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Scalar mixing under shock/turbulence interaction:
DNS, statistical and geometric analyses

By X. Gao†, J. Buchmeier†, I. Bermejo-Moreno†,
J. Larsson‡, L. Fu AND S. K. Lele

We present a study of flow topology and alignment of passive scalar mixing in shock/
turbulence interaction (STI), along with the tracking of passive scalar structures. We
used shock-capturing direct numerical simulations (DNS), targeting different shock and
turbulence Mach numbers. The downstream evolution of the probability density func-
tions (PDFs) of the invariants of the velocity gradient tensor is analyzed together with
conditional averages of the scalar dissipation rate. A novel barycentric map represen-
tation is then introduced to study the alignments between strain-rate eigenvectors and
vorticity, scalar gradient, and streamwise direction, highlighting the observed changes
of these alignments across the shock and the relaxation region. A tracking method is
adopted to follow the downstream evolution of scalar structures of finite size, obtaining
ensemble statistics that relate geometry and integrated physics.

1. Introduction

The amplification of turbulence across a shock wave can lead to enhanced scalar mix-
ing, critical in applications such as high-speed propulsion (e.g., scramjets) and inertial
confinement fusion. Despite extensive research on the mutual modification of turbulence
and shocks in the canonical STI configuration, few studies have focused on quantifying
its effects on scalar mixing. Tian et al. (2017) analyzed the influence variable density in
turbulent mixing across the shock, showing an increased scalar dissipation rate (SDR)
and energy injection into small scales through a detailed study of scalar variance budgets
from numerical simulations comparing single- and multi-fluid cases. Boukharfane et al.
(2018) related the increase of SDR in passive scalar mixing with changes across the shock
of dominant flow topologies, the alignment between scalar gradient, and the strain-rate
tensor eigenvectors.

Flow topology characterizes the deformation, rotation, and stretching (and, hence, mix-
ing) of material elements by the underlying pattern of streamlines in a local frame moving
with the fluid, as determined by the invariants of the velocity gradient tensor (Chong
et al. 1990). Compressibility introduces a richer set of flow topologies (Suman & Giri-
maji 2010; Pirozzoli & Grasso 2004) absent in incompressible turbulence. Across shocks,
preferential enhancement of transverse strain and rotation constrains the flow structures,
symmetrizing the third velocity gradient invariant (Ryu & Livescu 2014; Boukharfane
et al. 2018). In decaying isotropic compressible turbulence, Danish et al. (2016) found
that the amplification of SDR is dominated by two non-focal topologies (unstable- and
stable-node/saddle/saddle), due to an enhanced alignment between the scalar gradient
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and the most compressive eigenvector of the strain-rate tensor. Such alignment plays a
key role in structure-based subgrid scale models of turbulent mixing (e.g., Pullin 2000).

The present work characterizes changes of dominant flow topologies, associated SDR,
and alignments from numerical simulations of passive scalar mixing under canonical
STI, for varying turbulence and shock Mach numbers, in the wrinkled and broken shock
regimes of interaction. Time and streamwise-normal averaged statistics of turbulent scalar
fields are complemented with ensemble statistics from collections of finite-sized scalar
structures with prescribed initial shapes, whose geometry and carried physics are tracked
in time as they traverse the shock while being deformed by the background turbulence.

2. Methodology

The compressible Navier-Stokes equations for a calorically perfect gas are solved through
shock-captured DNS following the method of Larsson et al. (2013). The equations are
complemented with additional passive scalar transport equations: ∂t(ρφm)+∂j [ρ(φmuj−
Dm∂jφm)] = 0, where ρ is the density, φm are the scalars, uj the velocity components,
and Dm the scalar diffusivities. The computational domain is a rectangular box of di-
mensions 4π × 2π × 2π with periodicity in the transverse directions, inflow turbulence
from a precursor simulation advected at the inlet using Taylor’s hypothesis, and an out-
let with an imposed back pressure such that a statistically stationary shock is formed in
the domain. Near the shock region, detected by a sensor based on dilatation, enstrophy,
and sound speed, a fifth-order weighted essentially non-oscillatory (WENO) scheme with
Harten-Lax-van Leer (HLL) flux splitting is adopted, whereas a split-form, sixth-order
central difference scheme is used elsewhere.

