns via RANS equations at Reynolds number Re = 3500. The
benchmark (DNS) results are also plotted for comparison.
deviate from the DNS results. Especially for Uz , notable discrepancies can be observed
in the profile at y/h = 1. These discrepancies might come from small errors in Reynolds
stresses (e.g., error introduced in interpolations to RANS mesh), since the secondary flow
is sensitive to the Reynolds stress components. As the magnitude of secondary velocity
reduces away from the corner, the discrepancies are even more notable. Nevertheless,
overall, the data quality of Reynolds stresses is considered satisfactory to obtain an
improved velocity field.
3.3. Learning and prediction of Reynolds stresses
The discrepancy functions in six physical components are learned from the training flows,
and predictions are made for the test flow. We first investigate the prediction performance
on the shape of the Reynolds stress anisotropy tensor, which can be visualized in the
barycentric coordinates. The prediction results on two typical cross-sections (y/H = 0.25
and y/H = 0.75) are plotted in the barycentric triangle in Figure 3. The Reynolds stresses
on the cross-section at y/H = 0.25 from the wall to the outer layer start from the twocomponent limit states (bottom edge) toward three-component anisotropic states (middle
area). For the cross-section at y/H = 0.75, the spatial variation of the turbulence state is
similar. The baseline RSTM results capture this trend to some extent, especially in the
regions away from the wall. However, discrepancies are significantly large in the near-wall
region. By correcting the baseline RANS-modeled Reynolds stresses with trained discrepancy functions, the predicted anisotropy is significantly improved. In both Figures 3(a,b),
the machine-learning-predicted anisotropy (circles) shows a better agreement with the
DNS results (squares) than does the RSTM prediction (triangles), especially in the nearwall regions. The shape of the anisotropy tensor (i.e., its eigenvalues) is shown to be
considerably improved via the machine learning process. Note that the improvement of
eigenvalues alone may not necessarily lead to a better prediction of the anisotropy tensor
when the corresponding eigenvector system is not correct. Therefore, the corrections are
required for both the shape and orientation of the anisotropy tensor. Figure 4(a) presents
the discrepancy profiles of RANS-predicted Reynolds stresses in orientations, which are
the rotation angles of DNS anisotropy from the baseline RSTM results. Note that only
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Figure 3: barycentric map of the predicted Reynolds stress anisotropy for the test
flow (Re = 3500), learned from the training flows (Re = 2200, 2600, and 2900). The
prediction results on two streamwise locations at x/H = 0.25 and 0.75 are compared
with the corresponding baseline (RSTM) and benchmark (DNS) results in the panels,
respectively.
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Figure 4: (a) Rotation angle ∆ϕ2 of predicted Reynolds stress from the baseline. (b)
Magnitude (turbulence kinetic energy) of predicted Reynolds stress. The profiles are
shown at four streamwise locations x/H = 0.25, 0.5, 0.75, and 1. Corresponding benchmark (DNS) and baseline (RSTM) results are also plotted for comparison.
the angle discrepancies ∆ϕ2 are presented, and the results for ∆ϕ1 and ∆ϕ3 are omitted because of their qualitative similarities. Large discrepancies between the eigenvector
systems of the DNS and baseline anisotropy tensors can be observed. Especially in the
near-wall regions (y/H < 0.2), the rotation angles ∆ϕ2 are more than 30 degrees. It can
be seen that these angle discrepancies are well predicted by the trained regression function over the entire domain, and their spatial variations are also well captured. Similarly,
the magnitude of the Reynolds stress tensor (i.e., TKE), which is overestimated by the
RANS model, is also significantly improved after machine learning correction. Figure 4(b)
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Figure 5: In-plane velocity profiles (a) Uy and (b) Uz obtained by propagating the
PIML-predicted Reynolds stresses via RANS equations at Reynolds number Re = 3500.
The baseline (RSTM) and benchmark (DNS) results are also plotted for comparison.
shows that the TKE profiles of corrected Reynolds stresses are nearly identical to the
DNS profiles.