Inflow turbulence data sets are generated in separate simulations of decaying homo-
geneous isotropic turbulence, with an initial condition following Ristorcelli & Blaisdell
(1997), extended to include passive scalars. Initial spectra for the velocity and passive
scalar fields are set proportional to k4 exp[−2(k/k0)2], with k the wave number and
k0 = 4. After reaching the target turbulence Mach number, Mt, and Taylor microscale
(λ) Reynolds number, Reλ, several isotropic turbulence boxes with the same Mt and Reλ
are blended following Larsson (2009), extended to include passive scalars.

All the simulations presented in this work keep the same Taylor Reynolds number
immediately upstream of the shock, Reλ ≈ 40, and a unitary Schmidt number, Sc = 1.
The (upstream) turbulence, Mt, and shock, M , Mach numbers are varied to perform
two parametric studies: i) Mt = 0.3 varying M = {1.28, 1.5, 2.0, 3.0}, and ii) Mt =
{0.1, 0.2, 0.3, 0.4} for M = 1.5. Both broken ((M,Mt) = (1.25, 0.3) and (1.5, 0.4)) and
wrinkled (all other combinations) shock regimes are considered. Grid-convergence studies
are performed on grids with up to 1700 × 512 × 512 cells, showing that the results are
already converged at a resolution of 1280 × 384 × 384, for which the Kolmogorov scale
immediately downstream of the shock, ηd, times the maximum wave number, kmax, is
larger than 1.5. Converged time-averaged statistics in the STI simulations are collected
for tstats = 24π/k0u1, where u1 is the mean advection velocity upstream of the shock.

2.1. Local flow topology, alignments and barycentric map

The three invariants of the normalized velocity gradient tensor, aij , are p = −aii, q =
1
2 (p2 − sijsji − wijwji), and r = 1

3 (−p3 + 3pq − sijsjkski − 3wijwjkski), where aij =

Aij/
√
AijAij , Aij = ∂uj/∂xi is the velocity gradient tensor and sij = (aij + aji)/2 and

wij = (aij −aji)/2 are the normalized strain-rate and rotation-rate tensors, respectively.
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Different regions of the pqr space define different flow topologies (see Suman & Girimaji
2010, for a complete description). The alignment of vorticity (ω) and scalar gradient
(∇φ) with strain-rate eigenvectors (α, β, and γ, ordered from most extensional to most
compressive respective eigenvalues) was first introduced by Ashurst et al. (1987) to study
turbulent mixing. Traditionally, alignments are shown through 1D PDFs of the cosine
between any vector pair. We propose a more visual and compact way to represent these
alignments by a barycentric map of their joint PDF, where a single point can represent
the alignments of the vector of interest (vorticity, scalar gradient, etc.) with α, β, and
γ simultaneously. Denoting the cosine of the angle between the vector of interest and
the strain-rate tensor eigenvectors (α, β, γ) by A, B, and C, respectively, the Cartesian
coordinates of the alignments in the barycentric map are (x, y) = (b/2,

√
3b/2+c), where

a = A/Σ, b = B/Σ, c = C/Σ, and Σ = A+B + C.

3. Results

3.1. Flow topology and scalar dissipation

PDFs of p, q, and r invariants and their conditional SDR distributions are shown in
Figure 1 for M = 1.5 and variable Mt at four streamwise (x) locations: i) preshock (xpre,
where the streamwise Reynolds stress reaches the minimum before the increase in the
shock region), ii) postshock (xpost, where the streamwise Reynolds stress reaches the min-
imum before it increases after the shock region), iii) peak streamwise vorticity variance
(xω̂y), iv) return to vorticity-variance isotropy (xiso). The distributions of average SDR,

SDR, conditioned on p, q, and r are normalized by the mean value of the conditioned
SDR for each case and location, for comparison. Similar trends (not shown) are observed
for varying M at constant Mt.

In Figure 1, the larger velocity fluctuations of higher Mt cases result in wider p-PDFs,
which are nearly symmetric and peak at p = 0 (incompressible events). Preshock q-
PDFs are negatively skewed (i.e., strain-rate dominated), more so for larger Mt. At all
other downstream locations, the q-PDFs keep the preshock shape observed for low Mt,
nearly collapsing for all Mt values. r-PDFs present a peak value at r = 0 and show little
variation with Mt at the four locations.

Downstream, SDR decreases toward zero p (i.e., incompressible regions), especially for
large Mt. At xpre, SDR decreases nearly monotonically with q (with a bump near q ≈
−0.2) for all Mt values, indicating that flow topologies dominated by strain-rate are more
effective toward scalar dissipation. This shape stays at all downstream locations. SDR
distributions conditioned on r are heavily biased toward positive r, peaking at r ≈ 0.1. A
similar behavior is seen for all values of Mt considered in this study, with some differences
at the postshock location, xpost. The shape of the SDR distribution conditioned on r
shows little variation at the different streamwise locations under consideration.

Distinct regions in the qr planes (for different p) define a variety of flow topologies
(Chong et al. 1990; Suman & Girimaji 2010). Figure 2 shows joint qr-PDFs and con-
ditional SDR distributions for different p values and streamwise locations, for the case
M = 2, Mt = 0.3. The teardrop shape commonly found in incompressible flows is recov-
ered for p = 0 at all streamwise locations. SDR concentrates on the right lower tail of the
teardrop (below and near the S1b line), which confirms the UNSS (unstable node saddle
saddle) topology as the most dissipative at those streamwise locations, consistent with
previous findings for compressible and incompressible turbulence (Danish et al. 2016;
Brethouwer et al. 2003; O’Neill & Soria 2005). Positive p values modify the shape of
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Figure 1. PDFs of p (top row), q (middle row), and r (bottom row) and conditional normalized

SDR distributions at different streamwise locations (from left to right: xpre, xpost, xω̂y , xiso) for
cases with M = 1.5 and varying Mt. Each plot shows the PDFs of the invariant on the bottom
curves (left vertical axis), and the conditional SDR distributions on top (right vertical axis).

the qr-PDFs, tending to a symmetrization of its outer edge, whereas the SDR remains
largely concentrated in the (q < 0, r > 0) UNSS topology. At xiso, some differences can
still be observed in the qr-PDFs at positive p relative to the pre-shock state. A smaller
modification of the joint PDFs and the SDR concentration for negative values of p is
observed across the shock.

Figure 3 shows the downstream evolution of the percentage of topology and corre-
sponding SDR content for the case M = 2.0 and Mt = 0.3 (representative of all other
cases). SFS (stable focus stretching) topology shows the largest percentage followed by
UNSS, UFC (unstable focus compressing), SNSS (stable node saddle saddle), SFC (sta-
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Figure 2. Joint qr-PDFs (black-white contour lines at 15% and 60% of the peak value per plot)

and conditioned SDR distributions (gray-scale contours masked below 1% of the peak of the
qr-PDF) for the case M = 2.0, Mt = 0.3 at different streamwise locations (left to right: xpre,
xpost, xω̂y , xiso) and values of p (top to bottom: mean plus 1.5, 0 and -1.5 times the standard
deviation per location). Short-dashed black lines: S1a, S1b, S2 curves and q axis (see Suman &
Girimaji 2010).

ble focus compressing), and UFS (unstable focus stretching). The dominance of SFS and
UNSS was also observed in Ryu & Livescu (2014) and Boukharfane et al. (2018). Both
SFS and UNSS percentages decrease across the shock, whereas SNSS and UFS increase,
all recovering nearly preshock values by xiso. The percentage of SDR is highest for the
UNSS topology, which swaps the dominant role with SFS relative to the topology per-
centage described earlier, while all other topologies keep the same order. In terms of the
SDR conditioned on topology (right plot), UNSS is still the most dissipative topology,
followed by SNSS, SFS, UFC, UFS, and SFC, from which it is concluded that nonfocal
topologies are more dissipative than focal ones. Among focal topologies, those that are
fully compressing (SFC) or fully stretching (UFS) are less dissipative than those with
simultaneous compressing and stretching (SFS and UFC). These conclusions are con-
sistent with those found by Danish et al. (2016) for compressible isotropic turbulence,
extending to the postshock evolution of quantities discussed above.

3.2. Alignments

Figure 4 shows alignments between vorticity, ω, strain-rate tensor eigenvectors (α, β,
and γ) and scalar gradient, ∇φ, conditioned on different topologies at xpre and xpost.
Preferential alignment of the scalar gradient with the most compressive eigenvector, γ,
and orthogonality with the intermediate eigenvector, β, is observed for all topologies,
and especially dominant for UNSS, for which SDR was found to be largest, whereas SFC
shows the smallest alignment, consistent with Danish et al. (2016). Across the shock,
alignment with γ decreases whereas alignment with β increases for all topologies. The
alignment of ∇φ with the most extensional eigenvector, α, shows a large variation across
different topologies, also displaying the largest changes across the shock, especially for
UNSS, which presents the least alignment among all topologies. The well-known tendency
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Figure 3. Streamwise evolution of the percentage of different flow topologies (a), percentage
of total SDR per topology (b), and normalized SDR conditioned on topology (c) for the case
M = 2.0 Mt = 0.3. Vertical lines correspond to xpre, xpost, xω̂y , and xiso (left to right), with
x = 0 being the average shock location.