3.4. Propagation of improved Reynolds stress prediction
The improvement of Reynolds stresses enabled by the PIML framework, the success of
which has been demonstrated above, is an important step toward data-driven, predictive
turbulence modeling. However, the ultimate goal is to obtain more accurate quantities
of interest (QoI) after propagating the corrected Reynolds stress via RANS equations.
To investigate the performance on the improvement of the propagated QoI (e.g., velocity
field), the corrected Reynolds stress field is plugged into the RANS equations and propagated by solving the equations. Figure 5(a, b) shows the mean secondary velocity profiles
Uy and Uz obtained by propagating the PIML-predicted Reynolds stress field. To facilitate comparisons, the baseline (RSTM) and benchmark (DNS) results are also plotted
in the same panels. The spatial variation of RSTM-simulated velocity basically captures
the trend of the truth, but its magnitude is not well predicted. Notable deviations from
the DNS results can be observed. Especially in the near-corner region, where the secondary motion is strong, the discrepancies are large in both RSTM-simulated Uy and
Uz . In contrast, the PIML-predicted results are in much better agreement with the DNS
results. The improvements are even more pronounced in the regions where secondary flow
is strong (e.g., y/h = 0.25 and 0.5). This can be clearly seen in the contour plot of the
secondary flow by zooming in the near-corner region (Figure 6). It can be seen that in this
region the mean flow pattern simulated by the RSTM model is notably different from
the flow pattern in the DNS results. For the RSTM-modeled mean secondary motion
(Figure 6(a)), the flow approaches to the corner along the diagonal, and its velocity only
decreases near the corner (y/h < 0.05 and z/h < 0.05). In contrast, the DNS data show
a different flow pattern, where the magnitude of the flow toward the corner decreases
earlier. The secondary velocity is significantly reduced after y/h < 0.15 and z/h < 0.15.
Its magnitude decreases to almost zero as y/h < 0.1 and z/h < 0.1. A comparison of
Figure 6(b,c) shows that the propagated flow field from the PIML prediction excellently
captures the general pattern of the DNS results in the near-corner region. It shows a sig-
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Figure 6: Contour and vector plots of secondary mean motions of (a) baseline (b) DNSpredicted and (c) machine-learningpredicted results. The color of contour represents the
magnitude of secondary velocity (Uy2 + Uz2 )1/2 .
nificant improvement over the baseline results, suggesting that PIML-predicted Reynolds
stresses are superior and can provide a better in-plane velocity field, especially in the region with strong secondary flow. Slight discrepancies still exist in the region with mild
secondary flow. For example, PIML-predicted Uz profile at y/h = 1 deviates from the
DNS results (Figure 5(b)). A possible reason is that the training data may contain small
errors introduced in the interpolation process, which can cause notable velocity discrepancies in regions where secondary flow is weak. Similar discrepancies can be found in
the velocity profiles propagated with the DNS Reynolds stresses, which are shown in
Figure 2(b).

4. Conclusion
A physics-informed machine learning (PIML) approach has been proposed (Wang et al.
2016), aiming to improve RANS-modeled Reynolds stresses by learning the functional
form of the Reynolds stress discrepancy based on available data. Although improvements
in the predicted Reynolds stresses have been demonstrated, it remained unclear if these
predicted Reynolds stresses can be propagated to obtain a better velocity field. In this
work, we investigate the prediction performance of the velocity field by propagating the
PIML-corrected Reynolds stresses. To enrich input feature space, an integrity invariant
basis is implemented. The fully developed turbulent flow in a square duct is used as
the test case. The discrepancy functions are trained in flows at low Reynolds numbers
and used to predict a new flow at a high Reynolds number. The numerical results show
excellent predictive performances in both Reynolds stresses and their propagated velocity
field, demonstrating the merits of the proposed PIML approach in predictive turbulence
modeling.
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