Figure 4. Preshock (solid) and postshock (dashed) PDFs of alignment of scalar gradient, ∇φ,
with eigenvectors of the strain-rate tensor (α, β, γ) and vorticity, ω (left to right), conditioned
on different topologies, for the case (M,Mt) = (1.5, 0.3). For clarity, curves in each plot for
different topologies are vertically shifted following the ordered list of topology acronyms shown
in each plot. Centered horizontal segments correspond to a unity PDF value for each shifted
curve.

of ω to align with β translates into ∇φ showing a predominant orthogonality with ω for
all topologies, which increases across the shock.

Figure 5 shows the barycentric map representation of joint PDFs of alignments and
the distributions of SDR conditioned on such alignments at xpre and xpost. As discussed
before, ∇φ becomes more aligned with α and less aligned with γ across the shock. It is
also observed that ω further aligns with β and away from α and γ across the shock. α
and γ show preferential alignment with the streamwise (x) direction across the shock, as
opposed to β, which becomes significantly less aligned with x. From the contours of SDR
conditioned on alignment, it is seen that at xpre, SDR concentrates where ∇φ is most
aligned with γ, the most compressive strain-rate eigenvector (consistent with findings for
compressible HIT by Danish et al. 2016), and where ω is most aligned with α and β, the
most extensive and intermediate strain-rate eigenvectors, respectively. No preferential
alignment with the streamwise direction (nor concentration of SDR conditioned on such
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Figure 5. Preshock (top) and postshock (bottom) barycentric PDFs of alignments (white con-

tour lines at 55%, 70%, 85%, and 100% of the peak in each PDF) and normalized SDR (gray
scale contours, from white to black) conditioned on alignment between scalar gradient, vortic-
ity, unit x vector (left to right), and the eigenvectors of the strain-rate tensor (α, β, γ), for
(M,Mt) = (3.0, 0.3).

alignment) is seen at xpre, as expected for isotropic turbulence. At xpost, the highest
SDR concentration shifts toward regions of closer alignment between ∇φ and α (and
away from γ). SDR still peaks where ω is most aligned with α and β, and where the
streamwise direction is most aligned with γ. At xiso, all alignments and conditioned SDR
return to the preshock trends (not shown).

3.3. Downstream evolution of geometry and physics of finite-size scalar structures

An additional simulation with (M,Mt) = (1.5, 0.1) is performed with two passive scalar
fields initialized in the inflow turbulence data set between 0 and 1, such that isosurfaces
at a scalar value of 0.5 provide ellipsoids, equispaced in all coordinate directions, with
principal axes (π, π/4, π/4) ≈ (20λ, 5λ, 5λ), such that the major axis is oriented normal
to the mean shock for one scalar field and parallel for the other. As the scalar fields are
advected and diffused in the STI simulation, the scalar isosurfaces deform by the action
of the background flow (turbulence and shock). These finite-size structures (defined as
φ = 1/2 isosurfaces at any instant) are tracked in the computational domain. Physical
fields (e.g., scalar gradient, strain-rate eigenvectors) and differential geometry properties
(shape index and curvedness, described in Bermejo-Moreno & Pullin 2008) are mapped at
every point of the isosurface. Area-based PDFs and surface averages of those physical and
geometric quantities are obtained for each individual isosurface, and ensemble statistics
are calculated for suitably defined collections of structures.

Figure 6(a) shows the downstream decay of the ensemble mean and standard deviation
of the surface-averaged magnitude of the scalar gradient prior to the shock, followed by
an increase as the ellipsoids traverse the shock and the SDR (proportional to the square of
|∇φ|) is amplified (cf. Boukharfane et al. 2018), and a later decay after the ellipsoids have
fully traversed the shock. Shock-parallel ellipsoids undertake these changes in a shorter
streamwise distance, thus resulting in a larger relative jump of the average gradient mag-
nitude. Figure 6(b,c) shows the downstream evolution of the ensemble mean and standard
deviation of the surface-average alignments between ∇φ and the strain-rate eigenvectors.
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Figure 6. Downstream evolution of ensemble statistics for ellipsoids with longest axis initially
normal (⊥) and parallel (‖) to the mean shock. (a) Surface-average magnitude of ∇φ normalized
with its preshock value (solid: ‖, dash-dot-dotted: ⊥). (b) and (c), for ‖ and ⊥, respectively:
cosine of the angle (right) between ∇φ and α (solid), β (dashed), and γ (dash-dotted). At
each spatial location x, denoting the front of the isosurface, lines represent the ensemble mean,
whereas gray regions enclose two standard deviations. The mean shock location is x = 0.

The upstream starting point (not shown) corresponds to no preferential alignment (all
cosines of those angles equal approximately 0.5). Before the shock, the surface-average
mean alignment with γ is the largest, followed by α and β (consistent with Figure 5). A
change of slopes (sharper for the shock-parallel ellipsoids due to the shorter interaction
streamwise distance) is observed as the ellipsoids traverse the shock. Downstream of the
interaction, alignment with α becomes nearly constant, whereas alignment with γ (β)
decreases (increases). For shock-parallel ellipsoids the variance of the ensemble statistics
also increases across the shock, relative to the upstream values.

From the pointwise alignment mapped on each isosurface, normalized distributions con-
ditioned on the local values of the absolute shape index (S) and dimensionless curvedness
(C) are obtained. At every point, C represents how curved the surface is (in relation to
all other points of the surface), whereas S represents the local shape of the surface, rang-
ing from 0 (saddle point) to 1 (spherical cap/cup); S = 1/2 corresponds to cylindrical
shapes (ridge/rut), distinguishing between hyperbolic (S < 1/2) and elliptic (S > 1/2)
shapes. Figure 7 shows ensemble mean and standard deviation of the normalized distri-
butions of alignment between ∇φ and strain-rate eigenvectors, conditioned on S and C,
for collections of isosurfaces centered around four different streamwise intervals at any
given time of the simulation. Only shock-normal ellipsoids are considered in this plot,
but similar trends can be observed for shock-parallel ones. Positive correlations with C
are observed for the alignment of ∇φ (which is parallel to the normal to the isosurface
at every point, n) with α and β, indicating that regions of higher curvature present
more alignment between the scalar gradient and the most extensional and intermedi-
ate strain-rate eigenvectors. The opposite trend is observed for the alignment with the
most compressive strain-rate eigenvector, γ, indicating that flatter regions of the isosur-
faces present larger alignment between ∇φ (and thus n) and γ. These correlations are
strengthened as the isosurfaces are transported downstream. When conditioned by S, the
observed correlations are weaker and differ between hyperbolic and elliptic shapes, with-
out a clear downstream trend as the isosurfaces evolve. Similar correlations and trends to
those found for the alignment between ∇φ and γ are observed for the magnitude of ∇φ,
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Figure 7. Normalized distributions of alignment between ∇φ and α, β, γ (left to right) con-
ditioned on C (top) and S (bottom), for isosurfaces centered at different streamwise locations
evolved from ellipsoids initially normal to the mean shock. Lines represent the ensemble mean,
whereas gray regions enclose two standard deviations. The mean shock location is k0x = 0.

whereas the alignment between ∇φ and ω shows a positive correlation when conditioned
on both C and S (not shown).

4. Conclusions

A study of flow topology and alignments, and the distribution of scalar dissipation rate,
is performed from DNS of passive scalar mixing in shock/turbulence interaction. For the
range of physical parameters explored, the shock has small effects on the dominant flow
topologies and the distribution of scalar dissipation rate among those topologies. Recov-
ery of preshock states downstream of the shock is observed after distances comparable
to the return to isotropy of vorticity variance, or even shorter. SFS and UNSS topologies
dominate in most of the computational domain, concentrating the majority of the scalar
dissipation. Joint PDFs of second and third invariants of the velocity gradient tensor
show departures, at non-zero dilatation, from the teardrop shape commonly observed for
incompressible turbulent flows, along with different distributions of scalar dissipation.
All topologies favor alignment between the scalar gradient and the most compressive
strain-rate eigenvector, more so for the dominant UNSS topology where SDR is largest.
A novel barycentric map representation is introduced to study alignments of strain-rate
eigenvectors with different fields, along with the corresponding distribution of scalar dis-
sipation. A study of finite-size isosurfaces initialized to shock-normal and shock-parallel
ellipsoids is also performed, tracking their downstream evolution and obtaining ensemble
statistics that relate physics and geometry. Alignment between the scalar gradient and
the most compressive eigenvector of the strain-rate tensor is found to increase with de-
creasing values of dimensionless curvedness (i.e., for flatter regions of the structure). In
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contrast, alignment of the scalar gradient with the two other eigenvectors increases with
dimensionless curvedness.
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